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ASYMPTOTIC NORMALITY OF KERNEL ESTIMATORS
UNDER CENSORING AND ASSOCIATION

Mohamed Boukeloua, Sarra Leulmi and Ferial Saihi

In this work, we study kernel estimators of the density and the failure rate in the context
of association and twice censoring. Association is a very interesting type of dependence given
the fact that it covers many useful random processes. In this context, we assume that we have
at disposal a sample of strictly stationary and associated copies of the variable of interest.
Furthermore, this variable is right censored by another variable, the minimum of the two vari-
ables is left censored and the three latent variables are independent. Under these assumptions,
we establish the asymptotic normality of kernel estimators of the density and the failure rate.
Then, we illustrate the performance and the Gaussian behavior of these estimators through a
simulation study. The results of this study show the good quality of estimation and the good
behavior of the studied asymptotic distributions with respect to the standard normal distri-
bution. We also show the performance of our estimators using an application on a real data
set.
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1. INTRODUCTION

The notion of association takes a very important place in statistical problems dealing
with dependent data. It includes a large class of popular random processes such as
Gaussian processes with non negative covariances (see [19]), Bernoulli processes with non
negative covariances and some autoregressive processes (see [12]). The association in a
random process means that the covariance of coordinate-wise non decreasing functions of
any parts of the process is always non negative. More precisely, we say that the sequence
(Xn)n∈N∗ of real random variables (r.r.v.) is associated if for any finite set I ⊂ N∗ and
any bounded and coordinate-wise non decreasing functions g1, g2 : R|I| −→ R (where |I|
denotes the cardinal number of I), we have

Cov (g1 (Xi, i ∈ I) , g2 (Xi, i ∈ I)) ≥ 0.

The non parametric estimation under association received a lot of interest in the lit-
erature for both complete and right censored data. We cite for example the works of
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[1] and [24] who studied the strong consistency and the asymptotic normality of the
empirical cumulative distribution function, in the presence of complete associated data.
Within the same framework, the kernel density estimation was considered by [20] and [2]
who studied the strong consistency. The asymptotic normality was established by [21].
Moreover, [10] proposed a general estimator of the density and they proved its weak
consistency under association. Furthermore, [11] established Berry-Esseen type bounds
for associated data and they applied them to study the mean integrated absolute error
of the kernel density estimator. In the context of associated right censored data, [9]
established the strong consistency and the weak convergence of the Kaplan-Meier es-
timator. Moreover, [14] proved the strong consistency of the kernel density estimator.
The asymptotic normality was studied in [13].

In the present paper, we are interested in associated twice censored data. In this
framework, the variable of interest X is right censored by another variable R, the min-
imum of the two variables is itself left censored by L and the three latent variables are
independent. So, we observe Z = max (min (X,R) , L). In practice, associated twice
censored may be encountered in reliability studies. For example, consider a system com-
posed of n components C1, C2, . . . , Cn. If these components are subject to the same
environmental stress, then their respective lifetimes are associated (see [2]). Alterna-
tively, if the lifetimes of the components follow a multivariate exponential distribution,
then they are associated (see [17]). Concerning the twice censoring, it may occur when
a component Ci is connected in series to a component D and the sub-system composed
of Ci and D is connected in parallel to an other component E. In this situation, the
lifetime of the component Ci is right censored by the lifetime of D and left censored by
the lifetime of E (see [18]).

In the case of independent and identically distributed (i.i.d.) data, the non parametric
estimation under twice censoring was considered by many authors such as [18] who
studied the estimation of the cumulative distribution function and [16], [4] and [6] who
studied the estimation of the density function. Other problems related to twice censored
data were considered by [23], [7] and [5]. In the case of associated twice censored data,
[22] proved the strong consistency of the estimator of Patilea and Rolin of the cumulative
distribution function. They also proved the strong consistency of kernel estimators of
the density, the failure rate and the mode. For our part, we establish the asymptotic
normality of the kernel estimator f̂n of the density f of X. The asymptotic normality is
a very important property since it allows to give an approximation of the distribution of
f̂n, when n becomes large. It also permits to construct an asymptotic confidence interval
for f . To prove the asymptotic normality, we introduce a pseudo estimator where we
replace, in f̂n, the estimators of SX , FL and FZ by these true functions (where FU and
SU denote respectively the distribution function and the survival function of the r.r.v.
U). The importance of this pseudo estimator lies in the fact that it is written as a sum

of identically distributed, associated variables which is not the case for the estimator f̂n.
Then, we decompose the difference f̂n − f into three terms. The first one is a stochastic
term which involves f̂n and the pseudo estimator. The second one is a centering of
the pseudo estimator and the third one represents the bias of the pseudo estimator (see
relation (1) below). This decomposition is the same used by [13] in the case of associated
right censored data, where the pseudo estimator involves only the function SR instead
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of the functions SX , FL and FZ . Therefore, the study of the asymptotic normality
is more complicated in our context. In particular, the study of the stochastic term
necessitates the properties of the estimators of the functions SX , FL and FZ studied in
[22]. Moreover, the study of the bias of the pseudo estimator involves the functions SX ,
FL and FZ instead of the function SR in the case of right censoring. Finally, the study
of the second term, which is a centering of the pseudo estimator, is conducted in the
same way as in the case of complete associated data (see [21]) since this term is a sum of
identically distributed associated variables. The novelty in this study is the involvement
of the functions SX , FL and FZ which are not present in the case of complete data.
Another novelty in this paper is the fact that we also establish the asymptotic normality
of two kernel estimators of the failure rate of X. For each estimator, we use a specific
decomposition to show the claimed result. Then, we carry out a simulation study in
order to check the performance and the Gaussian behavior of our studied estimators for
finite samples. We also apply our estimators on a real data set.

The rest is organized as follows. In Section 2, we present our assumptions and
theoretical results. In Section 3, we present the results of the simulation study. Section
4 is devoted to the real data application. Some discussions and perspectives are given
in Section 5. The proofs are postponed to Appendix A. Finally, the data set we use in
the application is given in Appendix B.

2. MAIN RESULTS

Let X be a r.r.v. with a probability density function (p.d.f.) f . In the context of asso-
ciated twice censored data, we observe a sample (Zi = max(min(Xi, Ri), Li), Ai)1≤i≤n,
where

(Xi)1≤i≤n is a sequence of strictly stationary and associated r.r.v. with the same
distribution as X,

(Ri)1≤i≤n (resp. (Li)1≤i≤n) is a sequence of i.i.d. r.r.v. with the same distribution
as R (resp. L). R is called the right censoring variable and L is called the left
censoring one and

Ai =

 0 if Li < Xi ≤ Ri,
1 if Li < Ri < Xi,
2 if min(Xi, Ri) ≤ Li.

The variables X, R and L are assumed to be non negative and independent.
In what follows, for any r.r.v. U , we denote by IU = inf{t ∈ R, FU (t) > 0} the lower

endpoint of the support of U and TU = sup{t ∈ R, FU (t) < 1} the upper endpoint of
the support of U . Moreover, for any right continuous function g : R −→ R, we set
g(t−) = lim

ε
>→0

g(t − ε) and ∆g(t) = g(t) − g(t−), when the limit exists. We assume
that the functions FR and FL are continuous.

In the present case of twice censored data, the kernel density estimator of f has been
introduced by [16]. It is defined by

f̂n(x) =
1

hn

∫
K

(
x− z

hn

)
dF̂n(z),
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where K is the kernel, hn is the bandwidth and F̂n is the product-limit estimator of FX

(see [18]), defined by

F̂n(x) = 1−
∏

j/Z′
j≤x

(
1− D0j

nF
(n)
L (Z ′−

j )− nF
(n)
Z (Z ′−

j )

)
,

where (Z ′
j)1≤j≤m (m ≤ n) are the distinct values in increasing order of (Zi)1≤i≤n,

Dkj =

n∑
i=1

1{Zi=Z′
j ,Ai=k}, for all 1 ≤ j ≤ m and k ∈ {0, 1, 2},

(1E denotes the indicator function of the set E),

F
(n)
Z (x) =

1

n

n∑
i=1

1{Zi≤x}

is the empirical version of FZ and

F
(n)
L (x) =

∏
j/Z′

j>x

(
1− D2j

F
(n)
Z (Z ′

j)

)

is the product-limit estimator of FL.
Remarking that

∆F̂n (Zi) =
Ŝn

(
Z−
i

)
1{Ai=0}

nF
(n)
L

(
Z−
i

)
− nF

(n)
Z

(
Z−
i

) ,
where Ŝn(x) = 1− F̂n(x), we get

f̂n(x) =
1

nhn

n∑
i=1

K

(
x− Zi

hn

)
Ŝn

(
Z−
i

)
1{Ai=0}

F
(n)
L

(
Z−
i

)
− F

(n)
Z

(
Z−
i

) .
So, we introduce the following pseudo estimator of f , which will be helpful in the sequel.

f̃n(x) =
1

nhn

n∑
i=1

K

(
x− Zi

hn

)
SX (Zi) 1{Ai=0}

FL (Zi)− FZ (Zi)

=
1

nhn

n∑
i=1

K

(
x− Zi

hn

)
1{Ai=0}

FL (Zi)SR (Zi)
,

because FL − FZ = SXFLSR.
The strong consistency of f̂n in the presence of associated data, has been established

by [22]. In the present paper, we are interested in its asymptotic normality at a fixed
point x ∈ ]IX ,min(TX , TR)[. For that, we suppose that the following assumptions are
satisfied for some β > 0.
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H1 There exists α > 1 and C0 (0 < C0 < ∞) such that

log n

pnc2n
exp

{(
αn log n

2pn

)1/2
} ∞∑

j=pn+2

(Cov(X1, Xj))
1/3 ≤ C0,

where pn = ⌊(log n)β⌋ and cn = (log n)β/2 (⌊t⌋ denotes the integer part of the
real t).

H2 max(IL, IR) < IX .

H3 The p.d.f. f is twice continuously differentiable at x.

H4 The covariance term satisfies: ρ(r) := supj:|ℓ−j|≥r Cov (Xj , Xℓ) for all ℓ ≥ 1 and

r > 0, where ρ(r) ≤ γ0e
−γr for some positive constants γ0 and γ.

H5 K is a Lipschitz p.d.f. with compact support and it satisfies
∫
uK(u) du = 0.

H6 log(n)
nhn

−→ 0 and nh5
n −→ 0 as n → ∞.

H7 There exist two sequences of positive integers (an)n∈N∗ and (bn)n∈N∗ that tend to
infinity and such that

(i) kn −→ ∞ and knbn
n −→ 0, as n → ∞, where kn =

⌊
n

an+bn

⌋
.

(ii) anhn −→ 0 and an√
nhn

−→ 0, as n → ∞.

(iii) 1
h3
n

∑∞
j=bn

|Cov(X1, X1+j)| −→ 0, as n → ∞.

AssumptionsH1–H5 have already been employed in [22]. AssumptionH6 is standard in
the non parametric estimation setting. Note that it implies that nhn −→ ∞, as n → ∞.
Moreover, the new assumption H7 is needed to establish the asymptotic normality of
f̂n and it has already been used in [21] and [13].

Theorem 2.1. Let x ∈ ]IX ,min(TX , TR)[ and let β > 0 for which assumption H1
holds. Under assumptions H2–H7, we have√

nhn

(
f̂n(x)− f(x)

)
D−→ N

(
0, σ2(x)

)
, as n → ∞,

where

σ2(x) =
f(x)

FL(x)SR(x)

∫
K2(z) dz

and
D−→ denotes the convergence in distribution.

In the case of i.i.d. twice censored data, the asymptotic normality of f̂n(x) has been
proved by [6]. The same result has been proved by [13] in the case of associated right
censored data. Theorem 2.1 above generalizes both these results.

A useful application, in survival analysis, of the density estimation is the estimation
of the failure rate. The failure rate of X is defined by λ(x) = f(x)

SX (x)
, if SX(x) ̸= 0 and



648 M. BOUKELOUA, S. LEULMI AND F. SAIHI

λ(x) = 0 otherwise. [16] and [22] studied two kernel estimators of λ(x), given respectively
by

λ̂n(x) =
f̂n(x)

Ŝn(x) + un

,

where (un)n∈N is a sequence of positive real numbers going to zero, which allows to avoid
division by zero and

λ∗
n(x) =

1

hn

∫
K

(
x− z

hn

)
dΛ̂n(z),

where

Λ̂n(x) =

∫ x

0

dH
(0)
n (t)

F
(n)
L (t−)− F

(n)
Z (t−)

, with H(0)
n (x) =

1

n

n∑
i=1

1{Zi≤x,Ai=0}.

Λ̂n(x) is the estimator of the cumulative hazard function of X.

The asymptotic normality of λ̂n(x) and λ∗
n(x) is given by the following theorem.

Theorem 2.2. Let x ∈ ]IX ,min(TX , TR)[ and let β > 0 for which assumption H1
holds. Under assumptions H2–H7, we have

i) If un = o
(

1√
nhn

)
, then

√
nhn

(
λ̂n(x)− λ(x)

)
D−→ N

(
0,

f(x)

S2
X(x)FL(x)SR(x)

∫
K2(z) dz

)
, as n → ∞.

ii) √
nhn (λ

∗
n(x)− λ(x))

D−→ N
(
0,

f(x)

SX(x)FL(x)SR(x)

∫
K2(z) dz

)
, as n → ∞.

We remark that the estimator λ∗
n(x) is better than λ̂n(x), given that its asymptotic

variance is smaller.

3. SIMULATION STUDY

In this section, we present the results of a simulation study aiming to illustrate the
performances and the Gaussian behavior of our studied estimators, for samples of finite
size n. In order to show the influence of the strength of the dependence between the
variables (Xi)1≤i≤n, we use two theoretical models:

In model I, we generate (n+2) i.i.d. random variablesWi from the standard normal dis-
tribution. Then, we generate n associated random variablesXi = exp ((Wi−1 +Wi−2) /2).
The variables (Xi)1≤i≤n have a log normal distribution with parameters µ = 0 and
σ2 = 1/2 (denoted by logN (0, 1/2)). Concerning the censoring variables, we take
R = 100, almost surely (a.s.) and L as a random variable having a Weibull distri-
bution with scale parameter 0.78 and shape parameter 3 (denoted by W(0.78, 3)). For
this model, the rate of censoring is about 30%.
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In model II, we generate (n+3) i.i.d. random variables Wi from the standard normal
distribution. Then, we generate n associated random variables

Xi = exp ((Wi−1 +Wi−2 +Wi−3) /3) .

The variables Xi follow the logN (0, 1/3) distribution. Moreover, we generate the cen-
soring variables R and L from theW(2.1, 3) and theW(0.5, 3) distributions, respectively.
It is clear that for this model, the dependence between the (Xi)1≤i≤n is stronger than
that in model I. As in the previous model, the rate of censoring is about 30%.

For each model, we draw the curves of the estimators f̂n(x), λ̂n(x) and λ∗
n(x) in

the same graphs with the corresponding theoretical curves. The computation of our
estimators is based on samples of size n = 300. Moreover, we use the Epanechnikov
kernel defined by K(u) = 3

4 (1−u2)1[−1,1](u) and the optimal bandwidth hn =( log(n)
n )

1/5,
obtained in [22]. For n = 300, we get hn = 0.4526978. Furthermore, for the estimator

λ̂n(x), we take un = 1/n. The graphs we obtain are given in Figures 1 – 3. These figures
show that our studied estimators have a good quality of estimation. We also remark
that the results for model I are slightly better than those for model II and that the
estimator λ∗

n(x) is a little better than λ̂n(x).

Fig. 1. Representation of f̂n(x) for model I (left graph) and model II

(right graph).

To illustrate the Gaussian behavior of our estimators, we generate 1000 samples of
size n = 300 of the variables X, R and L and we calculate the estimators f̂n(x), λ̂n(x)
and λ∗

n(x) corresponding to each sample, at a fixed value x = 1. Then, we cut out the
true density (or failure rate) and we divide by the sample standard deviation, which
gives a sample of standardized values. Finally, we plot the histogram of this sample and
its kernel density estimator against the density of the standard Gaussian distribution.
We also use the Q-Q plot graph as a further tool to check the normality. To compute the
studied estimators, we use the Epanechnikov kernel and the same optimal bandwidth
used previously. The graphs we obtain are presented in Figures 4 – 9. These figures show
the good behavior of the studied asymptotic distributions with respect to the standard
normal distribution. For the three estimators, the results in model I are slightly better
than those in model II.
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Fig. 2. Representation of λ̂n(x) for model I (left graph) and model II

(right graph).

Fig. 3. Representation of λ∗
n(x) for model I (left graph) and model II

(right graph).

In order to confirm our results, we use the Pearson’s χ2 and the Lilliefors tests whose
p−values are presented in Table 1. In almost all cases, the two tests accept the normality.
For the estimator λ̂n(x), the p-value of the Lilliefors test is small in model I but it allows
to accept the normality at the significance level of 5%.

Fig. 4. The obtained results for f̂n(x) in model I.
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Fig. 5. The obtained results for f̂n(x) in model II.

Fig. 6. The obtained results for λ̂n(x) in model I.

Fig. 7. The obtained results for λ̂n(x) in model II.

Fig. 8. The obtained results for λ∗
n(x) in model I.
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Fig. 9. The obtained results for λ∗
n(x) in model II.

The estimator The model p−value of the Pearson’s χ2 test p−value of the Lilliefors test

f̂n(x)
Model I 0.3605 0.2025
Model II 0.6023 0.5960

λ̂n(x)
Model I 0.3696 0.0755
Model II 0.1745 0.2476

λ∗
n(x)

Model I 0.7476 0.3394
Model II 0.6263 0.1383

Tab. 1. p−values of the Pearson’s χ2 and the Lilliefors tests.

4. REAL DATA APPLICATION

In this section, we present the results of an application on a real data set. This data
set concerns intravenous drug users who where infected with HIV due to the needle-
sharing. A study was conducted in German Trias i Pujol Hospital in Badalona (Spain)
where the elapsed time between the first exposed to HIV by injecting drugs and the
AIDS diagnosis, was recorded, in days, for n = 232 patients. This time is subject to
right and left censoring in the same time. Right censoring corresponds to the patients
who still AIDS-free at the end of the study. Left censoring corresponds the patients
who died with AIDS without registration of the time of AIDS diagnosis. This data set
which has already been used in [15] contains n1 = 82 complete data, n2 = 136 right
censored data and n3 = 14 left censored data. For our part, we are interested in the
estimation of the density and the failure rate of the mean time elapsed between the first
exposed to HIV by injecting drugs and the AIDS diagnosis. Since the observed data are
independent, we use the moving average technique to induce association. For that, we
set

T = {Ti, such that:1 ≤ i ≤ n} ,
T c = {Ti, such that:1 ≤ i ≤ n and Ai = 0} ,
T r = {Ti, such that:1 ≤ i ≤ n and Ai = 1}
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and

T l = {Ti, such that:1 ≤ i ≤ n and Ai = 2} ,

where T is the observed variable and A is the indicator of censoring.
The sets T , T c, T r and T l represents respectively the set of all observations, the set

of complete observations as well as the sets of right and left observations. Moreover,
we denote by (T c

i )1≤i≤n1
, (T r

i )1≤i≤n2
and (T l

i )1≤i≤n3
the elements of T c, T r and T l ,

respectively.
We consider three cases:

In case 1, we calculate the variables

Zc
i =

1

2

(
T c
i + T c

i+1

)
, for i ∈ {1, . . . , n1 − 1},

Zr
i =

1

2

(
T r
i + T r

i+1

)
, for i ∈ {1, . . . , n2 − 1}

and

Zl
i =

1

2

(
T l
i + T l

i+1

)
, for i ∈ {1, . . . , n3 − 1}.

The variables Zc
i , Z

r
i and Zl

i represent respectively the complete observations as well
as the right censored and the left censored ones in the new sample. Concatenating
these values, we get a sample of strictly stationary, associated r.r.v. (as coordinate-wise
increasing functions applied on finite subsets of the i.i.d. family T ).

In case 2, we calculate the variables

Zc
i =

1

3

(
T c
i + T c

i+1 + T c
i+2

)
, for i ∈ {1, . . . , n1 − 2},

Zr
i =

1

3

(
T r
i + T r

i+1 + T r
i+2

)
, for i ∈ {1, . . . , n2 − 2}

and

Zl
i =

1

3

(
T l
i + T l

i+1 + T l
i+2

)
, for i ∈ {1, . . . , n3 − 2}.

In case 3, we calculate the variables

Zc
i =

1

4

(
T c
i + T c

i+1 + T c
i+2 + T c

i+3

)
, for i ∈ {1, . . . , n1 − 3},

Zr
i =

1

4

(
T r
i + T r

i+1 + T r
i+2 + T r

i+3

)
, for i ∈ {1, . . . , n2 − 3}

and

Zl
i =

1

4

(
T l
i + T l

i+1 + T l
i+2 + T l

i+3

)
, for i ∈ {1, . . . , n3 − 3}.

In each case, the original observed sample is modified. This is the price to pay in
order to obtain a sample of associated twice censored data. Consequently, the density
and the failure rate that we will estimate do not really correspond to the elapsed time
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between the first exposed to HIV by injecting drugs and the AIDS diagnosis. Since the
transformed samples are constructed using the moving average technique, they can give
an idea about the density and the failure rate of the mean time elapsed between the two
events.

We present the original data set as well as our moving averages for the three cases
in Appendix B below. Obviously, the strongest dependence between the observations
is reached in case 3. Moreover, the dependence in case 2 is stronger than that in case
1. Indeed, in case 3, the variables (Zi) are constructed using four consecutive values of
(Ti). In case 2, they are constructed using three consecutive values of (Ti) and in case
1, they are constructed using two consecutive values of (Ti). To be more precise, we will
calculate the auto-correlation function of the series (Zc

i ) in each case. We denote this
function by ρI (resp. ρII , ρIII) in case 1 (resp. case 2, case 3). In case 1, we have

ρI(1) =
Cov

(
Zc
i , Z

c
i+1

)
V ar (Zc

i )
=

Cov
(
1
2

(
T c
i + T c

i+1

)
, 1
2

(
T c
i+1 + T c

i+2

))
V ar

(
1
2

(
T c
i + T c

i+1

)) .

Since the variables (T c
i ) are independent, we can write

ρI(1) =
1
4V ar

(
T c
i+1

)
1
4

(
V ar (T c

i ) + V ar
(
T c
i+1

)) =
σ2
T

2σ2
T

=
1

2
,

where σ2
T = V ar(T ).

Moreover, for k ≥ 2, we have Zc
i = 1

2

(
T c
i + T c

i+1

)
and Zc

i+k = 1
2

(
T c
i+k + T c

i+k+1

)
are

independent because they have no common term, so ρI(k) = 0. In conclusion

ρI(k) =

 1
2 if k = 1

0 if k ≥ 2.

In case 2, we have

ρII(1) =
Cov

(
Zc
i , Z

c
i+1

)
V ar (Zc

i )

=
Cov

(
1
3

(
T c
i + T c

i+1 + T c
i+2

)
, 1
3

(
T c
i+1 + T c

i+2 + T c
i+3

))
V ar

(
1
3

(
T c
i + T c

i+1 + T c
i+2

))
=

1
9

(
V ar

(
T c
i+1

)
+ V ar

(
T c
i+2

))
1
9

(
V ar (T c

i ) + V ar
(
T c
i+1

)
+ V ar

(
T c
i+2

)) (by independence of (T c
i ))

=
2σ2

T

3σ2
T

=
2

3
.

In the same way, we get

ρII(2) =
Cov

(
Zc
i , Z

c
i+2

)
V ar (Zc

i )
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=
Cov

(
1
3

(
T c
i + T c

i+1 + T c
i+2

)
, 1
3

(
T c
i+2 + T c

i+3 + T c
i+4

))
V ar (Zc

i )

=
1
9V ar

(
T c
i+2

)
3
9σ

2
T

=
1

3
.

Moreover, for k ≥ 3, we have Zc
i = 1

3

(
T c
i + T c

i+1 + T c
i+2

)
and Zc

i+k = 1
3

(
T c
i+k + T c

i+k+1

+T c
i+k+2

)
are independent because they have no common term, so ρII(k) = 0. In

conclusion

ρII(k) =



2
3 if k = 1

1
3 if k = 2

0 if k ≥ 3.

In case 3, we can show as in the previous cases that

ρIII(k) =



3
4 if k = 1

1
2 if k = 2

1
4 if k = 3

0 if k ≥ 4.

We remark that for all k ∈ N, ρIII(k) ≥ ρII(k) ≥ ρI(k), so the dependence in case 3 is
stronger than that of case 2 which is stronger than that of case 1.

In each case, we obtain a sample of strictly stationary and associated twice censored
r.r.v. On the basis of this sample, we use the bootstrap technique with 1000 replications
to evaluate the integrated standard error of the estimators f̂n, λ̂n and λ∗

n. The integrated

standard error is defined for f̂n by∫ (
SE

(
f̂n(x)

))
dx,

where SE
(
f̂n(x)

)
is the standard error of f̂n(x).

The integrated standard error of λ̂n and λ∗
n is defined in the same way. To calculate

our studied estimators, we use the Epanechnikov kernel and the optimal bandwidth hn =(
log(n)

n

)1/5
, obtained in [22]. We get the results given in Table 2. These results show that

the studied estimators have a good quality of estimation since the integrated standard
error is relatively small. In all cases, the estimator f̂n(x) has the smallest integrated

standard error. Moreover, the estimator λ∗
n(x) is better than λ̂n(x). Furthermore,

the integrated standard error increases when the dependence between the observations
becomes stronger.
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The estimator Case 1 Case 2 Case 3

f̂n(x) 3.123× 10−4 4.665× 10−4 5.851× 10−4

λ̂n(x) 2.304× 10−3 3.086× 10−3 4.117× 10−3

λ∗
n(x) 2.066× 10−3 2.910× 10−3 3.441× 10−3

Tab. 2. The integrated standard error of the studied estimators.

5. DISCUSSION

In this work, we have studied kernel estimators of the density and the failure rate in
the presence of associated twice censored data. In particular, we have established the
asymptotic normality of theses estimators. We have also shown the performances of
these estimators through a simulation study and a real data application. Our theoret-
ical results extend those of [6] to the case of associated data. They also extend the
results of [21] and [13] to the context of twice censored data. The limitation of our work
lies in the fact that we prove our results under the condition that the kernel function
is symmetric and compactly supported. In the future, it would be interesting to extend
our results to other types of kernels. It would also be interesting to look at other types of
censored data such as interval censored data or current status data. An other extension
of our work could be the study of the asymptotic properties of the random processes{√

nhn

(
f̂n(x)− f(x)

)
, x ∈ ]IX ,min(TX , TR)[

}
,
{√

nhn

(
λ̂n(x)− λ(x)

)
,

x ∈ ]IX ,min(TX , TR)[} and
{√

nhn (λ
∗
n(x)− λ(x)) , x ∈ ]IX ,min(TX , TR)[

}
which gen-

eralizes our pointwise study and allows, in particular, to explore the mutual correlations
between different points.
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A. PROOFS

Let x ∈ ]IX ,min(TX , TR)[. In all the sequel, C stands for a generic constant and ε stands for a
positive real number such that [x− ε, x+ ε] ⊂ ]IX ,min(TX , TR)[. Moreover, we denote by

Lip(K) = sup
u̸=v

|K(u)−K(v)|
|u− v|

the Lipschitz modulus of continuity of K.

P r o o f . [Proof of Theorem 2.1] We make use of the following decomposition

√
nhn

(
f̂n(x)− f(x)

)
=

√
nhn

(
f̂n(x)− f̃n(x)

)
+

√
nhn

(
f̃n(x)− E

(
f̃n(x)

))
+

√
nhn

(
E
(
f̃n(x)

)
− f(x)

)
. (1)

From the proof of Lemma 3.2 in [22], we can deduce that

f̂n(x)− f̃n(x) = Oa.s.

(√
(log(n))1+2β

n

)
.

So, √
nhn

(
f̂n(x)− f̃n(x)

)
= Oa.s.

(√
hn(log(n))1+2β

)
= oa.s.(1), (2)

because √
hn(log(n))1+2β =

√
n1/5hn × (log(n))1+2β

n1/5
= o(1),

in view of H6 .
Moreover, from Lemma 3.3 in the same paper, we deduce that

√
nhn

(
E
(
f̃n(x)

)
− f(x)

)
= O

(√
nh5

n

)
= o(1), (3)

thanks to H6.
It remains to deal with the term

√
nhn

(
f̃n(x)− E

(
f̃n(x)

))
. For that, we proceed as in

Theorem 2.1 of [21] and Theorem 5.1 of [13].
We have

√
nhn

(
f̃n(x)− E

(
f̃n(x)

))
=

n∑
i=1

ξi,n(x),

where

ξi,n(x) :=
1√
nhn

ηi,n(x) :=
1√
nhn

(
K

(
x− Zi

hn

)
1{Ai=0}

FL (Zi)SR (Zi)

https://doi.org/10.1080/03610926.2025.2458206
https://doi.org/10.5269/bspm.65601
https://doi.org/10.1007/BF01192169
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−E

(
K

(
x− Zi

hn

)
1{Ai=0}

FL (Zi)SR (Zi)

))
.

Since kn =
⌊

n
an+bn

⌋
, we have kn(an + bn) ≤ n, so we can split this sum as follows.

√
nhn

(
f̃n(x)− E

(
f̃n(x)

))
= S1,n(x) + S2,n(x) + S3,n(x), (4)

where

S1,n(x) =

kn∑
m=1

Vm(x), with Vm(x) =

(m−1)(an+bn)+an∑
j=(m−1)(an+bn)+1

ξj,n(x),

S2,n(x) =

kn∑
m=1

Wm(x), with Wm(x) =

m(an+bn)∑
j=(m−1)(an+bn)+an+1

ξj,n(x)

and

S3,n(x) =

n∑
l=kn(an+bn)+1

ξl,n(x).

We will deal with each sum in turn. For that, we need the following lemmas.

Lemma A.1. Under assumptions H3, H5, H7(i) and H7(ii), we have

a) lim
n→∞

1
hn

V ar (η1,n(x)) = σ2(x).

b) |Cov (ηi,n(x), ηj,n(x))| ≤ Ch2
n, for all i, j ∈ N∗, i ̸= j.

c) lim
n→∞

kn
nhn

∑
1≤i<j≤an+bn

|Cov (ηi,n(x), ηj,n(x))| = 0.

P r o o f . [Proof of Lemma A.1] For parts a) and b), we refer to the proof of Lemma 3.1 in [22].
They respectively correspond to the terms V (x) and J1,n(x) in this paper.
Concerning part c), using part b) we get

kn
nhn

∑
1≤i<j≤an+bn

|Cov (ηi,n(x), ηj,n(x))| ≤
kn
nhn

×Ch2
n(an+bn)

2 = C×kn(an + bn)

n
×(an+bn)hn.

(5)

Moreover, we have kn =
⌊

n
an+bn

⌋
, so

lim
n→∞

kn(an + bn)

n
= 1. (6)

Furthermore, we have

bnhn =
knbn
n

× n

kn(an + bn)
× (an + bn)hn

=⇒
(
1− knbn

n
× n

kn(an + bn)

)
bnhn =

knbn
n

× n

kn(an + bn)
× anhn

=⇒ bnhn =

knbn
n

× n
kn(an+bn)

1− knbn
n

× n
kn(an+bn)

× anhn

Since lim
n→∞

n
kn(an+bn)

= 1, lim
n→∞

knbn
n

= 0 and lim
n→∞

anhn = 0 (thanks to assumptions H7(i)

and H7(ii)), we deduce that
lim

n→∞
bnhn = 0. (7)

Combining this with (5), (6) and assumption H7(ii), we obtain the claimed result. □
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Lemma A.2. Under assumptions H3, H5 and H7, we have

a) lim
n→∞

knV ar(V1(x)) = σ2(x).

b) For n large enough, we have

|Cov (V1(x), Vl+1(x))| ≤
[

Lip(K)

FL(x− ε)SR(x+ ε)

]2
an

nh3
n

l(an+bn)+(an−1)∑
r=l(an+bn)−(an+1)

|Cov(X1, Xr+1)| ,

for all l ∈ N∗.

c) lim
n→∞

∑
1≤i<j≤kn

|Cov (Vi(x), Vj(x))| = 0.

d) lim
n→∞

V ar (S1,n(x)) = σ2(x).

P r o o f . [Proof of Lemma A.2]

a) The stationarity of the variables ξi,n(x) allows to write

knV ar(V1(x)) = knV ar

(
an∑
j=1

ξj,n(x)

)

=
kn
nhn

V ar

(
an∑
j=1

ηj,n(x)

)

=
knan

nhn
V ar(η1,n(x)) +

2kn
nhn

∑
1≤i<j≤an

Cov (ηi,n(x), ηj,n(x)) . (8)

On the one hand, using assumption H7(i) and relation (6), we get

lim
n→∞

knan

n
= lim

n→∞

(
kn(an + bn)

n
− knbn

n

)
= 1. (9)

On the other hand, Lemma A.1-b) gives

kn
nhn

∑
1≤i<j≤an

|Cov (ηi,n(x), ηj,n(x))| ≤
kna

2
n

nhn
× Ch2

n

≤ C × knan

n
× anhn −→

n→∞
0,

thanks to assumption H7(ii) and relation (9).
Combining this with Lemma A.1-a) and relations (8) and (9), we obtain the claimed
result.

b) We have

|Cov(V1(x), Vl+1(x))| =

∣∣∣∣∣∣Cov
 an∑

i=1

ξi,n(x),

l(an+bn)+an∑
j=l(an+bn)+1

ξj,n(x)

∣∣∣∣∣∣
≤

an∑
i=1

l(an+bn)+an∑
j=l(an+bn)+1

|Cov (ξi,n(x), ξj,n(x))|
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=

an∑
i=1

l(an+bn)+an∑
j=l(an+bn)+1

|Cov (ξ1,n(x), ξj−i+1,n(x))|

(thanks to the stationarity of the (ξi,n(x))1≤i≤n)

= an

∣∣Cov (ξ1,n(x), ξl(an+bn)+1,n(x)
)∣∣

+ (an − 1)
∣∣Cov (ξ1,n(x), ξl(an+bn)+2,n(x)

)∣∣
+ (an − 2)

∣∣Cov (ξ1,n(x), ξl(an+bn)+3,n(x)
)∣∣

+ · · ·+
∣∣Cov (ξ1,n(x), ξl(an+bn)+an,n(x)

)∣∣
+ (an − 1)

∣∣Cov (ξ1,n(x), ξl(an+bn),n(x)
)∣∣

+ (an − 2)
∣∣Cov (ξ1,n(x), ξl(an+bn)−1,n(x)

)∣∣
+ · · ·+

∣∣Cov (ξ1,n(x), ξl(an+bn)−an,n(x)
)∣∣

≤ an

l(an+bn)+an∑
s=l(an+bn)−an

|Cov (ξ1,n(x), ξs,n(x))|

= an

l(an+bn)+an−1∑
r=l(an+bn)−(an+1)

|Cov (ξ1,n(x), ξr+1,n(x))|

(using the change of indices r = s− 1)

=
an

nhn

l(an+bn)+an−1∑
r=l(an+bn)−(an+1)

|Cov (η1,n(x), ηr+1,n(x))| . (10)

Moreover, we have

|Cov (η1,n(x), ηr+1,n(x))| =
∣∣∣Cov (K̃1(X1), K̃r+1(Xr+1)

)∣∣∣ ,
where

K̃i(u) = K

(
x− u

hn

)
1{Li<u≤Ri}

FL(u)SR(u)
, i ∈ {1, . . . , n}.

So, Theorem 5.3 page 89 of [8] permits to write

|Cov (η1,n(x), ηr+1,n(x))| ≤ Lip(K̃1)Lip(K̃r+1) |Cov (X1, Xr+1)| .

Denote by [−M,M ] the support of K. We have K̃i(u) = 0 if x−u
hn

/∈ [−M,M ], so

−M ≤ x− u

hn
≤ M =⇒ x−Mhn ≤ u ≤ x+Mhn =⇒ x− ε ≤ u ≤ x+ ε,

for n large enough.
Thus

Lip(K̃i) ≤
Lip(K)

FL(x− ε)SR(x+ ε)hn
, ∀i ∈ {1, . . . , n}

=⇒ |Cov (η1,n(x), ηr+1,n(x))| ≤
(

Lip(K)

FL(x− ε)SR(x+ ε)hn

)2

|Cov (X1, Xr+1)| .

Combining this with (10), we obtain the claimed result.
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c) Using part b) and the stationarity of the variables ξi,n(x), we get for n large enough

∑
1≤i<j≤kn

|Cov (Vi(x), Vj(x))| =
kn−1∑
l=1

(kn − 1) |Cov (V1(x), Vl+1(x))|

≤ kn

kn−1∑
l=1

|Cov (V1(x), Vl+1(x))|

≤
[

Lip(K)

FL(x− ε)SR(x+ ε)

]2
knan

nh3
n

×

kn−10∑
l=1

l(an+bn)+(an−1)∑
r=l(an+bn)−(an+1)

|Cov(X1, Xr+1)|

≤
[

Lip(K)

FL(x− ε)SR(x+ ε)

]2
knan

nh3
n

∞∑
r=bn−1

|Cov(X1, Xr+1)| −→
n→∞

0,

thanks to assumption H7(iii) and relation (9).

d) Using parts a) and c), we get

lim
n→∞

V ar (S1,n(x)) = lim
n→∞

V ar

(
kn∑

m=1

Vm(x)

)

= lim
n→∞

knV ar(V1(x)) + 2
∑

1≤i<j≤n

Cov(Vi(x), Vj(x))


= σ2(x).

□

Lemma A.3. Under assumptions H3, H5 and H7, we have

a) lim
n→∞

knV ar (W1(x)) = 0.

b) For n large enough, we have

|Cov (W1(x),Wl+1(x))| ≤
[

Lip(K)

FL(x− ε)SR(x+ ε)

]2
bn
nh3

n

l(an+bn)+(bn−1)∑
r=l(an+bn)−(bn+1)

|Cov(X1, Xr+1)| ,

for all l ∈ N∗.

c) lim
n→∞

∑
1≤i<j≤kn

|Cov (Wi(x),Wj(x))| = 0.

d) lim
n→∞

V ar (S2,n(x)) = 0.

e) lim
n→∞

V ar (S3,n(x)) = 0.

P r o o f . [Proof of Lemma A.3]

a) Proceeding as in Lemma A.2-a), we get

knV ar(W1(x)) =
knbn
n

× 1

hn
V ar(η1,n(x)) +

2kn
nhn

∑
1≤i<j≤bn

Cov (ηi,n(x), ηj,n(x))
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≤ knbn
n

× 1

hn
V ar(η1,n(x)) + 2C × knbn

n
× bnhn.

This together with Lemma A.1-a), assumption H7(i) and relation (7), gives the result
we seek.

b) We have

|Cov(W1(x),Wl+1(x))| =

∣∣∣∣∣∣Cov
 an+bn∑

i=an+1

ξi,n(x),

(l+1)(an+bn)∑
j=l(an+bn)+an+1

ξj,n(x)

∣∣∣∣∣∣
≤

bn∑
s=1

(l+1)(an+bn)∑
j=l(an+bn)+an+1

|Cov (ξan+s,n(x), ξj,n(x))|

(using the change of indices s = i− an)

=

bn∑
s=1

(l+1)(an+bn)∑
j=l(an+bn)+an+1

|Cov (ξ1,n(x), ξj−an−s+1,n(x))| ,

thanks to the stationarity of the variables ξi,n(x).
So, proceeding as in Lemma A.2-b), we obtain for n large enough

|Cov(W1(x),Wl+1(x))| ≤
bn
nhn

l(an+bn)+(bn−1)∑
r=l(an+bn)−(bn+1)

|Cov (η1,n(x), ηr+1,n(x))|

≤
[

Lip(K)

FL(x− ε)SR(x+ ε)

]2
bn
nh3

n

l(an+bn)+(bn−1)∑
r=l(an+bn)−(bn+1)

|Cov(X1, Xr+1)| .

c) Using part b) and proceeding as in Lemma A.2-c), we obtain for n large enough∑
1≤i<j≤kn

|Cov (Wi(x),Wj(x))| ≤
[

Lip(K)

FL(x− ε)SR(x+ ε)

]2
knbn
nh3

n

∞∑
r=an−1

|Cov(X1, Xr+1)| .

On the other hand, we have in view of assumption H7(i) and relation (9)

lim
n→∞

bn
an

= lim
n→∞

[
knbn

n
knan

n

]
= 0 =⇒ bn = o(an).

So, for n large enough, we have∑
1≤i<j≤kn

|Cov (Wi(x),Wj(x))| ≤
[

Lip(K)

FL(x− ε)SR(x+ ε)

]2
knbn
nh3

n

∞∑
r=bn

|Cov(X1, Xr+1)| −→ 0,

thanks to assumptions H7(i) and H7(iii).

d) Using parts a) and c), we get

lim
n→∞

V ar (S2,n(x)) = lim
n→∞

V ar

(
kn∑

m=1

Wm(x)

)

= lim
n→∞

knV ar(W1(x)) + 2
∑

1≤i<j≤n

Cov(Wi(x),Wj(x))


= 0.
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e) We have

V ar (S3,n(x)) = V ar

 n∑
l=kn(an+bn)+1

ξl,n(x)


=

1

nhn
V ar

 n∑
l=kn(an+bn)+1

ηl,n(x)


=

n− kn(an + bn)

nhn
V ar (η1,n(x)) +

2

nhn

∑
kn(an+bn)+1≤i<j≤n

Cov (ηi,n(x), ηj,n(x))

=
n− kn(an + bn)

nhn
V ar (η1,n(x)) +

2

nhn

∑
1≤i<j≤n−kn(an+bn)

Cov (ηi,n(x), ηj,n(x)) ,

thanks to the stationarity of the variables ηi,n(x).

Moreover, since kn =
⌊

n
an+bn

⌋
, we have

n

an + bn
−1 < kn ≤ n

an + bn
=⇒ n−(an+bn) < kn(an+bn) ≤ n =⇒ 0 ≤ n−kn(an+bn) < an+bn.

Thus

V ar (S3,n(x)) ≤
an + bn

n
× 1

hn
V ar (η1,n(x))+

1

kn
× 2kn
nhn

∑
1≤i<j≤an+bn

|Cov (ηi,n(x), ηj,n(x))| .

(11)
Furthermore, since kn ≤ n

an+bn
and limn→∞ kn = ∞, we deduce that limn→∞

n
an+bn

=

∞, so limn→∞
an+bn

n
= 0. This together with relation (11) and parts a) and c) of Lemma

A.1, gives the result we seek.

□
Since the variables ξi,n(x) are centered, we have E (S2,n(x)) = E (S3,n(x)) = 0 and since
lim

n→∞
V ar (S2,n(x)) = lim

n→∞
V ar (S3,n(x)) = 0, we deduce that

S2,n(x)
P−→ 0 and S3,n(x)

P−→ 0, as n → ∞, (12)

where
P−→ denotes the convergence in probability.

It remains to establish the asymptotic normality of S1,n(x).
Denote by φn (resp. φVm) the characteristic function of S1,n(x) (resp. Vm(x)). For all t ∈ R,
we have

Ikn(t) :=

∣∣∣∣∣φn(t)−
kn∏

m=1

φVm(t)

∣∣∣∣∣
=

∣∣∣∣∣E
[
exp

{
it

kn∑
m=1

Vm(x)

}]
−

kn∏
m=1

E [exp {itVm(x)}]

∣∣∣∣∣
=

∣∣∣∣∣E
[
exp

{
it

kn∑
m=1

Vm(x)

}]
−

kn−1∏
m=1

E [exp {itVm(x)}]× E
[
eitVkn (x)

]∣∣∣∣∣
≤

∣∣∣∣∣E
[
exp

{
it

kn∑
m=1

Vm(x)

}]
− E

[
exp

{
it

kn−1∑
m=1

Vm(x)

}]
× E

[
eitVkn (x)

]∣∣∣∣∣
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+

∣∣∣∣∣E
[
exp

{
it

kn−1∑
m=1

Vm(x)

}]
× E

[
eitVkn (x)

]
−

kn−1∏
m=1

E [exp {itVm(x)}]× E
[
eitVkn (x)

]∣∣∣∣∣
≤

∣∣∣∣∣Cov
(
exp

{
it

kn−1∑
m=1

Vm(x)

}
, eitVkn (x)

)∣∣∣∣∣
+
∣∣∣E [eitVkn (x)

]∣∣∣ ∣∣∣∣∣E
[
exp

{
it

kn−1∑
m=1

Vm(x)

}]
−

kn−1∏
m=1

E [exp {itVm(x)}]

∣∣∣∣∣
≤ Ikn−1(t) +

∣∣∣∣∣Cov
(
exp

{
it

kn−1∑
m=1

Vm(x)

}
, eitVkn (x)

)∣∣∣∣∣ .
In the same way, we get

Ikn−1(t) ≤ Ikn−2(t) +

∣∣∣∣∣Cov
(
exp

{
it

kn−2∑
m=1

Vm(x)

}
, eitVkn−1(x)

)∣∣∣∣∣ .
So,

Ikn(t) ≤ Ikn−2(t) +

∣∣∣∣∣Cov
(
exp

{
it

kn−2∑
m=1

Vm(x)

}
, eitVkn−1(x)

)∣∣∣∣∣
+

∣∣∣∣∣Cov
(
exp

{
it

kn−1∑
m=1

Vm(x)

}
, eitVkn (x)

)∣∣∣∣∣
≤ Ikn−3(t) +

∣∣∣∣∣Cov
(
exp

{
it

kn−3∑
m=1

Vm(x)

}
, eitVkn−2(x)

)∣∣∣∣∣
+

∣∣∣∣∣Cov
(
exp

{
it

kn−2∑
m=1

Vm(x)

}
, eitVkn−1(x)

)∣∣∣∣∣
+

∣∣∣∣∣Cov
(
exp

{
it

kn−1∑
m=1

Vm(x)

}
, eitVkn (x)

)∣∣∣∣∣
≤
...

≤ I1(t) +

kn∑
j=2

∣∣∣∣∣Cov
(
exp

{
it

j−1∑
m=1

Vm(x)

}
, eitVj(x)

)∣∣∣∣∣
=

kn∑
j=2

∣∣∣∣∣Cov
(
exp

{
it

j−1∑
m=1

Vm(x)

}
, eitVj(x)

)∣∣∣∣∣ , (13)

because I1(t) = 0.
Using Corollary 5.5 page 90 of [8], we obtain for all j ∈ {2, . . . , kn}∣∣∣∣∣Cov

(
exp

{
it

j−1∑
m=1

Vm(x)

}
, eitVj(x)

)∣∣∣∣∣ =
∣∣∣∣∣E
[
exp

{
it

j∑
m=1

Vm(x)

}]
− E

[
exp

{
it

j−1∑
m=1

Vm(x)

}]
×

×E
[
eitVj(x)

]∣∣∣
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≤ 4t2

∣∣∣∣∣Cov
(

j−1∑
m=1

Vm(x), Vj(x)

)∣∣∣∣∣
≤ 4t2

j−1∑
m=1

|Cov (Vm(x), Vj(x))|

≤ 4t2
j−1∑
m=1

|Cov (V1(x), Vj−m+1(x))|

(thanks to the stationarity of the (Vj(x))1≤j≤kn)

≤ 4t2
j−1∑
l=1

|Cov (V1(x), Vl+1(x))| ,

using the change of indices l = j −m.
This together with (13) entails that

Ikn(t) ≤ 4t2
kn∑
j=2

j−1∑
l=1

|Cov (V1(x), Vl+1(x))|

≤ 4t2 [(kn − 2) |Cov (V1(x), V2(x))|+ (kn − 1) |Cov (V1(x), V3(x))|+ · · ·+ |Cov (V1(x), Vkn(x))|]

≤ 4t2kn

kn∑
m=2

|Cov (V1(x), Vm(x))|

≤ 4t2kn

[
Lip(K)

FL(x− ε)SR(x+ ε)

]2
an

nh3
n

kn∑
m=2

(m−1)(an+bn)+(an−1)∑
r=(m−1)(an+bn)−(an+1)

|Cov(X1, Xr+1)|

(for n large enough, thanks to Lemma A.2-b))

≤ 4t2
[

Lip(K)

FL(x− ε)SR(x+ ε)

]2
knan

nh3
n

∞∑
r=bn−1

|Cov(X1, Xr+1)| −→
n→∞

0,

in view of assumption H7(iii) and relation (9).
Let (Un(x))1≤m≤kn be a sequence of i.i.d. r.r.v. having the same distribution as V1(x). From
the previous relation and the independence of the variables Um(x), we have

lim
n→∞

∣∣∣∣∣φn(t)− E

[
exp

{
it

kn∑
m=1

Um(x)

}]∣∣∣∣∣ = lim
n→∞

∣∣∣∣∣φn(t)−
kn∏

m=1

E [exp {itUm(x)}]

∣∣∣∣∣ = 0, ∀t ∈ R.

(14)
Now, we will show that the sum

∑kn
m=1 Um(x) converges in distribution to the N

(
0, σ2(x)

)
distribution.
Remark that the variables Um(x) are centered because the variables ξi,n(x) are centered. More-
over, we set

s2n(x) :=

kn∑
m=1

V ar (Um(x)) = knV ar (U1(x)) = knV ar (V1(x)) . (15)

We will apply the Lindeberg theorem (see [3], Theorem 27.2 page 359) to Um(x). For that, we
will show that for all δ > 0

lim
n→∞

1

s2n(x)

kn∑
m=1

E
[
U2

m(x)1{|Um(x)|>δsn(x)}
]
= 0.
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We have

|V1(x)| =

∣∣∣∣∣
an∑
j=1

ξj,n(x)

∣∣∣∣∣
≤ 1√

nhn

an∑
j=1

|ηj,n(x)|

≤ 1√
nhn

an∑
j=1

∣∣∣∣K (x− Zj

hn

)
1{Aj=0}

FL (Zj)SR (Zj)
− E

(
K

(
x− Zj

hn

)
1{Aj=0}

FL (Zj)SR (Zj)

)∣∣∣∣ .
Since the support of K is [−M,M ], we have

−M ≤ x− Zi

hn
≤ M =⇒ x− ε ≤ Zi ≤ x+ ε,

for n large enough.
So,

|V1(x)| ≤
2∥K∥∞

FL(x− ε)SR(x+ ε)
× an√

nhn

, a.s.

where ∥K∥∞ = supu∈R |K(u)|.
Therefore

|Um(x)| ≤ 2∥K∥∞
FL(x− ε)SR(x+ ε)

× an√
nhn

, a.s.

and

1

s2n(x)

kn∑
m=1

E
[
U2

m(x)1{|Um(x)|>δsn(x)}
]
≤ 4∥K∥2∞

F 2
L(x− ε)S2

R(x+ ε)
× a2

n

nhns2n(x)

kn∑
m=1

P (|Um(x)| > δsn(x))

=
4∥K∥2∞

F 2
L(x− ε)S2

R(x+ ε)
× kna

2
n

nhns2n(x)
P (|U1(x)| > δsn(x))

≤ 4∥K∥2∞
F 2
L(x− ε)S2

R(x+ ε)
× kna

2
n

nhns2n(x)
× V ar (U1(x))

δ2s2n(x)
,

thanks to the Chebyshev-Bienaymé inequality (see [3]).
Taking into account relation (15), we get

1

s2n(x)

kn∑
m=1

E
[
U2

m(x)1{|Um(x)|>δsn(x)}
]
≤ 4∥K∥2∞

δ2F 2
L(x− ε)S2

R(x+ ε)
× knV ar(V1(x))a

2
n

nhnknV ar(V1(x))
× 1

knV ar(V1(x))

≤ 4∥K∥2∞
δ2F 2

L(x− ε)S2
R(x+ ε)

× a2
n

nhn
× 1

knV ar(V1(x))
−→
n→∞

0,

in view of Lemma A.2-a) and assumption H7(ii).
So, the Lindeberg condition is satisfied which implies that

1

sn(x)

kn∑
m=1

Um(x)
D−→ N (0, 1), as n → ∞

and since

lim
n→∞

s2n(x) = lim
n→∞

knV ar(V1(x)) = σ2(x) (thanks to Lemma 2-a)),
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we deduce that
kn∑

m=1

Um(x)
D−→ N

(
0, σ2(x)

)
, as n → ∞. (16)

Relations (14) and (16) imply that

S1,n(x)
D−→ N

(
0, σ2(x)

)
, as n → ∞.

This together with relations (4) and (12) gives

√
nhn

(
f̃n(x)− E

(
f̃n(x)

))
D−→ N

(
0, σ2(x)

)
, as n → ∞.

Combining this with relations (1), (2) and (3), we obtain

√
nhn

(
f̂n(x)− f(x)

)
D−→ N

(
0, σ2(x)

)
, as n → ∞.

□
P r o o f . [Proof of Theorem 2.2]

i) We have

√
nhn

(
λ̂n(x)− λ(x)

)
=

√
nhn

(
f̂n(x)− f(x)

)
Ŝn(x) + un

+
√
nhn

(
SX(x)− Ŝn(x)− un

)
×

f(x)

SX(x)
(
Ŝn(x) + un

) . (17)

Moreover, from Theorem 2.1 of [22], we have

√
nhn

(
SX(x)− Ŝn(x)

)
= Oa.s.

(
√
nhn ×

√
(log(n))1+2β

n

)

= Oa.s.

(√
n1/5hn × (log(n))1+2β

n1/5

)
= oa.s.(1),

in view of H6.
Combining this with relation (17), Theorem 2.1 and the fact that un = o

(
1√
nhn

)
, we

obtain the claimed result.

ii) We have

λ∗
n(x) =

1

hn

∫
K

(
x− z

hn

)
dΛ̂n(z)

=
1

hn

n∑
i=1

K

(
x− Zi

hn

)
∆Λ̂n(Zi)

=
1

nhn

n∑
i=1

K

(
x− Zi

hn

)
1{Ai=0}

F
(n)
L

(
Z−

i

)
− F

(n)
Z

(
Z−

i

) .
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So, we set

λ̃n(x) =
1

nhn

n∑
i=1

K

(
x− Zi

hn

)
1{Ai=0}

FL (Zi)− FZ (Zi)

=
1

nhn

n∑
i=1

K

(
x− Zi

hn

)
1{Ai=0}

SX (Zi)FL (Zi)SR (Zi)
.

Using the decomposition

√
nhn (λ∗

n(x)− λ(x)) =
√
nhn

(
λ∗
n(x)− λ̃n(x)

)
+

√
nhn

(
λ̃n(x)− E

(
λ̃n(x)

))
+

√
nhn

(
E
(
λ̃n(x)

)
− λ(x)

)
,

this part can be proved following similar steps to those of Theorem 2.1 above.

□

B. THE AIDS DATA SET

The AIDS original data and our moving averages in cases 1,2 and 3.

Original data Data in case 1 Data in case 2 Data in case 3

Times Censoring
indicator

Zi Ai Zi Ai Zi Ai

3592 1 3498 1 4499.667 1 3955.25 1
3404 1 4953.5 1 4076.333 1 4872.25 1
6503 1 4412.5 1 5361.667 1 5312 1
2322 1 4791 1 4915 1 4657 1
7260 1 6211.5 1 5435.333 1 5420.5 1
5163 1 4523 1 4807.333 1 5190 1
3883 1 4629.5 1 5199 1 5345.5 1
5376 1 5857 1 5833 1 5830.5 1
6338 1 6061.5 1 5982 1 5372 1
5785 1 5804 1 5050 1 4425 1
5823 1 4682.5 1 3971.667 1 3387.25 1
3542 1 3046 1 2575.333 1 3531 1
2550 1 2092 1 3527.333 1 4151.75 1
1634 1 4016 1 4685.667 1 3974.75 1
6398 1 6211.5 1 4755 1 5446.5 1
6025 1 3933.5 1 5129.333 1 5558 1
1842 1 4681.5 1 5402.333 1 4719 1
7521 1 7182.5 1 5678 1 5543.75 1
6844 1 4756.5 1 4884.667 1 5191 1
2669 1 3905 1 4640 1 5334.25 1
5141 1 5625.5 1 6222.667 1 5515 1
6110 1 6763.5 1 5639.667 1 5938.75 1
7417 1 5404.5 1 5881.667 1 5207.75 1
3392 1 5114 1 4471.333 1 4247.5 1
6836 1 5011 1 4532.667 1 4487.25 1
3186 1 3381 1 3704.333 1 4333.5 1
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Original data Data in case 1 Data in case 2 Data in case 3

Times Censoring
indicator

Zi Ai Zi Ai Zi Ai

3576 1 3963.5 1 4716 1 5156 1
4351 1 5286 1 5682.667 1 6020.75 1
6221 1 6348.5 1 6577.333 1 5293 1
6476 1 6755.5 1 4983.667 1 4789.25 1
7035 1 4237.5 1 4227 1 4731.5 1
1440 1 2823 1 3963.667 1 4445.5 1
4206 1 5225.5 1 5447.333 1 5034.25 1
6245 1 6068 1 5310.333 1 5238 1
5891 1 4843 1 4902.333 1 5156 1
3795 1 4408 1 4911 1 4599.25 1
5021 1 5469 1 4867.333 1 5261 1
5917 1 4790.5 1 5341 1 5628 1
3664 1 5053 1 5531.667 1 5575.25 1
6442 1 6465.5 1 6212.333 1 5889 1
6489 1 6097.5 1 5704.667 1 5883.75 1
5706 1 5312.5 1 5682 1 6173 1
4919 1 5670 1 6328.667 1 5479.5 1
6421 1 7033.5 1 5666.333 1 5718.75 1
7646 1 5289 1 5484.667 1 5663.25 1
2932 1 4404 1 5002.333 1 5104.75 1
5876 1 6037.5 1 5829 1 5787.5 1
6199 1 5805.5 1 5758 1 4823.5 1
5412 1 5537.5 1 4365 1 3955 1
5663 1 3841.5 1 3469.333 1 3981.5 1
2020 1 2372.5 1 3421 1 3977 1
2725 1 4121.5 1 4629.333 1 4965 1
5518 1 5581.5 1 5711.667 1 5855.5 1
5645 1 5808.5 1 5968 1 5617.25 1
5972 1 6129.5 1 5608 1 4625 1
6287 1 5426 1 4176 1 4396.5 1
4565 1 3120.5 1 3766.333 1 4270.5 1
1676 1 3367 1 4172.333 1 5016 1
5058 1 5420.5 1 6129.333 1 5392 1
5783 1 6665 1 5503.333 1 5548.5 1
7547 1 5363.5 1 5470.333 1 5493.5 1
3180 1 4432 1 4809 1 4094 1
5684 1 5623.5 1 4398.667 1 4656.5 1
5563 1 3756 1 4314 1 3900.75 1
1949 1 3689.5 1 3346.667 1 3263.25 1
5430 1 4045.5 1 3701.333 1 4059.75 1
2661 1 2837 1 3603 1 3746.25 1
3013 1 4074 1 4108 1 4277.25 1
5135 1 4655.5 1 4698.667 1 4913 1
4176 1 4480.5 1 4839 1 5106 1
4785 1 5170.5 1 5416 1 5830.5 1
5556 1 5731.5 1 6179 1 5776 1
5907 1 6490.5 1 5849.333 1 5629.5 1
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Original data Data in case 1 Data in case 2 Data in case 3

Times Censoring
indicator

Zi Ai Zi Ai Zi Ai

7074 1 5820.5 1 5537 1 5265 1
4567 1 4768.5 1 4662 1 4816.75 1
4970 1 4709.5 1 4900 1 5201.5 1
4449 1 4865 1 5278.667 1 4410.5 1
5281 1 5693.5 1 4397.667 1 3523.5 1
6106 1 3956 1 2937.667 1 3348 1
1806 1 1353.5 1 2428.667 1 2242.5 1
901 1 2740 1 2388 1 2691.75 1
4579 1 3131.5 1 3288.667 1 4491 1
1684 1 2643.5 1 4461.667 1 4170.5 1
3603 1 5850.5 1 4999.333 1 4138 1
8098 1 5697.5 1 4316.333 1 4840.5 1
3297 1 2425.5 1 3754.667 1 3418.5 1
1554 1 3983.5 1 3459 1 3340.5 1
6413 1 4411.5 1 3936 1 3207.25 1
2410 1 2697.5 1 2138.667 1 2370 1
2985 1 2003 1 2356.667 1 2745.75 1
1021 1 2042.5 1 2666 1 3025 1
3064 1 3488.5 1 3693 1 4393.75 1
3913 1 4007.5 1 4837 1 4500.25 1
4102 1 5299 1 4696 1 4964.5 1
6496 1 4993 1 5252 1 4590 1
3490 1 4630 1 3954.667 1 4147 1
5770 1 4187 1 4366 1 3883 1
2604 1 3664 1 3254 1 3972.25 1
4724 1 3579 1 4428.333 1 4043 1
2434 1 4280.5 1 3816 1 3539.25 1
6127 1 4507 1 3907.667 1 4283 1
2887 1 2798 1 3668.333 1 4186.5 1
2709 1 4059 1 4619.667 1 4109.25 1
5409 1 5575 1 4576 1 3974 1
5741 1 4159.5 1 3495.667 1 4063.75 1
2578 1 2373 1 3504.667 1 4040.25 1
2168 1 3968 1 4527.667 1 4313.25 1
5768 1 5707.5 1 5028.333 1 4134.5 1
5647 1 4658.5 1 3590 1 3717.5 1
3670 1 2561.5 1 3074.333 1 3501 1
1453 1 2776.5 1 3444.667 1 3574.5 1
4100 1 4440.5 1 4281.667 1 4386.5 1
4781 1 4372.5 1 4482 1 4257.25 1
3964 1 4332.5 1 4082.667 1 4722.25 1
4701 1 4142 1 4975 1 5142.5 1
3583 1 5112 1 5289.667 1 4929.5 1
6641 1 6143 1 5378.333 1 5737 1
5645 1 4747 1 5435.667 1 5300.5 1
3849 1 5331 1 5185.667 1 5265 1
6813 1 5854 1 5737 1 4582.75 1
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Original data Data in case 1 Data in case 2 Data in case 3

Times Censoring
indicator

Zi Ai Zi Ai Zi Ai

4895 1 5199 1 3839.333 1 3605.25 1
5503 1 3311.5 1 3175.333 1 3095 1
1120 1 2011.5 1 2292.333 1 2733.25 1
2903 1 2878.5 1 3271 1 2991.5 1
2854 1 3455 1 3021 1 3609.75 1
4056 1 3104.5 1 3861.667 1 3948.25 1
2153 1 3764.5 1 3912.333 1 4088.25 1
5376 1 4792 1 4733.333 1 4456.75 1
4208 1 4412 1 4150.333 1 4824.25 1
4616 1 4121.5 1 5029.667 1 5015.25 1
3627 1 5236.5 1 5148.333 1 4451.5 1
6846 1 5909 1 4726.333 1 4026 1
4972 1 3666.5 1 3086 1 3215.75 1
2361 1 2143 1 2630.333 1 3616.75 0
1925 1 2765 1 3690.333 0 3320.75 0
3605 1 4321 0 3495.667 0 2874.25 0
3980 0 3545.5 0 2873.667 0 3536.75 0
4662 0 2912.5 0 3022.667 0 3339.25 0
2429 0 3096 0 3583.667 0 3137.25 0
3396 0 2836 0 3520.333 0 3497.75 0
2796 0 3977.5 0 3224.333 0 2789.5 0
2876 0 3842.5 0 2970.667 0 3396 0
5079 0 2297 0 2850.667 0 4397.5 0
2606 0 3153 0 3865.333 0 4684 0
1988 0 3282 0 4424 0 4996.75 0
4318 0 3639 0 5496.667 0 4686 0
2246 0 5513 0 4985 0 3988.25 0
5032 0 5729 0 4250 0 3681.5 0
5994 0 4480.5 0 3496.333 0 3748.25 0
5464 0 3643 0 3743 0 4031 0
3497 0 3496 0 3734.667 0 4367 0
3789 0 3720 0 4307 0 4635.25 0
3203 0 4000.5 0 4410.333 0 4823.25 0
4237 0 4342 0 4925.667 0 5116.5 0
3764 0 4733.5 0 4791 0 5034.5 0
4920 0 4928.5 0 5306.333 0 4426.5 0
4547 0 4913 0 4942.667 0 3487.25 0
5310 0 5304.5 0 4396.667 0 3435 0
4516 0 5156 0 2618.667 0 3070.5 0
6093 0 3548.5 0 3173.667 0 3487 0
4219 0 1818.5 0 3134.667 0 4846.5 0
2878 0 3321.5 0 4396.333 0 4004.5 0
759 0 4322.5 0 4500.667 0 4755.25 0
5884 0 3652.5 0 4419 0 4200.25 0
2761 0 5370.5 0 4825.667 0 3972.75 0
4544 0 4356.5 0 3534.667 0 3896 0
6197 0 4140 0 4458.333 0 3605.5 0
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Original data Data in case 1 Data in case 2 Data in case 3

Times Censoring
indicator

Zi Ai Zi Ai Zi Ai

2516 0 4044 0 3273.333 0 3375.5 0
5764 0 3805.5 0 4032.667 0 3143 0
2324 0 3748 0 2738.333 0 3278.5 0
5287 0 3405.5 0 3454.333 0 3542.75 0
2209 0 3003 0 2837.333 0 4040 0
4602 0 2880.5 0 4255.667 0 3831 0
1404 0 3554 0 3934.333 0 4072.25 0
4357 0 4205 0 4191 0 4031.25 0
2751 0 4526 0 3543.333 0 3763 0
5659 0 3457 0 4244 0 4044.25 0
3393 0 3618.5 0 3843.667 0 4354.5 0
3521 0 4605.5 0 4153.667 0 4113.25 0
3716 0 3907.5 0 3974.333 0 4637.25 0
5495 0 3483 0 4711 0 4456.75 0
2320 0 4801.5 0 4634.333 0 4253 0
4646 0 4743.5 0 4290 0 3693.75 0
4957 0 4473 0 4160.667 0 3491.5 0
4530 0 4170 0 3453 0 3236.75 0
4416 0 4033 0 3347.333 0 2952.75 0
3924 0 3217.5 0 2935 0 3151.75 0
4142 0 2950 0 3172.667 0 3228.5 0
2293 0 3256 0 3000 0 2945.25 0
3607 0 2955.5 0 3336.333 0 3002.5 0
2905 0 3047.5 0 2925 0 3578.75 0
3006 0 3501.5 0 2973.667 0 4100.5 0
3089 0 2843 0 3467 0 4148 0
3914 0 2503.5 0 4876.667 0 4748.25 0
1772 0 4314.5 0 4452.333 0 3845 0
3235 0 5697.5 0 4533 0 3186 0
5394 0 3981.5 0 3126.333 0 2812.25 0
6001 0 3799 0 3594 0 2106.5 0
1962 0 3708.5 0 1871 0 2739 0
5636 0 2573 0 2215 0 2791.25 0
1781 0 1916 0 2530.333 0 4221.75 0
3365 0 1640 0 3566 0 4695.75 0
467 0 3562 0 4691.333 0 4381.75 0
2813 0 3942.5 0 4824 0 4625.75 0
4311 0 4881.5 0 4651 0 3351.75 0
3574 0 5449 0 4104.667 0 2682.25 0
6189 0 3882 0 2899.333 0 2667.75 0
4709 0 3802.5 0 2558 0 2488 0
3055 0 2821.5 0 2040.3333 0 3333.5 0
4550 0 1562 0 2953 0 3861.5 0
1093 0 2514 0 3767.667 0 4115.75 0
2031 0 3414 0 4149.667 0 4096.25 0
2997 0 4153 0 4210.667 0 4250.5 2
3831 0 4309 0 3970 0 4398.5 2
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Original data Data in case 1 Data in case 2 Data in case 3

Times Censoring
indicator

Zi Ai Zi Ai Zi Ai

4475 0 4078.5 0 4595.333 2 4334.5 2
4143 0 3883.5 0 4448.333 2 3822.5 2
4014 0 4359.5 2 4177.333 2 4638 2
3753 0 5064.5 2 4090.333 2 4782.75 2
3657 2 4141.5 2 4024.667 2 4009.75 2
5062 2 3732.5 2 4767.667 2 3740.25 2
5067 2 4527.5 2 4775 2 3190.5 2
3216 2 3912.5 2 4340 2 2531.75 2
4249 2 4748.5 2 2827.667 2 2758 2
4806 2 5653 2 2644.667 2
3019 2 3271 2 2804.333 2
6478 2 1827.5 2 3030.333 2
4828 2 3110 2
1714 2 3236 2
1941 2 2406 2
4279 2
2193 2
2619 2

Tab. 3: The AIDS original data and our moving averages in cases 1,2,3.
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et les Produits de Santé (LGPDDPS), Ecole Nationale Polytechnique de Constantine, Al-
geria and Laboratoire de Biostatistique, Bioinformatique et Méthodologie Mathématique
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Sarra Leulmi, Laboratoire de Mathématiques et Sciences de La Décision (LAMASD),
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