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DISTURBANCE OBSERVER-BASED ROBUST CONTROL
FOR A CLASS OF UNCERTAIN NONLINEAR SYSTEMS

Chengcheng Wang, Xianglei Jia, Chengdi Xiang and Yingying Han

This paper addresses the global output regulation problem for a class of strict-feedback
systems subject to unknown nonlinearities and mismatched disturbances. A composite ro-
bust control strategy based on backstepping, high-gain scaling and disturbance observers is
developed. In particular, unknown mismatched nonlinearities are suppressed by introducing
high-gain scaling, and mismatched disturbances are compensated for by improved disturbance
observers. Rigorous Lyapunov analysis guarantees the global stability of the closed-loop sys-
tem and the achievement of output regulation. A key advantage of the proposed controller is
that it does not rely on specific models of nonlinearities, thus ensuring strong robustness to
model uncertainties. Finally, simulation results are provided to validate the effectiveness of the
proposed method.
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1. INTRODUCTION

In modern industrial applications such as robotic manipulators and power systems, pa-
rameter uncertainties and external disturbances are ubiquitous, which seriously under-
mine the stability and control accuracy of closed-loop systems. Consequently, building
on classical nonlinear adaptive control [8], the development of advanced robust control
strategies for such systems has attracted significant attention [3, 6, 22]. Traditional
approaches mostly adopted sliding mode control [4] or backstepping [21], but faced sig-
nificant design difficulties when dealing with mismatched disturbances, as pointed out
in [2, 16].

To address this issue, disturbance observer-based control (DOBC) [5, 9, 10, 13, 24, 29]
has gained considerable popularity due to its active compensation capability, and by
combining with robust control, it has become an effective strategy for addressing mis-
matched disturbance problems [12, 17, 18, 25]. For instance, Ref. [18] proposes a distur-
bance observer-based nonsingular terminal sliding mode control scheme for the simul-
taneous suppression of matched and mismatched uncertainties. Ref. [17] addressed the
problems of stability and disturbance rejection for fractional-order systems by proposing
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a composite scheme that combines the disturbance observer with fractional-order sliding
mode. Moreover, Ref. [25] proposed a finite-time sliding mode control method based on a
disturbance observer to enhance the system performance in the presence of mismatched
disturbances. Although the aforementioned methods are highly effective in suppressing
external disturbances, they often assume that the nominal nonlinear functions of the
system are known. To further address the modeling challenge of unknown nonlinear
functions within the system, intelligent control strategies incorporating neural networks
or fuzzy logic systems have emerged as mainstream approaches to resolving model uncer-
tainties [7, 11, 20, 23, 27]. However, despite their excellent approximation performance,
intelligent control methods can only ensure the system to achieve semi-global stability,
which limits their application in engineering scenarios with high reliability requirements.

To circumvent this limitation and achieve global stability without relying on function
approximators, high-gain control or homogeneous domination methods provide an al-
ternative approach without relying on specific model information [1, 14, 19, 26, 30, 31].
The central tenet of this category of approaches lies in quelling the impacts of unknown
nonlinear terms via the incorporation of a high-gain adjustment mechanism. They have
been extensively adopted to tackle a variety of output feedback stabilization challenges,
and striking achievements have been attained in specific nonlinear systems, such as
stochastic feedforward systems [15] and high-order nonlinear systems [28]. However,
most existing high-gain control methods focus on addressing the internal nonlineari-
ties of the system. How to organically integrate high-gain technology with the active
disturbance rejection capability of disturbance observers, thereby simultaneously achiev-
ing efficient suppression of mismatched non-vanishing disturbances without relying on
accurate model information, remains a pressing challenge to be addressed.

A composite robust control strategy, incorporating a high-gain disturbance observer,
is developed in this work to address the global output regulation problem for a class of
strict-feedback systems subject to both unknown nonlinearities and mismatched non-
vanishing disturbances. This paper’s primary contributions are threefold:

• The integration of high-gain scaling empowers the proposed observer to deliver ef-
fective estimation and compensation of mismatched disturbances under the relaxed
assumption of linearly bounded nonlinearities, thereby eliminating the dependency
on precise model information that constrains conventional designs.

• It abandons the reliance of intelligent control methods such as neural networks on
universal function approximators and cumbersome online learning processes, di-
rectly dominates unknown nonlinear terms using a concise high-gain linear struc-
ture, effectively overcomes the curse of dimensionality, significantly reduces the
computational burden of the algorithm, and is more conducive to real-time engi-
neering implementation.

• Rigorous Lyapunov analysis demonstrates that the closed-loop system achieves
global stability within the proposed unified high-gain-disturbance-observer frame-
work, even when contending with partially unknown nonlinearities and mismatched
disturbances.

Notations. R is the set of real numbers; Rn is the set of n-dimensional real vectors;
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Rn×m is the set of n-by-m real matrices; min{·} denotes the minimum value; ∥·∥ denotes
the Euclidean norm or the spectral norm.

2. PRELIMINARIES

2.1. Problem formulation

Consider the strict-feedback nonlinear system with mismatched non-vanishing distur-
bances, described by

ẋ1 = x2 + f1(x1) + d1(t),
ẋ2 = x3 + f2(x1, x2) + d2(t),

...
ẋn = u+ fn(x1, x2, . . . , xn) + dn(t),
y = x1,

(1)

where x = [x1, . . . , xn]
T ∈ Rn, u ∈ R, and y ∈ R are the system state, input, and out-

put, respectively. di(t) and fi(x1, . . . , xi) represent lumped disturbances and unknown
nonlinear functions, for i = 1, . . . , n.

The development of the control scheme relies on the following assumptions.

Assumption 2.1. The uncertain nonlinear functions satisfy the following linear growth
condition, and there exist positive constants γi such that

|fi| ≤ γi(|x1|+ |x2|+ · · ·+ |xi|). (2)

Assumption 2.2. There exist positive constants θ1 and θ2 that bound the external
disturbances and their first derivatives. Formally, for all i = 1, ..., n, we have

|di(t)| ≤ θ1, |ḋi(t)| ≤ θ2. (3)

Remark 2.3. Assumption 2.1 requires the unknown nonlinearities fi to satisfy a global
linear growth condition, meaning their growth rate is bounded by a linear combination
of the system states. This relatively mild requirement makes the proposed theory ap-
plicable to a broad class of nonlinear systems. While this condition is standard in the
high-gain control literature, it does impose a limitation when the system exhibits super-
linear growth (e. g., x2 or higher powers) over a global domain. However, for many
physical systems operating within a bounded region, a local linear bound can often be
established, making the method practically viable. Moreover, the constants γi in (2)
directly influence the magnitude of the lumped uncertainty bound κ derived in (49):
larger γi lead to a larger κ, which in turn necessitates a larger gain L to ensure the
negative definiteness of V̇n as required in (52). Hence, γi quantitatively captures the
trade-off between the severity of system uncertainty and the required control effort.

Remark 2.4. Assumption 2.2 requires bounded disturbances and their first derivatives,
a common and justifiable premise in disturbance observer-based control designs. For ex-
ample, it is widely adopted in the designs presented in [5, 9, 10]. The underlying rationale
lies in the emergence of disturbance derivative terms within the dynamic equation of ob-
server error, with their boundedness proving pivotal to guaranteeing the error system’s
stability.
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2.2. Key lemmas

To facilitate understanding, several preliminary results to be employed subsequently are
presented below. Consider the system detailed below

ẋ = δ(t, x, u), x ∈ Rn, u ∈ Rm. (4)

Lemma 2.5. (Sun et al. [24]) Consider a continuously differentiable function V :
[0,∞)× Rn → R. If V satisfies the inequalities

α1(∥x∥) ≤ V (t, x) ≤ α2(∥x∥),

∂V

∂t
+

∂V

∂x
δ(t, x, u) ≤ −G3(x), ∀∥x∥ ≥ ϑ(∥u∥) > 0,

for all (t, x, u) ∈ [0,∞)×Rn ×Rm, where α1 and α2 are class K∞ functions, ϑ is a class
K function, and G3(x) is a continuous positive definite function on Rn. Then, system
(4) is input-to-state stable (ISS).

Lemma 2.6. (Sun et al. [24]) If the following conditions are satisfied

• system (4) is globally ISS,

• limt→∞ u = 0,

then the states of system (4) will converge to zero asymptotically, i. e., limt→∞ x = 0.

3. CONTROLLER DESIGN

3.1. Disturbance observer design

A high-gain scaling transformation is introduced as

zi =
xi

Li
, (5)

where L > 1 is a scaling gain to be designed. Under this transformation, system (1)
becomes

żi = Lzi+1 +
fi
Li

+ Ld̄i,

żn =
u

Ln
+

fn
Ln

+ Ld̄n, (6)

y = Lz1,

where d̄i = di/L
i+1 denotes the scaled disturbance.
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Remark 3.1. Coordinate Transformation (5) constitutes the linchpin of the high-gain
control scheme put forward herein. It transforms the original system (1) to the z-
coordinate system (6), such that the unknown nonlinear terms become fi/L

i. As an-
alyzed in subsequent equations (40) – (49), although fi grows with Lk, the 1/Li term
ensures that fi/L

i can ultimately be linearly bounded by z-coordinates (i. e., sj and d̃j),
with its bound κ independent of L. This allows us to increase L to enhance the control
gain, making it ultimately dominate this fixed uncertainty bound κ, thus ensuring the
stability of the system without knowing fi at all.

The disturbance observer is designed following the framework in [24]. For each i =
1, ..., n, it is constructed as

d̂i = λi(zi − pi),

ṗi = Lzi+1 + Ld̂i,
(7)

where λi > 0 is a design constant, and the relationship Lzn+1 = u/Ln holds by definition.
Substituting (6) into (7) yields the disturbance estimation:

˙̂
di = λi

(
fi
Li

+ Ld̃i

)
. (8)

Then, the disturbance estimation error system is characterized as

˙̃
di =

˙̄di − λiLd̃i − λi
fi
Li

, (9)

where d̃i = d̄i − d̂i.

3.2. Composite controller design

The controller design follows a two-step robust strategy. First, the unknown nonlinear
functions fi are neglected, and a basic composite controller is designed for the nominal
system (10). Subsequently, Section 4 rigorously proves that, by virtue of the high gain
L, this same controller also ensures the uniform boundedness of the complete system
that includes fi. 

żi = Lzi+1 + Ld̄i,
˙̃
di = ˙̄di − λiLd̃i,
˙̂
di = λiLd̃i.

(10)

A recursive design procedure is now applied to the nominal system (10).

Step 1: Consider a Lyapunov function as

V1 =
1

2
s21 +

1

2
d̃21, (11)

in which s1 = z1. Computing the derivative of both sides of (11) results in

V̇1 = s1(Lz2 + Ld̄1)− λ1Ld̃
2
1 + d̃1

˙̄d1

= −λ1Ld̃
2
1 + Ls1z

∗
2 + Ls1(z2 − z∗2) + Ls1d̄1 + d̃1

˙̄d1.
(12)
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Employing the disturbance estimate d̂1 outlined in equation (7), the virtual control
law z∗2 is constructed as

z∗2 = −φ1s1 − d̂1, (13)

where k1 > 0, ε1 > 0, and φ1 = k1 +
1

4ε1
. Substituting (13) into (12) yields

V̇1 = −L
(
k1 +

1
4ε1

)
s21 − λ1Ld̃

2
1 + Ls1s2 + Ls1d̃1 + d̃1

˙̄d1

≤ −L
(
k1 +

1
4ε1

)
s21 − λ1Ld̃

2
1 + Ls1s2 + L 1

4ε1
s21 + Lε1d̃

2
1 + d̃1

˙̄d1

= −Lk1s
2
1 − L(λ1 − ε1)d̃

2
1 + Ls1s2 + d̃1

˙̄d1,

(14)

where s2 = z2 − z∗2 .

Step 2: Consider a Lyapunov function as

V2 = V1 +
1

2
s22 +

1

2
d̃22. (15)

Differentiating (15) yields

V̇2 ≤ −Lk1s
2
1 − L(λ1 − ε1)d̃

2
1 + Ls1s2

+s2

(
Lz3 + Ld̄2 − ∂z∗

2

∂s1
(Lz2 + Ld̄1)− ∂z∗

2

∂d̂1
λ1Ld̃1

)
−λ2Ld̃

2
2 + d̃2

˙̄d2 + d̃1
˙̄d1

= −Lk1s
2
1 − L(λ1 − ε1)d̃

2
1 − λ2Ld̃

2
2 + Ls1s2 + Ls2z

∗
3 + Ls2(z3 − z∗3)

−s2
∂z∗

2

∂s1
Lz2 + s2

(
Ld̄2 − ∂z∗

2

∂s1
Ld̄1 − ∂z∗

2

∂d̂1
λ1Ld̃1

)
+ d̃2

˙̄d2 + d̃1
˙̄d1.

(16)

In light of the disturbance estimations d̂1 and d̂2, the virtual control law z∗3 is
constructed as

z∗3 = −s1 − (φ2 + ĉ2) s2 − d̂2 +
∂z∗2
∂s1

(d̂1 + z2), (17)

where k2 > 0, ε2 > 0, φ2 = k2 +
1

4ε2
and ĉ2 = 1

4ε1

(
∂z∗

2

∂s1
+

∂z∗
2

∂d̂1
λ1

)2
.

Substituting (17) into (16) yields

V̇2 = −Lk1s
2
1 − L(λ1 − ε1)d̃

2
1 − L

(
k2 +

1
4ε2

+ ĉ2

)
s22 − λ2Ld̃

2
2

+Ls2(z3 − z∗3) + Ls2d̃2 − Ls2

(
∂z∗

2

∂s1
+

∂z∗
2

∂d̂1
λ1

)
d̃1 + d̃2

˙̄d2 + d̃1
˙̄d1.

(18)

Note that

d̃2s2 ≤ 1

4ε2
s22 + ε2d̃

2
2,

−s2

(
∂z∗2
∂s1

+
∂z∗2

∂d̂1
λ1

)
d̃1 ≤ 1

4ε1

(
∂z∗2
∂s1

+
∂z∗2

∂d̂1
λ1

)2

s22 + ε1d̃
2
1 = ĉ2s

2
2 + ε1d̃

2
1,

(19)
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by combining (18) and (19) and defining s3 = z3 − z∗3 , we obtain

V̇2 ≤ −Lk1s
2
1 − L(λ1 − 2ε1)d̃

2
1 − Lk2s

2
2 − L(λ2 − ε2)d̃

2
2 + Ls2s3 + d̃2

˙̄d2 + d̃1
˙̄d1. (20)

Following the inductive procedure, assume that at step i− 1 (for i ≥ 3), a positive
definite and proper Lyapunov function Vi−1(s1, . . . , si−1, d̃1, . . . , d̃i−1) has been
constructed. The recursive design leads to the following structure for virtual con-
trollers and error variables, the general form of which is summarized by

z∗2 = −φ1s1 − d̂1, s2 = z2 − z∗2 ,

z∗3 = −s1 − (φ2 + ĉ2) s2 − d̂2 +
∂z∗2
∂s1

(
d̂1 + z2

)
, s3 = z3 − z∗3 ,

...
...

z∗i+1 = −si−1 − (φi + ĉi) si − d̂i +

i−1∑
j=1

∂z∗i
∂zj

(
d̂j + zj+1

)
, si+1 = zi+1 − z∗i+1.

(21)
Therefore

Step i(3 ≤ i ≤ n): A Lyapunov function is defined as presented below

Vi−1 =

i−1∑
j=1

1

2
s2j +

i−1∑
j=1

1

2
d̃2j , (22)

taking the derivative gives

V̇i−1 ≤ −L

i−1∑
j=1

kjs
2
j − L

i−1∑
j=1

(λj − (i− j)εj) d̃
2
j + Lsi−1si +

i−1∑
j=1

d̃j
˙̄dj . (23)

Set si = zi − z∗i , and define the following Lyapunov function

Vi = Vi−1 +
1

2
s2i +

1

2
d̃2i , (24)

thus

V̇i ≤ −L

i−1∑
j=1

kjs
2
j − L

i−1∑
j=1

(λj − (i− j)εj) d̃
2
j + Lsi−1si

+Lsiz
∗
i+1 + Lsisi+1 − Lλid̃

2
i (25)

+si

Ld̄i −
i−1∑
j=1

∂z∗i
∂zj

(
Lzj+1 + Ld̄j

)
−

i−1∑
j=1

∂z∗i

∂d̂j
λjLd̃j

+

i∑
j=1

d̃j
˙̄dj .

Where si+1 = zi+1 − z∗i+1, The virtual control law is

z∗i+1 = −si−1 − (φi + ĉi) si − d̂i +

i−1∑
j=1

∂z∗i
∂zj

(
zj+1 + d̂j

)
, (26)
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where ki > 0, εi > 0, ĉi =
∑i−1

j=1
1

4εj

(
∂z∗

i

∂zj
+ λj

∂z∗
i

∂d̂j

)2
, and φi = ki +

1
4εi

. Incorpo-

rating (26) into (25) gives

V̇i ≤ −L

i−1∑
j=1

kjs
2
j − L

i−1∑
j=1

(λj − (i− j)εj) d̃
2
j − Lλid̃

2
i − L

(
ki +

1

4εi
+ ĉi

)
s2i

+Lsisi+1 + Lsid̃i − Lsi

i−1∑
j=1

(
∂z∗i
∂zj

+ λj
∂z∗i

∂d̂j

)
d̃j +

i∑
j=1

d̃j
˙̄dj . (27)

Note that

sid̃i ≤ 1

4εi
s2i + εid̃

2
i ,

−si

i−1∑
j=1

(
∂z∗i
∂zj

+ λj
∂z∗i

∂d̂j

)
d̃j ≤

i−1∑
j=1

1

4εj

(
∂z∗i
∂zj

+ λj
∂z∗i

∂d̂j

)2

s2i (28)

+

i−1∑
j=1

εj d̃
2
j = ĉis

2
i +

i−1∑
j=1

εj d̃
2
j .

Combining (27) and (28), we obtain

V̇i ≤ −L

i∑
j=1

kjs
2
j − L

i∑
j=1

(λj − (i− j + 1)εj) d̃
2
j + Lsisi+1 +

i∑
j=1

d̃j
˙̄dj . (29)

Specifically, if i = n, the practical control signal can be written as

u = Ln+1z∗n+1

= Ln+1

−sn−1 −
(
kn +

1

4εn
+ ĉn

)
sn − d̂n +

n−1∑
j=1

∂z∗n
∂zj

(
zj+1 + d̂j

) ,(30)

where ĉn =
∑n−1

j=1
1

4εj

(
∂z∗

n

∂zj
+ λj

∂z∗
n

∂d̂j

)2
, εn > 0, and kn > 0.

Remark 3.2. The controller design in Section 3.2 strategically separates the roles of
gains: kj acts as a ”stabilizing term”, which is retained in the V̇n analysis in Section
4 to provide negative definiteness and ultimately dominate the upper bound κ of the
nonlinear term; while 1/4ϵi and ĉi serve as ”canceling terms”, which are precisely con-
structed. Their sole purpose is to completely cancel the positive terms generated by
the use of Young’s inequality in derivations. This design ensures that only the desired
−Lkjs

2
j stabilizing term is retained in the final V̇n inequality, thereby greatly simplifying

the stability proof.
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4. STABILITY ANALYSIS

4.1. Stability analysis for the nominal system

The closed-loop system is rewritten as

ṡ1 = Ls2 − Lφ1s1 + Ld̃1,

ṡ2 = Ls3 − Ls1 − L (φ2 + ĉ2) s2 + Ld̃2 −
∂z∗2

∂d̂1
λ1Ld̃1 −

∂z∗2
∂s1

Ld̃1,

...

ṡn = −Lsn−1 − L (φn + ĉn) sn + Ld̃n − L

n−1∑
j=1

∂z∗n

∂d̂j
λj d̃j − L

n−1∑
j=1

∂z∗n
∂zj

d̃j , (31)

˙̃
di = ˙̄di − λiLd̃i, (32)

y = x1 = Ls1.

Theorem 4.1. The composite system of (31) and (32) is globally ISS, provided that
the disturbances acting on system (1) satisfy the boundedness conditions stated in As-
sumption 2.

P r o o f . Construct the Lyapunov function as

Vn =

n∑
i=1

1

2
s2i +

n∑
i=1

1

2
d̃2i . (33)

The differentiation of Vn in the closed-loop system gives

V̇n ≤ −L

n∑
j=1

kjs
2
j − L

n∑
j=1

(λj − (n− j + 1)εj) d̃
2
j +

n∑
j=1

d̃j
˙̄dj . (34)

By choosing λj = a0j + (n− j + 1)εj(a0j > 0), then (34) becomes

V̇n ≤ −L

n∑
j=1

kjs
2
j − L

n∑
j=1

a0j d̃
2
j +

n∑
j=1

d̃j
˙̄dj

≤ −L

n∑
j=1

kjs
2
j − a0L∥d̃∥2 + ∥d̃∥∥ ˙̄d∥, (35)

where d̃ = [d̃1, . . . , d̃n]
T , ˙̄d = [ ˙̄d1, . . . ,

˙̄dn]
T , a0 = min{a01, . . . , a0n}, and

kmin = min{k1, . . . , kn}. Furthermore, inequality (35) becomes

V̇n ≤ −Lkmin

n∑
j=1

s2j − (1− θ)a0L∥d̃∥2 − θa0L∥d̃∥2 + ∥d̃∥∥ ˙̄d∥, (36)

in which 0 < θ < 1. Considering the case where∥d̃∥ ≥ ∥ ˙̄d∥/a0θL, the above inequality
simplifies to V̇n ≤ −Lkmin

∑n
j=1 s

2
j−(1−θ)a0L∥d̃∥2. This directly satisfies the conditions

of Lemma 2.5, proving the global ISS of the interconnected systems (31) and (32). □
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Remark 4.2. The problem of global stabilization for a class of disturbed nonlinear sys-
tems (1) with known nonlinear functions has been extensively reported in the literature,
such as [24, 30]. The core challenge of this paper lies in handling unknown nonlinear
functions fi, where it is only know that they satisfy the linear growth condition in As-
sumption 2.1. Theorem 4.1 provides the conclusion that the nominal system (31) – (32)
is globally ISS, which does not account for the unknown nonlinear terms fi. Next, it will
be shown how, by introducing the high gain L, the total disturbance term Tf generated
by the unknown nonlinear terms fi (in equation 39) can be suppressed by L. This is the
core mechanism ensuring that the complete system (37) with unknown nonlinearities
ultimately achieves global stability.

Theorem 4.3. Under Assumption 2.2 and provided that the disturbance derivatives
asymptotically tend to zero, i. e., limt→∞ ḋi(t) = 0, the presented control scheme ensures
that both the output y and the disturbance estimation errors d̃i of the composite system
(31) – (32) asymptotically converge to zero.

P r o o f . Globally ISS of system (31) – (32) has been proven in Theorem 4.1, considering
˙̄d as the external input. Recalling the coordinate transformation d̄i = di/L

i+1 from (5) –

(6), and the premise limt→∞ ∥ḋ(t)∥ = 0, the asymptotic vanishing of the input ˙̄d(t) is as-
sured for constant L > 1. In light of Lemma 2.6, a vanishing input to an ISS system forces
the asymptotic convergence of its states, i. e., limt→∞ si(t) = 0 and limt→∞ d̃i(t) = 0.
This result, combined with the output equation y = x1 = Ls1, completes the proof that
y(t) → 0. □

4.2. Stability analysis for the complete system

Now, we consider the following augmented system:
żi = Lzi+1 + Ld̄i +

fi
Li ,

˙̃
di = ˙̄di − λiLd̃i − λi

fi
Li ,

˙̂
di = λiLd̃i + λi

fi
Li .

(37)

from which Theorem 4.4 can be derived.

Theorem 4.4. Under Assumptions 2.1 and 2.2, if the composite controller proposed in
Section 3 is applied with a sufficiently large gain L, then the closed-loop system (37) is
globally ISS.

P r o o f . Considering the same Lyapunov function Vn defined in (33), its derivative
along (37) follows from (35) as

V̇n ≤ −L

n∑
j=1

kjs
2
j − L

n∑
j=1

a0j d̃
2
j +

n∑
j=1

d̃j
˙̄dj +

n∑
j=1

sjfj
Lj

−
n∑

j=1

λjfj d̃j
Lj

−
n∑

i=2

si

i−1∑
j=1

(
∂z∗i
∂zj

+
∂z∗i

∂d̂j
λj

)
fj
Lj

. (38)
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Let the expression involving the nonlinear functions fi in (38) be denoted as

Tf =

n∑
j=1

sjfj
Lj

−
n∑

j=1

λjfj d̃j
Lj

−
n∑

i=2

si

i−1∑
j=1

(
∂z∗i
∂zj

+
∂z∗i

∂d̂j
λj

)
fj
Lj

, (39)

where sj and d̃j denote the state variables of the Lyapunov function Vn, L > 1 represents
the control gain, λj signifies the observer gain, and z∗n denotes the virtual control input.

It follows from Assumption 2.1 and the relation zk = xk/L
k that

|fj | ≤ γj

j∑
k=1

Lk|zk|. (40)

The variable zk is related to sk as follows: s1 = z1, and for k ≥ 2, sk = zk − z∗k. The

virtual control input z∗k is a function of s1, . . . , sk−1 and d̂1, . . . , d̂k−1.Since d̂j = d̄j − d̃j
and d̄j is bounded, the bound of |z∗k| can be derived. Specifically, one can find a constant
c > 0 (determined by system gains and design parameters) such that

|zk| ≤ |sk|+ |z∗k| ≤ |sk|+ c

k−1∑
m=1

(
|sm|+ |d̃m|

)
. (41)

Substituting the bound of |fj |

|fj | ≤ γj

j∑
k=1

Lk
(
|sk|+ c

k−1∑
m=1

(
|sm|+ |d̃m|

))
. (42)

In Tf , each term contains a factor of
1

Lj
. Therefore, consider

∣∣∣ fj
Lj

∣∣∣
∣∣∣ fj
Lj

∣∣∣ ≤ γj
Lj

j∑
k=1

Lk|zk| ≤ γj

j∑
k=1

Lk−j
(
|sk|+ c

k−1∑
m=1

(
|sm|+ |d̃m|

))
. (43)

Since L > 1 and k ≤ j, it can be deduced that Lk−j ≤ 1. Further simplification gives∣∣∣∣ fjLj

∣∣∣∣ ≤ γj

j∑
k=1

|sk|+ γjc

j∑
k=1

k−1∑
m=1

|sm|+ γjc

j∑
k=1

k−1∑
m=1

|d̃m|. (44)

Where

j∑
k=1

k−1∑
m=1

|sm| =

j−1∑
m=1

|sm|(j −m) ≤ j

j−1∑
m=1

|sm|,

j∑
k=1

k−1∑
m=1

|d̃m| =

j−1∑
m=1

|d̃m|(j −m) ≤ j

j−1∑
m=1

|d̃m|. (45)
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Thus, combining Formulas (44) and (45) yields∣∣∣∣ fjLj

∣∣∣∣ ≤ γj(1 + cj)

j∑
k=1

|sk|+ γjcj

j−1∑
m=1

|d̃m|. (46)

Now, each term in Tf can be bounded individually.∣∣∣∣sjfjLj

∣∣∣∣ ≤ |sj |
∣∣∣∣ fjLj

∣∣∣∣ ≤ |sj |

(
γj(1 + cj)

j∑
k=1

|sk|+ γjcj

j−1∑
m=1

|d̃m|

)
,∣∣∣∣∣λjfj d̃j

Lj

∣∣∣∣∣ ≤ λj |d̃j |
∣∣∣∣ fjLj

∣∣∣∣ ≤ λj |d̃j |

(
γj(1 + cj)

j∑
k=1

|sk|+ γjcj

j−1∑
m=1

|d̃m|

)
, (47)∣∣∣∣∣∣si

i−1∑
j=1

(
∂z∗n
∂zj

+
∂z∗n

∂d̂j
λj

)
fj
Lj

∣∣∣∣∣∣ ≤
i−1∑
j=1

|si||cj |
∣∣∣∣ fjLj

∣∣∣∣ .
Where cj =

∂z∗
n

∂zj
+

∂z∗
n

∂d̂j
λj , and |cj | is bounded.

Using Young’s inequality (ab ≤ a2

2ϵ +
ϵb2

2 ) to handle these product terms. For example:

|sj |
j∑

k=1

|sk| ≤
1

2ϵ
s2j +

ϵ

2

(
j∑

k=1

|sk|

)2

≤ 1

2ϵ
s2j +

ϵ

2
· j

j∑
k=1

s2k. (48)

Similarly handle the other terms. Eventually, |Tf | can be bounded as

|Tf | ≤ κ

n∑
j=1

(
s2j + d̃2j

)
. (49)

The positive constant κ > 0 denotes a parameter that depends on γj , c, j, λj and the
system order n, etc. Substituting into formula (38), the Lyapunov derivative becomes

V̇n ≤ −L

n∑
j=1

kjs
2
j − L

n∑
j=1

a0j d̃
2
j +

n∑
j=1

d̃j
˙̄dj + Tf

≤ −L

n∑
j=1

kjs
2
j − L

n∑
j=1

a0j d̃
2
j +

n∑
j=1

d̃j
˙̄dj + κ

n∑
j=1

(
s2j + d̃2j

)
. (50)

It follows from formulas (36) and (50) that

V̇n ≤ −(Lkmin − κ)

n∑
j=1

s2j − (1− θ)a0L∥d̃∥2 − (θa0L− κ)∥d̃∥2 + ∥d̃∥∥ ˙̄d∥. (51)

When L is sufficiently large, it follows that

Lkmin − κ > 0, a0θL− κ > 0, ∥d̃∥ ≥ ∥ ˙̄d∥
a0θL− κ

. (52)

The preceding analysis satisfies the conditions of Lemma 2.5, and thus the closed-loop
system (37) can be declared globally ISS. □
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Remark 4.5. The selection of the scaling gain L involves a fundamental trade-off be-
tween robustness and practical implementation. Theoretically, L must be sufficiently
large to satisfy Lkmin − κ > 0, so that the high-gain term dominates the unknown non-
linearities and mismatched disturbances. In practice, however, an excessively large L
may cause two adverse effects: (i) the peaking phenomenon, where initial estimation
errors amplified by high powers of L lead to transient overshoots and potential actua-
tor saturation; and (ii) increased sensitivity to high-frequency measurement noise due
to the elevated system bandwidth, which degrades steady-state tracking performance.
Therefore, a practical alternative is to adopt a piecewise constant gain profile: keeping
the scaling gain L at a moderate value during the initial transient phase can mitigate
the peaking phenomenon and noise sensitivity to a certain extent, followed by a gradual
increase to the theoretically required high-gain value, thereby achieving strong distur-
bance rejection without sacrificing transient performance. Since Theorem 4.4 guarantees
ISS for any constant gain meeting the stability bound, the closed-loop system retains
its stability under such a piecewise constant schedule, provided the gain is eventually
chosen sufficiently large. As designed in Example 1.

Remark 4.6. The control scheme put forward herein constitutes a composite control
design. It recursively integrates a nonlinear disturbance observer for handling mis-
matched and non-vanishing disturbances, as well as a high-gain scaling technique for
dealing with unknown nonlinear functions fi. This is fundamentally different in design
philosophy from traditional model-based nonlinear control methods. Traditional meth-
ods typically attempt to cancel the influence of nonlinear functions fi through accurate
model information. In contrast, the proposed method only requires them to satisfy the
linear growth condition, and this design framework endows the controller with stronger
robustness against model parameter uncertainties.

Remark 4.7. It is worth emphasizing that the composite control framework proposed
in this paper can be extended to more general classes of systems. For interconnected
systems, provided that each subsystem satisfies the linear growth condition and the in-
terconnection terms also obey the linear growth property, the coupling effects among
subsystems can be effectively suppressed by appropriately increasing the scaling gain L.
In this way, the stability of the entire network can be guaranteed without strictly rely-
ing on the small-gain condition. In addition, by virtue of high-gain scaling to dominate
non-triangular dynamics, the developed framework is applicable to non-strict-feedback
systems. Furthermore, through matrix-based scaling design and vector-valued distur-
bance observers, the proposed method can be generalized to multi-input multi-output
nonlinear systems, realizing robust disturbance compensation for each control channel.

5. SIMULATION EXAMPLES

5.1. Example 1: A second-order strict-feedback system

Consider the following second-order strict-feedback system, whose governing equations
are given by
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ẋ1 = x2 + f1(x1) + d1(t),

ẋ2 = u+ f2(x1, x2) + d2(t), (53)

y = x1.

Specifically, f1(x1) = 0.5 sin(x1) and f2(x1, x2) = 0.5 sin(x1) + 0.5 tanh(x2) both sat-
isfy Assumption 2.1 in this paper. For comparison, integral backstepping controller [8],
the composite controller [24], the high-gain backstepping controller and the neural
network-based composite anti-disturbance controller [23] are also applied to this ex-
ample (see Appendix for details).

For simulation purposes, the following specific forms of fi are used. It is crucial to
note that this information is only used to simulate the controlled plant, and the controller
proposed herein does not use this information at all in design and implementation. This
fully verifies the robustness of the proposed method.

Controller parameter design: For the method in this paper, the scaling gain L is
designed as a piecewise variable parameter: L = 2 for t < 30 s, then linearly increases
to 10 during t ∈ [30, 35] s, and remains at 10 thereafter. The other control gains are
chosen as k1 = 0.5, k2 = 1, λ1 = λ2 = 5, ϵ1 = ϵ2 = 1; for the high-gain backstepping
controller, l1 = 15, l2 = 20; for the integral backstepping controller, β0 = β1 = 2,
β2 = 3; for the composite controller combining backstepping control and disturbance
observer, k1 = k2 = 2, λ1 = λ2 = 15, ϵ1 = ϵ2 = 10. For the neural network-based

composite anti-disturbance controller, k1 = 5, k2 = 10, L1 =
[
−0.6813 −0.46884

]T
,

L2 =
[
−0.07666 0.08002

]T
, Γ2 = 20, and N = 90 (N is the dimension of θ2). The

centers of radial basis functions (RBFs) evenly cover the compact set [−1, 1]× [−11, 11],
and the widths of RBFs are selected to be σ = 2.4.

The initial values are chosen as x(0) = [1,−1]T . The system is then under the action
of an external disturbance defined as

d1(t) =


0, t ∈ [0, 15) ∪ [25, 35)

2, t ∈ [15, 25)

0.5 sin(t), t ∈ [35,+∞)

, d2(t) =


0, t ∈ [0, 15) ∪ [25, 35)

1, t ∈ [15, 25)

0.6 cos(t), t ∈ [35,+∞)

.

The simulation results are presented in Figures 1, 2, and Table 1. As can be seen
from Figure 2, the proposed composite anti-disturbance control method achieves superior
disturbance rejection performance. In contrast, the traditional high-gain backstepping
and integral backstepping methods exhibit issues of excessive control effort or signif-
icant steady-state error, respectively, when dealing with unmatched disturbances and
mismatched nonlinearities. It is noteworthy that although the model-based composite
controller from [24] can also achieve satisfactory dynamic response, its design process
heavily relies on precise model information of the nonlinear functions, thus limiting its
robustness. In comparison, the method presented in this paper achieves comparable or
even better control performance without requiring any prior knowledge of the nonlinear
models.

Furthermore, as can be seen from Figure 2, compared with the neural network-based
intelligent control strategy, the proposed method directly suppresses unknown nonlinear-
ities through a simple high-gain linear structure, achieving comparable or even slightly
better anti-disturbance performance under both constant and periodic disturbances.
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More importantly, this method completely eliminates the inherent complex weight up-
dates and matrix operations involved in the online learning process. As shown in Ta-
ble 1, under identical simulation conditions, the proposed method significantly reduces
the CPU running time and greatly lowers the memory footprint, demonstrating a clear
computational efficiency advantage that makes it more suitable for real-time engineering
implementation.

Fig. 1. Input trajectories for numerical simulation (53) under the

proposed (black solid), disturbance observer-backstepping (red

dashed), high-gain backstepping (blue dotted), neural network-based

composite anti-disturbance control (magenta solid) and integral

backstepping (green dash-dotted) methods.

Controller Type CPU Execution Time (s) Memory Usage(KB)

The proposed method 0.0819 407.53

DO + neural network 0.3617 5040.75

Tab. 1. Quantitative Performance Comparison.
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Fig. 2. Output trajectories for numerical simulation (53) under the

proposed (black solid), disturbance observer-backstepping (red

dashed), high-gain backstepping (blue dotted), neural network-based

composite anti-disturbance control (magenta solid) and integral

backstepping (green dash-dotted) methods.

5.2. Example 2: Application to a single-link robotic arm

We consider the model of a single-link robotic arm system given in [26]:

q̇1 = q2,

q̇2 =
K

J2N
q3 −

F2(t)

J2
q2 −

K

J2
q2 −

mgd

J2
cos q1,

q̇3 = q4, (54)

q̇4 =
1

J1
u+

K

J1N
q1 −

K

J2N
q3 −

F1(t)

J1
q4,

y = q1.

Here, J1, J2, K, N , m, g, and d are known constants of the system. The viscous
friction coefficients F1(t) and F2(t) vary around their known nominal values F10 and
F20, respectively.
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And through the following coordinate transformation

x1= q1, x2= q2, x3=
K

J2N
q3 −

mgd

J2
,

x4=
K

J2N
q4, u=

K

J2N

(
u

J1
− mgd

J2

)
.

The system can be transformed into

ẋ1 = x2,

ẋ2 = x3 −
F2

J2

(
x2 +

K

F20
x1 +

mgd

F20
(cosx1 − 1)

)
+ d1(t),

ẋ3 = x4, (55)

ẋ4 = u− F1

J1

(
x4 −

K2

J2N2F10
x1 +

J1K

J2NF10
x3

)
+ d2(t),

y = x1.
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Fig. 3. Input trajectories of application simulation (54) under the

three controllers. The responses of the proposed method, disturbance

observer-backstepping method, and homogeneous dominance-based

disturbance observer control are depicted as black solid, red dotted

and blue dashed lines, respectively.
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In particular, the nonlinearities f2 = −F2

J2

(
x2 +

K
F20

x1 +
mgd
F20

(cosx1 − 1)
)
and

f4 = −F1

J1

(
x4 − K2

J2N2F10
x1 +

J1K
J2NF10

x3

)
associated with the system both meet the cri-

teria of Assumption 2.1.

In this study, the external disturbances are considered to be

d1(t) =


0, t ∈ [0, 15) ∪ [40, 60)

2, t ∈ [15, 40)

0.2 sin(t), t ∈ [60,+∞)

, d2(t) =


0, t ∈ [0, 15) ∪ [40, 60)

1, t ∈ [15, 40)

0.8 cos(t), t ∈ [60,+∞)

.

During the simulation process, the parameters are configured to: J1 = 9 kg · m2,
J2 = 2 kg · m2, N = 5/3, K = 10 N · m/rad, mgd = 8 N · m (where m is in kg, g in

m/s
2
, and d in m), F10 = 18 N ·m · s/rad, F20 = 10 N ·m · s/rad; the initial values are

selected as [x10, x20, x30, x40] = [0.7,−0.5,−1,−1].

Controller parameter design: For the method in this work, L = 2.2, k1 = k2 = k3 =
0.2, k4 = 0.5, λ1 = λ2 = 0.5, For the method in reference [24], k1 = 4, k2 = k3 = k4 = 3,
λ1 = λ2 = 4, ϵ = 500, For the method in reference [30], k1 = k2 = k3 = 2, k4 = 1,
λ1 = λ2 = 7.
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Fig. 4. State trajectories of application simulation (54) under the

three controllers. The responses of the proposed method, disturbance

observer-backstepping method, and homogeneous dominance-based

disturbance observer control are depicted as black solid, red dotted

and blue dashed lines, respectively.
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As shown in Figures 4 and 5 that the proposed method has the minimum initial energy
requirement, but its convergence speed is slightly slower than that of the other two
comparative methods. This behavior reflects an expected theoretical trade-off inherent
in designs that do not rely on accurate nonlinear model information. However, this
trade-off brings significant robustness advantages: under the disturbances at t = 15 s,
40 s, and 60 s, the proposed method exhibits the smallest state fluctuations and the
strongest disturbance rejection capability, thus demonstrating stronger adaptability in
the face of model uncertainties.

6. CONCLUSION

This paper has addressed the global output regulation problem for strict-feedback sys-
tems with unknown nonlinearities and mismatched persistent disturbances. The solution
synthesizes a high-gain observer into a composite robust control framework. Key to this
approach is a high-gain coordinate transformation that suppresses the influence of non-
linear terms under only a linear growth condition, coupled with a recursively designed
nonlinear disturbance observer that delivers accurate estimation and feedforward com-
pensation of the mismatched disturbances. The input-to-state stability of the resulting
closed-loop system is rigorously proven via Lyapunov analysis. Numerical simulations
corroborate the superiority and effectiveness of the proposed strategy in handling system
uncertainties.

APPENDIX A: CONTROLLER IN THE NUMERICAL SIMULATION

For the convenience of readers, this section provides the details of the high-gain back-
stepping controller used in the numerical simulations of (53), the integral backstepping
method from [8], and the composite anti-disturbance control method based on neural
networks from [23]. Below is the description of the high-gain backstepping controller

u = −z1 − l2z2 − f2(x1, x2) +
∂x∗

2

∂x1
(x2 + f1(x1)), (56)

where

z1 = x1, z2 = x2 − x∗
2, x∗

2 = −l1x1 − f1(x1).

Here, l1 and l2 represent positive constant gains.
The expression of the integral backstepping controller is presented as

u = −z1 − f2(x1, x2) +
∂x∗

2

∂x0
x1 +

∂x∗
2

∂x1
(x2 + f1(x1))− β2z2. (57)

with

z2 = x2 − x∗
2, x0 =

∫ t

0

x1 ds,

x∗
2 = −x0 − f1(x1)− β0x1 − β1ẑ1,

ẑ1 = x1 − x̄∗
1, x̄∗

1 = −β0x0.
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In this context, β0, β1 and β2 are positive constants.
The neural network-based composite anti-disturbance controller is given by

u = −z1 − k2z2 −
1

η2
z2 −

1

η2

(
∂α1

∂z1

)2

z2

−
1 +

∥∥LT
1 V

T
1

∥∥2
2η2

(
∂α1

∂d̂1

)2

z2 − d̂2 − θT2 ξ2

+
∂α1

∂z1
(d̂1 + x2) +

∂α1

∂d̂1
V1

(
(G1 + L1V1)ω̂1 − L1d̂1

)
+

∂α1

∂yr
ẏr +

∂α1

∂ẏr
ÿr. (58)

v̇1 = (G1 + L1V1)(v1 − L1x1) + L1x2,

v̇2 = (G2 + L2V2)(v2 − L2x2) + L2

(
u+ θT2 ξ2

)
,

ω̂i = vi − Lixi, d̂i = Viω̂i, i = 1, 2

α1 = −k1z1 − d̂1 + ẏr,

z1 = x1 − yr, z2 = x2 − α1,

where k1 and k2 are positive constants.

APPENDIX B: CONTROLLER IN THE APPLICATION SIMULATION

For comparative simulation studies, the nonlinear controllers presented in [24] and [30]
for the single-link robotic manipulator system (54) are utilized, serving as benchmarks
against the proposed approach.

The controller introduced in Reference [24] is detailed below

d̂1 = λ1(x2 − p1), d̂2 = λ2(x4 − p2),

p̂1 = x3 + f2 + d̂1, p̂2 = v + f4 + d̂2,

z1 = x1, zi = xi − x∗
i , i ∈ N2, 4

ĉ2 =
1

4ϵ

(
∂x∗

3

∂x1

)2

,

ĉ3 =
1

4ϵ

(
∂x∗

4

∂x1

)2

+
1

4ϵ

(
∂x∗

4

∂d1
+ λ1

∂x∗
3

∂x1

)2

,

ĉ4 =
1

4ϵ

(
∂x∗

4

∂x1

)2

+
1

4ϵ

(
∂x∗

4

∂x2
+ λ1

∂x∗
4

∂d1

)2

+
1

4ϵ

(
∂x∗

4

∂x3

)2

,

x∗
2 = −

(
k1 +

1

4ϵ

)
z1,

x∗
3 = −z1 −

(
k2 +

1

4ϵ
+ ĉ2

)
z2 − d̂1 − f2 −

∂x∗
2

∂x1
x2,

x∗
4 = −z2 −

(
k3 +

1

4ϵ
+ ĉ3

)
z3 +

∂x∗
3

∂x1
x2 +

∂x∗
3

∂x2
(x3 + f2 + d̂1),
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u = −z3 −
(
k4 +

1

4ϵ
+ ĉ4

)
z4 − f4 − d̂2 +

∂x∗
4

∂x1
x2 +

∂x∗
4

∂x2
(x3 + f2 + d̂1) +

∂x∗
4

∂x3
x4, (59)

where f2 = −FΩ0

J2
x2 − K

J2
x1 − mgd

J2
(cosx1 − 1), f4 = K2

J1J2N2x1 − K
J2N

x3 − FΩ0

J1
x4, and

ϵ > 0 is a design parameter.
The controller introduced in Reference [30] is detailed below

d̂1 = λ1(x2 − p1), d̂2 = λ2(x4 − p2),

ṗ1 = x3 + f2 + d̂1, ṗ2 = v + f4 + d̂2,

u = −k4

(
x4 + k3

(
x3 + k2 (x2 + k1x1) + f̂2 + d̂1

))
− f̂4 − d̂2, (60)

where f̂2 = 0 and f̂4 = Kd̂1

J2N
.
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