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DISTURBANCE OBSERVER-BASED ROBUST CONTROL
FOR A CLASS OF UNCERTAIN NONLINEAR SYSTEMS

CHENGCHENG WANG, XIANGLEI JiA, CHENGDI XIANG AND YINGYING HAN

This paper addresses the global output regulation problem for a class of strict-feedback
systems subject to unknown nonlinearities and mismatched disturbances. A composite ro-
bust control strategy based on backstepping, high-gain scaling and disturbance observers is
developed. In particular, unknown mismatched nonlinearities are suppressed by introducing
high-gain scaling, and mismatched disturbances are compensated for by improved disturbance
observers. Rigorous Lyapunov analysis guarantees the global stability of the closed-loop sys-
tem and the achievement of output regulation. A key advantage of the proposed controller is
that it does not rely on specific models of nonlinearities, thus ensuring strong robustness to
model uncertainties. Finally, simulation results are provided to validate the effectiveness of the
proposed method.
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1. INTRODUCTION

In modern industrial applications such as robotic manipulators and power systems, pa-
rameter uncertainties and external disturbances are ubiquitous, which seriously under-
mine the stability and control accuracy of closed-loop systems. Consequently, building
on classical nonlinear adaptive control [§], the development of advanced robust control
strategies for such systems has attracted significant attention [3| [6l 22]. Traditional
approaches mostly adopted sliding mode control [4] or backstepping [21], but faced sig-
nificant design difficulties when dealing with mismatched disturbances, as pointed out
in 2] [16].

To address this issue, disturbance observer-based control (DOBC) [5l 9L 10, 13}, 24, 29]
has gained considerable popularity due to its active compensation capability, and by
combining with robust control, it has become an effective strategy for addressing mis-
matched disturbance problems [12] 17, I8 25]. For instance, Ref. [18] proposes a distur-
bance observer-based nonsingular terminal sliding mode control scheme for the simul-
taneous suppression of matched and mismatched uncertainties. Ref. [I7] addressed the
problems of stability and disturbance rejection for fractional-order systems by proposing
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a composite scheme that combines the disturbance observer with fractional-order sliding
mode. Moreover, Ref. [25] proposed a finite-time sliding mode control method based on a
disturbance observer to enhance the system performance in the presence of mismatched
disturbances. Although the aforementioned methods are highly effective in suppressing
external disturbances, they often assume that the nominal nonlinear functions of the
system are known. To further address the modeling challenge of unknown nonlinear
functions within the system, intelligent control strategies incorporating neural networks
or fuzzy logic systems have emerged as mainstream approaches to resolving model uncer-
tainties [7, 111 20} 23], 27]. However, despite their excellent approximation performance,
intelligent control methods can only ensure the system to achieve semi-global stability,
which limits their application in engineering scenarios with high reliability requirements.

To circumvent this limitation and achieve global stability without relying on function
approximators, high-gain control or homogeneous domination methods provide an al-
ternative approach without relying on specific model information [T, 4], 19} 26, 30} 3T].
The central tenet of this category of approaches lies in quelling the impacts of unknown
nonlinear terms via the incorporation of a high-gain adjustment mechanism. They have
been extensively adopted to tackle a variety of output feedback stabilization challenges,
and striking achievements have been attained in specific nonlinear systems, such as
stochastic feedforward systems [I5] and high-order nonlinear systems [28]. However,
most existing high-gain control methods focus on addressing the internal nonlineari-
ties of the system. How to organically integrate high-gain technology with the active
disturbance rejection capability of disturbance observers, thereby simultaneously achiev-
ing efficient suppression of mismatched non-vanishing disturbances without relying on
accurate model information, remains a pressing challenge to be addressed.

A composite robust control strategy, incorporating a high-gain disturbance observer,
is developed in this work to address the global output regulation problem for a class of
strict-feedback systems subject to both unknown nonlinearities and mismatched non-
vanishing disturbances. This paper’s primary contributions are threefold:

e The integration of high-gain scaling empowers the proposed observer to deliver ef-
fective estimation and compensation of mismatched disturbances under the relaxed
assumption of linearly bounded nonlinearities, thereby eliminating the dependency
on precise model information that constrains conventional designs.

e It abandons the reliance of intelligent control methods such as neural networks on
universal function approximators and cumbersome online learning processes, di-
rectly dominates unknown nonlinear terms using a concise high-gain linear struc-
ture, effectively overcomes the curse of dimensionality, significantly reduces the
computational burden of the algorithm, and is more conducive to real-time engi-
neering implementation.

e Rigorous Lyapunov analysis demonstrates that the closed-loop system achieves
global stability within the proposed unified high-gain-disturbance-observer frame-
work, even when contending with partially unknown nonlinearities and mismatched
disturbances.

Notations. R is the set of real numbers; R” is the set of n-dimensional real vectors;
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R™*™ is the set of n-by-m real matrices; min{-} denotes the minimum value; ||-|| denotes
the Euclidean norm or the spectral norm.

2. PRELIMINARIES

2.1. Problem formulation

Consider the strict-feedback nonlinear system with mismatched non-vanishing distur-
bances, described by

T = 22+ fi(x1) +di(2),
Ty = w3+ folry,22) + da(t),
: (1)

in = U+fn(l’1,$2,-.-,$n)+dn(t),

Yy = I,
where © = [11,...,7,]T € R", u € R, and y € R are the system state, input, and out-
put, respectively. d;(t) and f;(x1,...,z;) represent lumped disturbances and unknown
nonlinear functions, for i =1,...,n.

The development of the control scheme relies on the following assumptions.

Assumption 2.1. The uncertain nonlinear functions satisfy the following linear growth
condition, and there exist positive constants ~; such that

[fil <7villza]+ |2] + - -+ |2i]). (2)

Assumption 2.2. There exist positive constants #; and #> that bound the external
disturbances and their first derivatives. Formally, for all ¢ = 1,...,n, we have

|di(t)] < 61, |di(t)] < . (3)

Remark 2.3. Assumption 2.1 requires the unknown nonlinearities f; to satisfy a global
linear growth condition, meaning their growth rate is bounded by a linear combination
of the system states. This relatively mild requirement makes the proposed theory ap-
plicable to a broad class of nonlinear systems. While this condition is standard in the
high-gain control literature, it does impose a limitation when the system exhibits super-
linear growth (e.g., 2% or higher powers) over a global domain. However, for many
physical systems operating within a bounded region, a local linear bound can often be
established, making the method practically viable. Moreover, the constants ~; in (2)
directly influence the magnitude of the lumped uncertainty bound x derived in (49):
larger ~; lead to a larger x, which in turn necessitates a larger gain L to ensure the
negative definiteness of V,, as required in (52). Hence, ~; quantitatively captures the
trade-off between the severity of system uncertainty and the required control effort.

Remark 2.4. Assumption 2.2 requires bounded disturbances and their first derivatives,
a common and justifiable premise in disturbance observer-based control designs. For ex-
ample, it is widely adopted in the designs presented in [5,9,10]. The underlying rationale
lies in the emergence of disturbance derivative terms within the dynamic equation of ob-
server error, with their boundedness proving pivotal to guaranteeing the error system’s
stability.
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2.2. Key lemmas

To facilitate understanding, several preliminary results to be employed subsequently are
presented below. Consider the system detailed below

& =0(t,z,u), z € R", u e R™. (4)

Lemma 2.5. (Sun et al. [24]) Consider a continuously differentiable function V' :
[0,00) x R™ — R. If V satisfies the inequalities

ar([lz]]) < V(¢ z) < as((l]),

ov oV
AT < - >
5 + o o(t,xz,u) < —Gs(x), V||z|| = d(JJul]) > 0,

for all (¢, z,u) € [0,00) x R™ x R™, where ; and ay are class Ko, functions, 9 is a class
K function, and Gs(z) is a continuous positive definite function on R™. Then, system
(4) is input-to-state stable (ISS).

Lemma 2.6. (Sun et al. [24]) If the following conditions are satisfied
e system (4) is globally ISS,
o limy ,,ou=0,

then the states of system (4) will converge to zero asymptotically, i.e., lim;_, z = 0.

3. CONTROLLER DESIGN
3.1. Disturbance observer design
A high-gain scaling transformation is introduced as

Lq

where L > 1 is a scaling gain to be designed. Under this transformation, system (1)
becomes

zi = Lz + % + L(L,
u | fn s
y = Lzla

where d; = d;/L"+! denotes the scaled disturbance.
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Remark 3.1. Coordinate Transformation (5) constitutes the linchpin of the high-gain
control scheme put forward herein. It transforms the original system (1) to the z-
coordinate system (6), such that the unknown nonlinear terms become f;/L. As an-
alyzed in subsequent equations (40)—(49), although f; grows with L¥, the 1/L? term
ensures that f;/L* can ultimately be linearly bounded by z-coordinates (i. e., s; and d;),
with its bound x independent of L. This allows us to increase L to enhance the control
gain, making it ultimately dominate this fixed uncertainty bound &, thus ensuring the
stability of the system without knowing f; at all.

The disturbance observer is designed following the framework in [24]. For each i =
1,...,n, it is constructed as

Cii = Ailzi —pi),
= (‘ p )ﬁ )
Di - Lzz+1 + de

where A; > 0is a design constant, and the relationship Lz,1 = u/L™ holds by definition.
Substituting (6) into (7) yields the disturbance estimation:
d=x (Lvrd). 8)
L’L
Then, the disturbance estimation error system is characterized as

7 5 Ji

d; = d; — \iLd; — N\, 9
Ll ( )

where i = CZ,L — CZZ

3.2. Composite controller design

The controller design follows a two-step robust strategy. First, the unknown nonlinear
functions f; are neglected, and a basic composite controller is designed for the nominal
system (10). Subsequently, Section 4 rigorously proves that, by virtue of the high gain
L, this same controller also ensures the uniform boundedness of the complete system
that includes f;.

Zi Lzi1 + Ld;,
l, = d;—\Ld;, (10)
di = M\Ld;.

A recursive design procedure is now applied to the nominal system (10).

Step 1: Consider a Lyapunov function as

1 1~
1= 53% + gd? (11)

in which s; = z;. Computing the derivative of both sides of (11) results in

Vl = Sl(LZQ + Ld}) — AlL(j% + (iljl

. - Lo 12
= 7)\1Ld% + lez§ + LSl(ZQ — Z;) + LSldl —+ dldl. ( )
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Employing the disturbance estimate dy outlined in equation (7), the virtual control
law z3 is constructed as

25 = —p1s1 — di, (13)
where k1 > 0,1 >0, and ¢ = k1 + ﬁ. Substituting (13) into (12) yields
Vl = —L(k + ﬁ 2 — >\1LCZ% + Ls1sy + L81J1 + Jljl

—L (k1 + 2 ) 83 = MLd} + Lsysy + L--s3 + Leyd? + did,  (14)
= —LIﬁS% — L(/\l — 61)d1 + Lsysg + dldl,

IN

where sg = 29 — 23.
2: Consider a Lyapunov function as

1 1-
Vo =V1+§S§+§d§~ (15)

Differentiating (15) yields

Va < —Lkys? — L(\ — al)cil + Lsiss
+55 (Lz3 + Ldy — 52 (Ley + Ldy) — 32 )\1Lc§1)
N Ld3 + dods + dyd, (16)
= —Lkis?— L\ — 51)d2 )\ng2 + Lsysy + Lsazy + LSQ(Z3 —23)
5252 Lz + 53 (Ldy — 52 Ldy — 20 Ldy ) + dady + dyd.

In light of the disturbance estimations dy and 522, the virtual control law 23 is
constructed as

R A 0z3 4
23 = —s1— (P2 + C2) 52— 55? (d1 + 22), (17)

where ky > 0, g5 > 0, @9 = ko + é and éy = 421 (gz + gz /\1) :

Substituting (17) into (16) yields

Vo = —Lkis? — LA —e))d — (k2 I cQ) AL "
+Lsy(z3 — 25) + Lsoydy — Lsy (gz? + 822 /\ ) di + cigcig + c?lcil.
Note that
dasy < 41282 + £9d3,
(19)

1 * * 2 - ~
(g? 82’2 )\1> d < — (822 + 822 )\1) 53+ e1di = éas3 + exdy,
1 dy
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by combining (18) and (19) and defining s3 = z5 — 23, we obtain
‘./2 < —Lklsf — L()q — 251)62% - Lk‘gsg — L()\g — 62)62% + Lsosz + CZQJQ + dljl. (20)

Following the inductive procedure, assume that at step ¢ — 1 (for ¢ > 3), a positive
definite and proper Lyapunov function V;_1(sq,..., si_l,czl, ey Ji_l) has been
constructed. The recursive design leads to the following structure for virtual con-
trollers and error variables, the general form of which is summarized by

z5 = —p181 —di, 59 = 2y — 23,
N 0z ~
. 2
Z§=—81—(<P2+02)82—d2+88 <d1+22), 53 = 23 — 23,
1
=1 oo
s =—sica—(pi+&)si—di+ Yy 9. (dj + Zj+1> Sl = Zikl — 24
j=1 "7

(21)
Therefore

Step 1(3 < i< mn): A Lyapunov function is defined as presented below

12 — 1
5% Zgj, (22)

1—1

j=1
taking the derivative gives
i—1
i1 < Lst fLZ (\j— (i —J)ej) d3 + Lsi—1si + y_djdj.  (23)
j=1
Set s; = z; — 2}, and define the following Lyapunov function
1
Vi=Vii+ gsi + Qd%, (24)
thus
. i—1 i—1 )
Vi < =LY kisi =LY (N —(i—j)e;)d; + Lsiisi
+L8i22(+1 + Ls;si+1 — L/\Zd? (25)
I P B i1 5o ) i
+si | Ld; =) E (Lzjpr + Ld;) = 37“]-1:@ + djd;.
j=1 """ j=1 Y% j=1
Where s;11 = 2;41 — 211, The virtual control law is
g Y .
Zp=—sic—(pi+&)si—di+ Y 67; (Zj+1 + dj) ; (26)
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2
Jad ) ,and ¢; = k; + ﬁ Incorpo-

where k; > 0, & > 0, & = Y10 & (8Z
rating (26) into (25) gives

- - 1
2 2 L\ L2
Vi < —LZkJsJ—LZ (A — (i — sj)dj—L/\idi—L<ki+4&+ci>si
~ — [ 0z} 0z \ LA
+Ls;siy1 + Ls;d; — Ls; Z <8Zj + )\j 8dA> dj + 4 djdj. (27)
Jj=1 J j=1
Note that
~ 1
'Ld’L - 1d2
5 - 4518 te

i—1 i—1 2
0z 0zF\ = 1 [ 0zF 0z}
—5; LN i < — . e sf 28
Z(aZj ]adj> ! 24@ (azj '78dj> (28)

Jj=
-1 -1
+ Zé‘jd? = 6753 + Z Ejd?
j=1 j=1
Combining (27) and (28), we obtain

Vi< =LY kst =LY (A= (i—j+1)e)d +Lssz+1+2(itz (29)

Specifically, if i« = n, the practical control signal can be written as

rL+1 *
L n+1

n—1
1 A 8;;; .
Lt —Sn—1 — <k + E + Cn) Sp —dp + E % (Zj+1 + dj) (30)
n J=1 J

2
~ n—1 1 0z} oz}
where ¢, = ijl i (azj + A acij) ,€pn >0, and k, > 0.

Remark 3.2. The controller design in Section 3.2 strategically separates the roles of
gains: k; acts as a ”stabilizing term”, which is retained in the V,, analysis in Section
4 to provide negative definiteness and ultimately dominate the upper bound s of the
nonlinear term; while 1/4¢; and ¢&; serve as ”canceling terms”, which are precisely con-
structed. Their sole purpose is to completely cancel the positive terms generated by
the use of Young’s inequality in derivations. This design ensures that only the desired
—ijs stabilizing term is retained in the final Vj, inequality, thereby greatly simplifying
the stablhty proof.
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4. STABILITY ANALYSIS
4.1. Stability analysis for the nominal system

The closed-loop system is rewritten as

$1 = Lsys— Lyisy + L(Zl,
. . 0z3 ~ 0z5  ~
59 = Lsy— Ls; — L(pg+ é) 3(221 A Ldy — as? Ld,,
~ gy P gy, P
5, = —Lsy_1—L(pn+¢y)sn+Ld, —L Z aTZ’fAjdj L Z a—zzdj, (31)
7j=1 J j=1
di = d;— \Ld;, (32)
y = x1 = Ls;.

Theorem 4.1. The composite system of (31) and (32) is globally ISS, provided that
the disturbances acting on system (1) satisfy the boundedness conditions stated in As-
sumption 2.

Proof. Construct the Lyapunov function as

V, = Z ; Le (33)

The differentiation of V;, in the closed-loop system gives
Vi < LZ’CS —LY (= (=g + ) d2+ > did;. (34)
j=1 j=1 j=1

By choosing \; = ag; + (n — j + 1)g;(ao; > 0), then (34) becomes

Vn < —LZ]CS —Lzaon?+ZJij
Jj=1 j=1
< LY ks — aoL]dI? + ], (35)
j=1
where d = [dy, ..., dn]", d= [dl,...,d 17, ap = min{agy, .. ., a0, }, and

kmin = min{ky, ..., k,}. Furthermore, inequality (35) becomes

n
Vio < —Lkmin Y 7 — (1= 0)ao L||d]|[* — ao L||d||* + ||d||||d]I, (36)
j=1
in which 0 < § < 1. Considering the case Wher~e||cz|| > HciH/aOHL, the above inequality
simplifies to V,, < —Lkmin Z;L:1 s? —(1—0)agL||d||*. This directly satisfies the conditions
of Lemma 2.5, proving the global ISS of the interconnected systems (31) and (32). O
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Remark 4.2. The problem of global stabilization for a class of disturbed nonlinear sys-
tems (1) with known nonlinear functions has been extensively reported in the literature,
such as [24, B0]. The core challenge of this paper lies in handling unknown nonlinear
functions f;, where it is only know that they satisfy the linear growth condition in As-
sumption 2.1. Theorem 4.1 provides the conclusion that the nominal system (31)—(32)
is globally ISS, which does not account for the unknown nonlinear terms f;. Next, it will
be shown how, by introducing the high gain L, the total disturbance term Ty generated
by the unknown nonlinear terms f; (in equation 39) can be suppressed by L. This is the
core mechanism ensuring that the complete system (37) with unknown nonlinearities
ultimately achieves global stability.

Theorem 4.3. Under Assumption 2.2 and provided that the disturbance derivatives
asymptotically tend to zero, i.e., lim;_, o, d;(t) = 0, the presented control scheme ensures
that both the output y and the disturbance estimation errors d; of the composite system
(31) - (32) asymptotically converge to zero.

Proof. Globally ISS of system (31)—(32) has been proven in Theorem 4.1, considering
d as the external input. Recalling the coordinate transformation d; = d;/L**! from (5) -
(6), and the premise lim;_, . ||d(t)|| = 0, the asymptotic vanishing of the input d(t) is as-
sured for constant L > 1. In light of Lemma 2.6, a vanishing input to an ISS system forces
the asymptotic convergence of its states, i.e., lims o0 8;(t) = 0 and lim;_, Ji(t) = 0.
This result, combined with the output equation y = x1 = Ls;, completes the proof that
y(t) — 0. O

4.2. Stability analysis for the complete system

Now, we consider the following augmented system:

Z = LZz+1+Ld +Lza
di = di—M\Ld— N1 (37)
di = NLdi+ NI

from which Theorem 4.4 can be derived.

Theorem 4.4. Under Assumptions 2.1 and 2.2, if the composite controller proposed in
Section 3 is applied with a sufficiently large gain L, then the closed-loop system (37) is
globally ISS.

Proof. Considering the same Lyapunov function V,, defined in (33), its derivative
along (37) follows from (35) as

V., < —LG:kjsj LZaQJdJ—l-de ZH:L—J

j=1 =

72:”3 zn: Z( % ;)iﬂj (38)

j=1 j
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Let the expression involving the nonlinear functions f; in (38) be denoted as
NSl Aj f] - 5
Tr = Li z; Z 5i Z Li’ (39)

Jj=1 Jj=
where s; and Jj denote the state variables of the Lyapunov function V,,, L > 1 represents
the control gain, A; signifies the observer gain, and z;; denotes the virtual control input.
It follows from Assumption 2.1 and the relation z, = xy/ L* that

J
£ <5 ) LFlzl- (40)
k=1
The variable z; is related to s as follows: s; = z1, and for k > 2, s, = 2z — z;. The
virtual control input 2}, is a function of s1,...,s,—1 and dy, .. dk 1.Since d = d — d

and d; is bounded, the bound of |z} | can be derived. Speciﬁcally, one can ﬁnd a constant
¢ > 0 (determined by system gains and design parameters) such that

k—1
|2kl < lsel + |25l < lsil +¢ D (Iml + diml)- (41)

m=1
Substituting the bound of | f;]

15 <ijLk(\sk|+cZ 5l + 1) ). (42)

m=1

‘
J

1
In T, each term contains a factor of i Therefore, consider

ZLk|zk| <%ZL’“ ﬂ(|sk|+cz (sl + 1dm]) ). (43)

Since L > 1 and k < j, it can be deduced that L*¥=7 < 1. Further simplification gives

J J
_VJZL%H"YJCZZ |3m|+'YJCZZ |dm| (44)

k=1m=1 k=1m=1

Where

Ead
|
—
<
|
—

lsm| = lsm|(j —m) <j Z |5l

o
|
—
<
|
-

M- M-
3
£
3
ﬂ

ld| = |l (G —m) < j Z |- (45)

b
I
3
Il
3
Il
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Thus, combining Formulas (44) and (45) yields

fg

7j—1

< (1 +¢j) ZISkH%cy Z || (46)
k=1

Now, each term in Ty can be bounded individually.

_ -
5l f; L Eg
jj,jj < sy J < sy (fyj(l +CJ)Z |sk| +7v5c) Z |dm|> ,
k=1 m=1
P |
S < \jldy| (vj(HCJ);ISkI + ¢ Z o ) (47)
1 i—1
i fi
Z(azj ) B S|
1 j=1
oz,

Where ¢; + 6Z" )\J, and |c;| is bounded.

7dz

Using Young’s 1nequahty (ab < ge + 5-) to handle these product terms. For example:

1 5, € | 4 9
\SJ|Z|8;€| —s + - (Zm) g75j+§.j;sk. (48)
Similarly handle the other terms. Eventually, |Tf| can be bounded as
Tyl < kY (s2+d3). (49)
j=1

The positive constant x > 0 denotes a parameter that depends on v;,¢, 7, A\; and the
system order n, etc. Substituting into formula (38), the Lyapunov derivative becomes

n n n
‘-/n S —LZI@S? —LzaonJZ—FZJij +Tf
j=1 j=1 j=1
S —LZ]C]‘S? —LZCLOJ‘CZ?—FZJ]‘J]‘ +HZ(S? +CZ§) (50)
j=1 j=1 j=1 j=1

It follows from formulas (36) and (50) that

Vi < —(Lkmin ZS — (L= 0)aoL|ld|* — (#aoL — k)| d]|* + [|d][ ] (51)
j=1

When L is sufficiently large, it follows that
[l
aofL — Kk~

The preceding analysis satisfies the conditions of Lemma 2.5, and thus the closed-loop
system (37) can be declared globally ISS. O

Lkmin — K> 07 a00L — kK> 07 ”CZ” Z (52)
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Remark 4.5. The selection of the scaling gain L involves a fundamental trade-off be-
tween robustness and practical implementation. Theoretically, L must be sufficiently
large to satisfy Lkmyi, — & > 0, so that the high-gain term dominates the unknown non-
linearities and mismatched disturbances. In practice, however, an excessively large L
may cause two adverse effects: (i) the peaking phenomenon, where initial estimation
errors amplified by high powers of L lead to transient overshoots and potential actua-
tor saturation; and (ii) increased sensitivity to high-frequency measurement noise due
to the elevated system bandwidth, which degrades steady-state tracking performance.
Therefore, a practical alternative is to adopt a piecewise constant gain profile: keeping
the scaling gain L at a moderate value during the initial transient phase can mitigate
the peaking phenomenon and noise sensitivity to a certain extent, followed by a gradual
increase to the theoretically required high-gain value, thereby achieving strong distur-
bance rejection without sacrificing transient performance. Since Theorem 4.4 guarantees
ISS for any constant gain meeting the stability bound, the closed-loop system retains
its stability under such a piecewise constant schedule, provided the gain is eventually
chosen sufficiently large. As designed in Example 1.

Remark 4.6. The control scheme put forward herein constitutes a composite control
design. It recursively integrates a nonlinear disturbance observer for handling mis-
matched and non-vanishing disturbances, as well as a high-gain scaling technique for
dealing with unknown nonlinear functions f;. This is fundamentally different in design
philosophy from traditional model-based nonlinear control methods. Traditional meth-
ods typically attempt to cancel the influence of nonlinear functions f; through accurate
model information. In contrast, the proposed method only requires them to satisfy the
linear growth condition, and this design framework endows the controller with stronger
robustness against model parameter uncertainties.

Remark 4.7. It is worth emphasizing that the composite control framework proposed
in this paper can be extended to more general classes of systems. For interconnected
systems, provided that each subsystem satisfies the linear growth condition and the in-
terconnection terms also obey the linear growth property, the coupling effects among
subsystems can be effectively suppressed by appropriately increasing the scaling gain L.
In this way, the stability of the entire network can be guaranteed without strictly rely-
ing on the small-gain condition. In addition, by virtue of high-gain scaling to dominate
non-triangular dynamics, the developed framework is applicable to non-strict-feedback
systems. Furthermore, through matrix-based scaling design and vector-valued distur-
bance observers, the proposed method can be generalized to multi-input multi-output
nonlinear systems, realizing robust disturbance compensation for each control channel.

5. SIMULATION EXAMPLES

5.1. Example 1: A second-order strict-feedback system

Consider the following second-order strict-feedback system, whose governing equations
are given by
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1 = x4+ filzr) +di(t),
oy = u+ fa(x1,22) + da(t), (53)
Yy = .

Specifically, f1(z1) = 0.5sin(z1) and fa(x1,z2) = 0.5sin(z1) + 0.5 tanh(xs) both sat-
isfy Assumption 2.1 in this paper. For comparison, integral backstepping controller [§],
the composite controller [24], the high-gain backstepping controller and the neural
network-based composite anti-disturbance controller [23] are also applied to this ex-
ample (see Appendix for details).

For simulation purposes, the following specific forms of f; are used. It is crucial to
note that this information is only used to simulate the controlled plant, and the controller
proposed herein does not use this information at all in design and implementation. This
fully verifies the robustness of the proposed method.

Controller parameter design: For the method in this paper, the scaling gain L is
designed as a piecewise variable parameter: L = 2 for ¢ < 30 s, then linearly increases
to 10 during t € [30,35] s, and remains at 10 thereafter. The other control gains are
chosen as k1 = 0.5, ko = 1, \; = Ay = 5, ¢ = €5 = 1; for the high-gain backstepping
controller, I; = 15, ls = 20; for the integral backstepping controller, 5y = 1 = 2,
B2 = 3; for the composite controller combining backstepping control and disturbance
observer, ki = ko = 2, Ay = Ay = 15, ¢ = €5 = 10. For the neural network-based
composite anti-disturbance controller, k1 = 5, ko = 10, L1 = [—0.6813 —0.46884]T,

Ly, = [70.07666 0.08002]T, Iy = 20, and N = 90 (N is the dimension of 63). The
centers of radial basis functions (RBFs) evenly cover the compact set [—1,1] x [-11,11],
and the widths of RBF's are selected to be o0 = 2.4.

The initial values are chosen as z(0) = [1, —1]7. The system is then under the action
of an external disturbance defined as

0, t € [0,15) U [25, 35) 0, t € [0,15) U [25, 35)
dy(t) =4 2, t € [15,25) L do(t) =4 1, t € [15,25)
0.5sin(t), t € [35,+00) 0.6 cos(t), t € [35,+00)

The simulation results are presented in Figures 1, 2, and Table 1. As can be seen
from Figure 2, the proposed composite anti-disturbance control method achieves superior
disturbance rejection performance. In contrast, the traditional high-gain backstepping
and integral backstepping methods exhibit issues of excessive control effort or signif-
icant steady-state error, respectively, when dealing with unmatched disturbances and
mismatched nonlinearities. It is noteworthy that although the model-based composite
controller from [24] can also achieve satisfactory dynamic response, its design process
heavily relies on precise model information of the nonlinear functions, thus limiting its
robustness. In comparison, the method presented in this paper achieves comparable or
even better control performance without requiring any prior knowledge of the nonlinear
models.

Furthermore, as can be seen from Figure 2, compared with the neural network-based
intelligent control strategy, the proposed method directly suppresses unknown nonlinear-
ities through a simple high-gain linear structure, achieving comparable or even slightly
better anti-disturbance performance under both constant and periodic disturbances.
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More importantly, this method completely eliminates the inherent complex weight up-
dates and matrix operations involved in the online learning process. As shown in Ta-
ble 1, under identical simulation conditions, the proposed method significantly reduces
the CPU running time and greatly lowers the memory footprint, demonstrating a clear
computational efficiency advantage that makes it more suitable for real-time engineering

implementation.
100 T T T T
= The proposed method
80 | s=wexzu1 High-gain backstepping | 4
20 . ————— Integral backstepping
60 b l\ = = = DO + backstepping
DO + neural network
40 § §
=]
= 20 % 4
% L 45
= 0
=
=
g -20¢ 1
-40% .
B0 ¥ 4
80 % B
-100 I I I I
0 10 20 30 40 50 60 70 80

time (sec)

Fig. 1. Input trajectories for numerical simulation (53) under the
proposed (black solid), disturbance observer-backstepping (red
dashed), high-gain backstepping (blue dotted), neural network-based
composite anti-disturbance control (magenta solid) and integral
backstepping (green dash-dotted) methods.

Controller Type |CPU Execution Time (s)| Memory Usage(KB)

The proposed method 0.0819 407.53

DO + neural network 0.3617 5040.75

Tab. 1. Quantitative Performance Comparison.
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T T T T T T T

The proposed method
== =ununiHigh-gain backstepping
0.8t | mem—— Integral backstepping
= = = = DO + backstepping
DO + neural network

0.6 | .

1

output y

time (sec)

Fig. 2. Output trajectories for numerical simulation (53) under the
proposed (black solid), disturbance observer-backstepping (red
dashed), high-gain backstepping (blue dotted), neural network-based
composite anti-disturbance control (magenta solid) and integral
backstepping (green dash-dotted) methods.

5.2. Example 2: Application to a single-link robotic arm

We consider the model of a single-link robotic arm system given in [26]:

g = q2,

. K Fy(t) K mgd

q2 = m% - A q2 — 72% - T COS g1,

43 = qu, (54)
) 1 K K Fi(¢)

qs = JTU + Jqul - JquS A q4,

y = q1.

Here, Jy, Jo, K, N, m, g, and d are known constants of the system. The viscous
friction coefficients Fj(t) and Fy(t) vary around their known nominal values Fjo and
Fy, respectively.
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And through the following coordinate transformation

K mgd
T1=q1, To= (2, T3= —— ,
1= 41, T2= (2, T3 J2Nq3 T
K K u  mgd
Tp= —— U= —— | — — — ).
LN TN\ T T
The system can be transformed into
:tl = 2,
. Fy ( K mgd )
o = x3— — 29+ —x1+ cosxy — 1) | +dq(t),
Ja Fy Fs ( ) ®)
T3 = T4,
. F K? J K
Ty = — — | x4 — T T do(t),
! 7 ( T AN Y NEg ) T )
Yy = I.
60 T T T T T T T T T
--------------- Do+backstepp|ng
= = = = DO+domination
40 b The proposed method i

control signal u

‘60 1 1 1 1 1 1 1 1 1

0 10 20 30 40 50 60 70 80 90 100
time (sec)

Fig. 3. Input trajectories of application simulation (54) under the
three controllers. The responses of the proposed method, disturbance
observer-backstepping method, and homogeneous dominance-based
disturbance observer control are depicted as black solid, red dotted
and blue dashed lines, respectively.

o977
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In particular, the nonlinearities fo = —% (atg + F%Oxl + %gj(cos T — 1)) and
= -0 (zy— K; x1 + —2E _24) associated with the system both meet the cri-
J1 JaN2Fio J2 N Fio

teria of Assumption 2.1.
In this study, the external disturbances are considered to be

0, t € [0,15) U [40, 60) 0, t € [0, 15) U [40, 60)
di(t) =4 2, t € [15,40) do(t) =41, t € [15,40)
0.2sin(t), ¢ € [60,+00) 0.8cos(t), t € [60,+00)

During the simulation process, the parameters are configured to: J; = 9 kg - m?,

Jy =2kg -m? N =5/3, K =10 N-m/rad, mgd = 8 N-m (where m is in kg, g in
m/s”, and d in m), Fig = 18 N-m-s/rad, Fyo = 10 N -m - s/rad; the initial values are
selected as [210, %20, T30, T40] = [0.7,—0.5, —1, —1].

Controller parameter design: For the method in this work, L = 2.2, k; = ky = k3 =
0.2, ky = 0.5, A\; = Ay = 0.5, For the method in reference [24], k; = 4, ko = k3 = kq = 3,
A1 = A2 = 4, e = 500, For the method in reference [30], k1 = ko = k3 = 2, ky = 1,
A =X =T

1 T T T T T T T T T

---------- DO-+backstepping
sl == == == DO+domination 4
The proposed method

states

100

time (sec)

Fig. 4. State trajectories of application simulation (54) under the
three controllers. The responses of the proposed method, disturbance
observer-backstepping method, and homogeneous dominance-based
disturbance observer control are depicted as black solid, red dotted
and blue dashed lines, respectively.
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As shown in Figures 4 and 5 that the proposed method has the minimum initial energy
requirement, but its convergence speed is slightly slower than that of the other two
comparative methods. This behavior reflects an expected theoretical trade-off inherent
in designs that do not rely on accurate nonlinear model information. However, this
trade-off brings significant robustness advantages: under the disturbances at ¢t = 155,
40s, and 60s, the proposed method exhibits the smallest state fluctuations and the
strongest disturbance rejection capability, thus demonstrating stronger adaptability in
the face of model uncertainties.

6. CONCLUSION

This paper has addressed the global output regulation problem for strict-feedback sys-
tems with unknown nonlinearities and mismatched persistent disturbances. The solution
synthesizes a high-gain observer into a composite robust control framework. Key to this
approach is a high-gain coordinate transformation that suppresses the influence of non-
linear terms under only a linear growth condition, coupled with a recursively designed
nonlinear disturbance observer that delivers accurate estimation and feedforward com-
pensation of the mismatched disturbances. The input-to-state stability of the resulting
closed-loop system is rigorously proven via Lyapunov analysis. Numerical simulations
corroborate the superiority and effectiveness of the proposed strategy in handling system
uncertainties.

APPENDIX A: CONTROLLER IN THE NUMERICAL SIMULATION

For the convenience of readers, this section provides the details of the high-gain back-
stepping controller used in the numerical simulations of (53), the integral backstepping
method from [§], and the composite anti-disturbance control method based on neural
networks from [23]. Below is the description of the high-gain backstepping controller

*

u=—z —loze — fo(x1,22) + gzj (2 + fi(z1)), (56)

where
* *
2] =T1,22 = Ty — Ty, Ty = —lx1 — fi(xy).

Here, I; and l5 represent positive constant gains.
The expression of the integral backstepping controller is presented as

ors  oxt
w=—2 —fg(xl,xg)+8—§§x1+a—ij(wg+ﬁ(m1)) — Byzs. (57)

with
t
Zo = Tg — T, xoz/ x1ds,
0

x5y = —x0 — f1(x1) — fox1 — P121,

2 —% — %
Zy=z1— ], T]=—Poxo.
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In this context, By, f1 and Py are positive constants.
The neural network-based composite anti-disturbance controller is given by

1 1 [0ar\”
U:—Zl—kQZQ—f,ZQ—f -_— z9
T2 T2 0z

VP (o)
27]2((%) 29 —do — 05 &
299 G gy + 2 (G 4 Ve — Lud))
32’1 1 2 6&1 1 1 V1 1 141
Oay . Oay ..
+ Tyryr + Twyr. (58)

0y = (G1 + L1Vi)(vi — Lizy) + Lywo,

by = (G2 + LaVa)(va — Laws) 4 Lo (u + 05 &),
@i = v — Liwg, di = Vi, i=1,2

a1 = —kiz1 — dy + 9,

21 =21 = Yr, R2=T2— 01,

where k1 and ky are positive constants.

APPENDIX B: CONTROLLER IN THE APPLICATION SIMULATION

For comparative simulation studies, the nonlinear controllers presented in [24] and [30]
for the single-link robotic manipulator system (54) are utilized, serving as benchmarks
against the proposed approach.
The controller introduced in Reference [24] is detailed below
di=Xi(z2—p1),  da=Aa(ws —po2),
Pr=as+ fotdi, Po=v+ fi+ds,
21 = 21, ZZ‘:JL‘Z‘—LE:, 1€ Ng, 4

) 1 [(0x} 2
Cy = — ’
4e 8561
R 1 [0x} 2

63 = —

37 4e 0y

., 1 [0z} S| Ox} Ox} S| Ox} ?
C4_46<81‘1> +4€<8$2+)\18d1 +Z€ 8$3 ’

*
ox}

oy

+
~l -
R
Q|
QR
[ RN

—
Q| Q
88
= |W*
N—

N

X2,

* *

. . T ox 5
T = —29 — (k3+46 +03> z3 + x3$2+ 8xz(x3+f2+d1)’




DOBC for uncertain nonlinear systems 581

O0x} Oz} Ox}

1 A A
u=—-23—|ka+ —+C|zu—fa—do+ —220+ —(23+ fo+d1)+ —x 99
3 (4 I 4) 4 — fa—dy D, 2 89&2( 3+ f2 1) D 4, (59)
2
where fy = —%xg—%xl—mj—gd(cosxl—l), fa = ﬁxl—ﬁm—f}—iou, and

€ > 0 is a design parameter.
The controller introduced in Reference [30] is detailed below

(21 = )\1(%2 —p1), dy = )\2(x4 —Pz)a
pr=a3+ fotdi, po=v+ f1+da,

u=—ky <$4 + k3 ($3 + ko (xg + klml) + fz + Czl)) — f4 - 622, (60)

where fg =0 and f4 = i‘f\}
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