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MKL-L0/1-SVM

Bin Zhu and Yijie Shi

This paper presents a Multiple Kernel Learning (abbreviated as MKL) framework for the
Support Vector Machine (SVM) with the (0, 1) loss function in the context of the binary classi-
fication task. Some KKT-like first-order optimality conditions are provided and then exploited
to develop a fast ADMM algorithm to solve the nonsmooth nonconvex optimization problem.
Convergence analysis of the ADMM is presented under certain technical assumptions. Numer-
ical experiments on real data sets show that our MKL-L0/1-SVM can potentially outperform
one of the leading approaches called SimpleMKL developed by Rakotomamonjy, Bach, Canu,
and Grandvalet [Journal of Machine Learning Research, vol. 9, pp. 2491–2521, 2008] in terms
of the accuracy of classification and the sparsity in the combination of kernels.
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1. INTRODUCTION

The support vector machine (SVM) is an important tool in machine learning with
numerous applications [21, 22]. The theory can be traced back to the seminal work [8].
In the basic setting, the SVM deals with the binary classification task in which a data
set {(xi, yi) ∈ Rn × {−1, 1} : i = 1, . . . ,m} of size m ∈ N+ is given and it is asked
to construct a function f̃(x) in order to separate the two classes of feature vectors xi

with labels yi = −1 or 1, and to predict the labels of unseen feature vectors. To this
end, the SVM first lifts the problem to a reproducing kernel Hilbert space1 (RKHS)
H, in general infinite-dimensional and equipped with a positive definite kernel function
κ : Rn × Rn → R, via the feature mapping

x 7→ ϕ(x) := κ(·,x) ∈ H, (1)

and then considers decision (or discriminant) functions of the form

f̃(x) = b + ⟨w, ϕ(x)⟩H = b + w(x), (2)

where b ∈ R, w ∈ H, ⟨·, ·⟩H the inner product associated to the RKHS H, and the
second equality is due to the so-called reproducing property. It is not difficult to see
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1The theory of RKHS goes back to the classic work [1] and many more, see e. g., [15].
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that such a decision function is in general nonlinear in x, but is indeed linear with
respect to ϕ(x) in the feature space H. Once f̃ is determined, the label of x is assigned
via y(x) = sign[f̃(x)] where sign(·) is the sign function which gives +1 for a positive
number, −1 for a negative number, and is left undefined at zero.

It remains to estimate the unknown quantities b and w in (2). When the data
{(xi, yi)}mi=1 are linearly separable in the RKHS sense, the parameter estimation is for-
mulated as an optimization problem

min
w∈H, b∈R,
f̃(·)=w(·)+b

1

2
∥w∥2H s.t. yif̃(xi) ≥ 1, i = 1, . . . ,m, (3)

where ∥w∥2H = ⟨w, w⟩H is the squared norm of w induced by the inner product. The
separability condition is described by the set of inequalities in (3) and the objective
function is inversely proportional to the margin between the decision hyperplane in H
and the nearest points in each class. Thus, the SVM is a maximum-margin classifier
subject to the separability constraint. A solution to the optimization problem (3) is
usually called a hard-margin SVM.

In the more general case with linearly inseparable data, which is the focus of con-
sideration in this paper, a suitable loss function L(·, ·) must be employed to quantify
the error of classification since misclassification is inevitable. The resulting classifier is
called a soft-margin SVM which solves the unconstrained optimization problem

min
w∈H, b∈R,
f̃(·)=w(·)+b

1

2
∥w∥2H + C

m∑
i=1

L(yi, f̃(xi)), (4)

where C > 0 is a regularization parameter. For the choice of L, the original paper [8]
on SVM suggested the (0, 1) loss function, also called L0/1 loss in [23], which essentially
counts the number of misclassified samples. More precisely, we take

L0/1(y, f̃(x)) := H(1 − yf̃(x)) (5)

where H is the Heaviside unit step function

H(t) =

{
1, t > 0

0, t ≤ 0,
(6)

see the left panel of Figure 1.
However, it was also pointed out in [8] that the resulting optimization problem is NP-

complete, nonsmooth, and nonconvex due to the discrete nature of the (0, 1) loss. The
subsequent research focused on designing other simpler loss functions, notably convex
ones like the hinge loss in which the step function H(t) in (5) is replaced by t+ in the
right panel of Figure 1. However, the hinge loss has the drawback of being unbounded
and thus is more sensitive to outliers in the data. Other convex and nonconvex loss
functions for the SVM can be found in the excellent literature review in [23, Section 2].

In recent years, there has been a resurging interest in the original SVM problem
with the (0, 1) loss, abbreviated as “L0/1-SVM”, following theoretical and algorithmic
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Fig. 1: Left : the unit step function. Right : the function t+ := max{0, t}.

developments for optimization problems involving the “ℓ0 norm”, see e. g., [14, 24, 25,
27, 34, 35] and the references therein. In particular, the paper [23] proposed KKT-like
optimality conditions for the linear L0/1-SVM optimization problem and an efficient
Alternating Direction Method of Multipliers (ADMM) solver to obtain an approximate
solution whose performance is competitive among other SVM models. In this work, we
draw inspiration from the aforementioned papers and present a multiple-kernel version
of the theory in which the ambient functional space has a richer structure than the
usual Euclidean space. More precisely, we shall formulate the L0/1-SVM problem in the
Multiple Kernel Learning (MKL) context, see e. g., [3, 12, 16, 20]. Clearly, the MKL
framework can offer much more flexibility than the single-kernel formulation by letting
the optimization algorithm determine the best combination of different kernel functions.
In this sense, our results represent a substantial generalization of the work in [23] while
maintaining the core features of the linear L0/1-SVM.

The contributions of this paper are described next. We show that the optimal so-
lutions of our MKL-L0/1-SVM problem can also be characterized by a set of KKT-like
conditions. The proofs are nontrivial extensions of those in [23] and rely on interplays
between the infinite-dimensional and finite-dimensional problem formulations via the
representer theorem [17]. Those optimality conditions can be readily exploited in de-
signing an ADMM algorithm to solve the optimization problem despite the difficulties
induced by the discontinuity and nonconvexity of the (0, 1) loss function. Two working
sets, one for the data and the other for the kernel combination, are employed to enhance
the solution speed and to render sparsity in the solution. Convergence analysis of the
ADMM is carried out under an additional assumption, and this point was completely
missing in the linear case [23]. Moreover, any limit point generated by the algorithm
is proved to be locally optimal. Finally, extensive numerical simulations on real data
sets show that our MKL-L0/1-SVM slightly outperforms the SimpleMKL approach in
[16] in terms of accuracy of classification and the number of kernels used. Although
a preliminary version of this paper [18] was presented at the 62nd IEEE Conference
on Decision and Control (CDC 2023), here we lay the full theoretical foundation of
the optimization problem (4), improve the algorithmic efficiency by the use of a finite-
dimensional formulation, and provide much more numerical evidence for the competence
of our approach.

The remainder of this paper is organized as follows. Section 2 reviews the classic L0/1-
SVM in the single-kernel case and discusses the MKL framework. Section 3 establishes
the optimality theory for the MKL-L0/1-SVM problem, and in Section 4 we propose an
ADMM algorithm to solve the optimization problem. Section 5 provides convergence
analysis of the ADMM. Finally, numerical experiments and concluding remarks are
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provided in Sections 6 and 7, respectively.

Notation

The set of nonnegative reals is written as R+ := {x ∈ R : x ≥ 0}, and Rn
+ :=

R+ × · · · × R+ denotes the n-fold Cartesian product. We use Nm := {1, 2, . . . ,m} to
represent the finite index set for the data points and NL := {1, 2, . . . , L} for the kernels
where m and L are positive integers. Throughout the paper, the summation variable
i ∈ Nm is reserved for the data index, and ℓ ∈ NL for the kernel index. We write

∑
i

and
∑

ℓ in place of
∑m

i=1 and
∑L

ℓ=1 to simplify the notation.

2. PROBLEM FORMULATION

In all kernel-based methods, an important issue is to select a suitable kernel and
its parameter which is also known as hyperparameter. Such a selection can be done
via cross-validation once the functional form of the kernel is specified. In this context,
Multiple Kernel Learning provides an alternative in which one employs a set of different
kernels {κℓ}ℓ∈NL

and considers the SVM problem in the RKHS with a linearly combined
kernel

∑
ℓ dℓκℓ. Each dℓ ≥ 0 is a free parameter included in the optimization problem.

In other words, one seeks to simultaneously find the best combination of the kernels and
the optimal decision function via the solution of the MKL problem.

Before formally stating our MKL optimization problem for the L0/1-SVM, we shall
first briefly continue the discussion on the single-kernel problem in the Introduction, and
then describe the necessary functional space setup borrowed from [16].

2.1. More on the single-kernel case

In this subsection, we further discuss the single-kernel version of the L0/1-SVM along
the lines of [18] and set up the notation. The optimization problem (4) is cast on the
RKHS H which could be infinite-dimensional. However, one can appeal to the celebrated
representer theorem [11] to reduce the problem to finite dimensions. More precisely, by
the semiparametric representer theorem [17], any minimizer of (4) must have the form

f̃(·) =
∑
i

wiκ( · ,xi) + b, (7)

so that the desired function w(·) is completely parametrized by the m-dimensional vec-

tor w =
[
w1 · · · wm

]⊤
which defines the linear combination of the kernel sections

κ( · ,xi). After some algebra involving the kernel trick, we obtain a finite-dimensional
optimization problem

min
w∈Rm, b∈R

J(w, b) :=
1

2
w⊤Kw + C∥(1−Aw − by)+∥0 (8)

where,
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• K = K⊤ is the kernel matrixκ(x1,x1) · · · κ(x1,xm)
...

. . .
...

κ(xm,x1) · · · κ(xm,xm)

 ∈ Rm×m (9)

which is positive semidefinite by construction,

• 1 ∈ Rm is a vector whose components are all 1’s,

• y =
[
y1 · · · ym

]⊤
is the vector of labels,

• the matrix A = DyK is such that Dy = diag(y) is the diagonal matrix whose (i, i)
entry is yi,

• the function t+ = max{0, t} takes the positive part of the argument when applied

to a scalar (right panel of Figure 1), and v+ :=
[
(v1)+ · · · (vm)+

]⊤
represents

componentwise application of the scalar function,

• ∥v∥0 is the ℓ0 norm2 that counts the number of nonzero components in the vector
v. For a scalar v ∈ R, we often write |v|0 instead.

Clearly, the composite function ∥v+∥0 counts the number of positive components in v.
For a scalar t, the function |t+|0 coincides with the step function in (6).

Remark 2.1. The linear L0/1-SVM studied in [23] can be viewed as a special case of the

above problem where one employs a homogeneous polynomial kernel κ(x,y) = (x⊤y)d

with the degree parameter d = 1. In general, if the kernel κ(x,y) induces a finite-
dimensional RKHS (as is the case for polynomial kernels), then the kernel matrix K,
which is in fact a Gram matrix, must be rank-deficient when m is sufficiently large.
In such a situation, we have the rank factorization K = X⊤X such that X ∈ Rr×m

with r = rankK. For example, in the previous case of κ(x,y) = x⊤y, we have X =[
x1 · · · xm

]
∈ Rn×m if such an X has full row rank (r = n). Then after a change of

variables w̃ = Xw, the optimization problem (8) further reduces to

min
w̃∈Rr, b∈R

J̃(w̃, b) :=
1

2
∥w̃∥2 + C∥(1− Ãw̃ − by)+∥0 (10)

where Ã = DyX
⊤ ∈ Rm×r is a tall and thin matrix. This is almost exactly the problem

studied in [23].

For reasons discussed in Remark 2.1, in the remaining part of this paper, we shall
always assume that the kernel matrix K is positive definite. This assumption holds in
particular, for the Gaussian kernel

κ(x,y) = exp

(
−∥x− y∥2

2σ2

)
, (11)

2Since “ℓp norms” are not bona fide norms for 0 ≤ p < 1, it may be better called ℓ0 pseudonorm.
However, we keep the terminology “ℓ0 norm” for simplicity.



486 B. ZHU AND Y. SHI

where σ > 0 is a hyperparameter, see [19]. In such a case, the matrix A = DyK in (8)
is also invertible since Dy is a diagonal matrix whose diagonal entries are the labels −1
or 1. Indeed, we have D2

y = D⊤
y Dy = I.

2.2. Functional space for MKL

In order to enable MKL, we need to construct an RKHS whose kernel is a nonnegative
linear combination of some given kernels {κℓ}ℓ∈NL

. To this end, we shall follow the
mathematical machinery in [16, Subsec. 2.1].

For each ℓ ∈ NL, let Hℓ be an RKHS of functions on X ⊂ Rn with the kernel κℓ(·, ·)
and the inner product ⟨·, ·⟩Hℓ

. Moreover, take dℓ ∈ R+, and define a Hilbert space
H′

ℓ ⊂ Hℓ as

H′
ℓ :=

{
f ∈ Hℓ :

∥f∥Hℓ

dℓ
< ∞

}
(12)

endowed with the inner product

⟨f, g⟩H′
ℓ

=
⟨f, g⟩Hℓ

dℓ
. (13)

We use the convention that x/0 = 0 if x = 0 and ∞ otherwise. This means that, if
dℓ = 0 then a function f ∈ Hℓ belongs to the subspace H′

ℓ only if f = 0. In such a case,
H′

ℓ becomes a trivial space containing only the null element. Within this framework, H′
ℓ

is an RKHS with the kernel κ′
ℓ(x,y) = dℓκℓ(x,y) since

∀f ∈ H′
ℓ ⊂ Hℓ, f(x) = ⟨f(·), κℓ(x, ·)⟩Hℓ

=
1

dℓ
⟨f(·), dℓκℓ(x, ·)⟩Hℓ

= ⟨f(·), dℓκℓ(x, ·)⟩H′
ℓ
.

(14)
Define F := H′

1 × H′
2 × · · · × H′

L as the Cartesian product of the RKHSs {H′
ℓ}ℓ∈NL

,
which is itself a Hilbert space with the inner product

⟨(f1, . . . , fL), (g1, . . . , gL)⟩F =
∑
ℓ

⟨fℓ, gℓ⟩H′
ℓ
. (15)

Let H :=
⊕

ℓ H′
ℓ be the direct sum of the RKHSs {H′

ℓ}ℓ∈NL
, which is also an RKHS with

the kernel function
κ(x,y) =

∑
ℓ

dℓκℓ(x,y), (16)

see [1]. Moreover, the squared norm of f ∈ H is known as

∥f∥2H = min

{∑
ℓ

∥fℓ∥2H′
ℓ

=
∑
ℓ

1

dℓ
∥fℓ∥2Hℓ

: f =
∑
ℓ

fℓ such that fℓ ∈ H′
ℓ

}
. (17)

The vector d =
[
d1 · · · dL

]⊤ ∈ RL
+ is seen as a tunable parameter for the linear

combination of kernels {κℓ}ℓ∈NL
in (16). It can be seen as an adaptive parameter that

will enter the MKL optimization problem so that its value will be determined during the
optimization process. Obviously, the precise linear combination of the kernels depends
on the training data.
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2.3. MKL-L0/1-SVM optimization problem

We take inspiration from [16] and formulate the (soft-margin) MKL-L0/1-SVM prob-
lem as

min
f=(f1,...,fL)∈F

d∈RL, b∈R

1

2

∑
ℓ

1

dℓ
∥fℓ∥2Hℓ

+ C
∑
i

L0/1(yi, f̃(xi))

s.t. dℓ ≥ 0, ℓ ∈ NL (18a)∑
ℓ

dℓ = 1 (18b)

f̃(·) =
∑
ℓ

fℓ(·) + b

where C > 0 is a regularization parameter. The first (regularization) term in the ob-
jective function is chosen as such due to its convexity, see [16, Appendix A.1], which
facilitates theoretical analysis. Moreover, constraints (18a) and (18b) define the stan-
dard (L− 1)-simplex which ensures that the combined kernel is again positive definite.
Also, the compactness property of the simplex is useful in the proof that a minimizer
exists.

The last constraint in (18) can be safely eliminated by substituting it into the objec-
tive function. Next, let us define a new variable u ∈ Rm by letting ui := 1−yi(f(xi)+b)
where f =

∑
ℓ fℓ. Then the next lemma is a fairly straightforward result.

Lemma 2.2. The optimization problem (18) is equivalent to the following one:

min
f∈H, d∈RL

b∈R, u∈Rm

1

2
∥f∥2H + C∥u+∥0 (19a)

s.t. dℓ ≥ 0, ℓ ∈ NL∑
ℓ

dℓ = 1

ui + yi(f(xi) + b) = 1, i ∈ Nm (19b)

in the sense that they have the same set of minimizers once we introduce the same
equality constraint for u in (18) and identify f =

∑
ℓ fℓ.

P r o o f . The proof relies on the relation (17). In view of that, we can rewrite the
objective function of (19) as

min

{
1

2

∑
ℓ

1

dℓ
∥fℓ∥2Hℓ

+ C∥u+∥0 : f =
∑
ℓ

fℓ such that fℓ ∈ H′
ℓ

}
(20)

where the term C∥u+∥0 can be seen as a constant with respect to this inner minimization.
Now suppose that the minimizer of (19) is (f∗,d∗, b∗,u∗). We will show that it is

also a minimizer of (18). The converse can be handled similarly and is omitted. Let the
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additive decomposition of f that achieves the minimum in (20) be
∑

ℓ f̂ℓ. Then, subject
to the feasibility conditions, we have

1

2

∑
ℓ

1

d∗ℓ
∥f̂∗

ℓ ∥2Hℓ
+ C∥u∗

+∥0 ≤ 1

2
∥f∥2H + C∥u+∥0 ≤ 1

2

∑
ℓ

1

dℓ
∥fℓ∥2Hℓ

+ C∥u+∥0,

which means that (f∗,d∗, b∗) is a minimizer of (18). □

3. OPTIMALITY THEORY

In this section, we give some theoretical results on the existence of an optimal solution
to (19) and equivalently, to (18), and some KKT-like first-order optimality conditions.
Our standing assumption is that each kernel matrix Kℓ for the RKHS Hℓ is positive
definite as e. g., in the case of Gaussian kernels with different hyperparameters. We
state this formally below.

Assumption 1. Given the data points {xi : i ∈ Nm}, each m × m kernel matrix Kℓ,
whose (i, j) entry is κℓ(xi,xj), is positive definite for ℓ ∈ NL.

We first provide an existence theorem for our MKL-L0/1-SVM optimization problem
whose proof can be found in the Appendix.

Theorem 3.1. Assume that the intercept b takes value from the closed interval I :=
[−M,M ] where M > 0 is a sufficiently large number. Then the optimization problem
(19) has a global minimizer and the set of all global minimizers is bounded.

The remaining part of this section is devoted to a characterization of global and local
minimizers of the MKL-L0/1-SVM problem. For the sake of consistency, let us rewrite
(18) as follows:

min
f∈F, d∈RL

b∈R, u∈Rm

1

2

∑
ℓ

1

dℓ
∥fℓ∥2Hℓ

+ C∥u+∥0 (21a)

s.t. dℓ ≥ 0, ℓ ∈ NL∑
ℓ

dℓ = 1

ui + yi(f(xi) + b) = 1, i ∈ Nm

where the last equality constraint (identical to (19b)) is obviously affine in the “vari-
ables” (f , b,u), and we have identified f =

∑
ℓ fℓ for simplicity. Before stating the

optimality conditions, we need a generalized definition of a stationary point in nonlinear
programming.

Definition 3.2. (P-stationary point of (21)) Fix a regularization parameter C > 0.
We call (f∗,d∗, b∗,u∗) a proximal stationary (abbreviated as P-stationary) point of the
optimization problem (21) if there exists a vector (θ∗, α∗,λ∗) ∈ RL+1+m and a number
γ > 0 such that

d∗ℓ ≥ 0, ℓ ∈ NL (22a)
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∑
ℓ

d∗ℓ = 1 (22b)

u∗
i + yi (f∗(xi) + b∗) = 1, i ∈ Nm (22c)

θ∗ℓ ≥ 0, ℓ ∈ NL (22d)

θ∗ℓd
∗
ℓ = 0, ℓ ∈ NL (22e)

∀ℓ ∈ NL,
1

d∗ℓ
f∗
ℓ (·) = −

∑
i

λ∗
i yiκℓ( · ,xi) (22f)

− 1

2(d∗ℓ )2
∥f∗

ℓ ∥2Hℓ
+ α∗ − θ∗ℓ = 0, ℓ ∈ NL (22g)

y⊤λ∗ = 0 (22h)

proxγC∥(·)+∥0
(u∗ − γλ∗) = u∗, (22i)

where the proximal operator is defined as

proxγC∥(·)+∥0
(z) := argmin

v∈Rm

C∥v+∥0 +
1

2γ
∥v − z∥2. (23)

It can be shown [23] that the scalar version of the proximal operator above has a
closed-form solution

proxγC|(·)+|0(z) := argmin
v∈R

C|v+|0 +
1

2γ
(v − z)2 =

{
0, 0 < z ≤

√
2γC

z, z >
√

2γC or z ≤ 0,
(24)

see also Figure 2. The vector version of the proximal operator is evaluated by a compo-
nentwise application of (24), that is,

[proxγC∥(·)+∥0
(z)]i = proxγC|(·)+|0(zi) (25)

for z ∈ Rm because the objective function on the right-hand side of (23) admits an
additive componentwise decomposition. Formula (25) is called “L0/1 proximal operator”
in [23].

z0 √
2γC

proxγC∥(·)+∥0
(z)

Fig. 2: The L0/1 proximal operator on the real line.

The components of (θ∗, α∗,λ∗) in Definition 3.2 can be understood as Lagrange mul-
tipliers, since they correspond to similar quantities in a smooth SVM problem [8]. How-
ever, here a dual problem seems difficult to derive because of the nonsmooth nonconvex
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function ∥(·)+∥0. The set of equations and inequalities (22) are interpreted as KKT-like
optimality conditions for the optimization problem (21), where (22a), (22b), and (22c)
are the primal constraints, (22d) the dual constraints, (22e) the complementary slack-
ness, and (22f), (22g), (22h), and (22i) the stationarity conditions of the Lagrangian
with respect to the primal variables. We must point out that the nonsmoothness of
the problem (21) is only found in the term ∥u+∥0, and the corresponding stationarity
condition (22i) is given in terms of the proximal operator.

The following theorem connects the optimality conditions for (21) to P-stationary
points, and the proof is deferred to the Appendix.

Theorem 3.3. The global and local minimizers of (21) admit the following character-
izations:

(1) A global minimizer is a P-stationary point with 0 < γ < C1, where the positive
number

C1 := min
d∈RL

{λmin(K(d)) : d satisfies (18a) and (18b)} (26)

in which λmin(·) denotes the smallest eigenvalue of a matrix.

(2) Any P-stationary point (with γ > 0) is also a local minimizer of (21).

4. ALGORITHM DESIGN

In this section, we take advantages of the ADMM [6] and working sets (active sets)
to devise a first-order algorithm for our MKL-L0/1-SVM optimization problem. Before
describing the algorithmic details, we must point out that the finite-dimensional formu-
lation of the problem (see the proof of Theorem 3.1 in the Appendix) is more suitable
for computation than the infinite-dimensional formulation (21). For this reason, we
work on the former formulation in this section. The theory developed in Section 3, in
particular, the notion of a P-stationary point, holds for the finite-dimensional problem
modulo suitable adaptation which is done next.

First, let us rewrite the equivalent finite-dimensional MKL-L0/1-SVM optimization
problem as

min
w∈Rm, d∈RL

b∈R, u∈Rm

1

2
w⊤K(d)w + C∥u+∥0 (27a)

s.t. dℓ ≥ 0, ℓ ∈ NL∑
ℓ

dℓ = 1

u + A(d)w + by = 1. (27b)

Definition 4.1. (P-stationary point of (27)) Fix a regularization parameter C > 0.
We call (w∗,d∗, b∗,u∗) a P-stationary point of the optimization problem (27) if there
exists a vector (θ∗, α∗,λ∗) ∈ RL+1+m and a number γ > 0 such that the conditions
(22a), (22b), (22d), (22e), (22h), (22i), and

u∗ + A(d∗)w∗ + b∗y = 1, (28a)
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w∗ + Dyλ
∗ = 0, (28b)

−1

2
(w∗)⊤Kℓw

∗ + α∗ − θ∗ℓ = 0, ℓ ∈ NL (28c)

hold.

One can show that Definition 4.1 above and the previous Definition 3.2 are equivalent,
as stated in the next proposition.

Proposition 4.2. Given a P-stationary point (w∗,d∗, b∗,u∗) in the sense of Defini-
tion 4.1, there corresponds a P-stationary point (f∗,d∗, b∗,u∗) in the sense of Defini-
tion 3.2, and vice versa.

P r o o f . We shall first show that Definition 4.1 =⇒ Definition 3.2 . Given (w∗,d∗, b∗,u∗)
and (θ∗, α∗,λ∗) in Definition 4.1, we construct

f∗
ℓ (·) = d∗ℓ

∑
i

w∗
i κℓ( · ,xi) ∀ℓ ∈ NL (29)

which will be used to check the conditions in Definition 3.2. In view of the relation
(28b), we immediately recover (22f). Moreover, from (29) we have

∥f∗
ℓ ∥2Hℓ

= (d∗ℓ )2(w∗)⊤Kℓw
∗

which implies the equivalence between (22g) and (28c). The condition (22c) is equivalent
to (28a) because the latter is simply a vectorized notation for the former. To see this

point, just notice that the vector of function values
[
f∗(x1) · · · f∗(xm)

]⊤
is equal to

K(d∗)w∗ in view of (29) and f∗ =
∑

ℓ f
∗
ℓ .

For the converse, i. e., Definition 3.2 =⇒ Definition 4.1, we simply define w∗ :=
−Dyλ

∗, which is equivalent to (28b), given the vector λ∗ in the sense of Definition 3.2.
Then the above proof holds almost verbatim. □

Remark 4.3. The linear relation (28b) between λ∗ and w∗ is consistent with the proof
of Theorem 3.3 (see Eq. (73) in the Appendix) and is analogous to the first formula in
[23, Eq. (11)].

Now, we aim to obtain via numerical computation a P-stationary point in the sense
of Definition 4.1 and hence a local minimizer of (27) by Theorem 3.3. To this end, let us
first recognize a “working set” (with respect to the data) and its relation with support
vectors following the development of [23, Subsec. 4.1], see also [18, Sec. V]. Suppose that
(w∗,d∗, b∗,u∗) is a P-stationary point of (27). Then according to Definition 4.1, there
exists a Lagrange multiplier λ∗ ∈ Rm and a scalar γ > 0 such that (22i) holds. Define
a set

T∗ :=
{
i ∈ Nm : u∗

i − γλ∗
i ∈ (0,

√
2γC ]

}
, (30)

and its complement T ∗ := Nm\T∗. For a vector z ∈ Rm and an index set T ⊂ Nm with
cardinality |T |, we write zT for the |T |-dimensional subvector of z whose components
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are indexed in T . Then after some straightforward derivation using (22i), (24) and (25),
we obtain u∗

T∗
= 0 and λ∗

T∗
= 0, and the working set (30) also admits the expression

T∗ =
{
i ∈ Nm : λ∗

i ∈ [−
√

2C/γ, 0)
}
. (31)

The formula tells us that the nonzero components of λ∗ are indexed only in T∗ with
values in the interval [−

√
2C/γ, 0). The following comments are immediate:

• The vectors {xi : i ∈ T∗} corresponding to nonzero Lagrange multipliers {λ∗
i } are

called L0/1-support vectors in [23]. They play the same role as standard support
vectors in [8].

• Furthermore, the condition (22c) and u∗
T∗

= 0 imply that any L0/1-support vector
xi satisfies one of the functional equations f∗(x) + b∗ = ±1. In the classic (linear)
case, the two equations determine the support hyperplanes.

At this point, we are ready to give the framework of ADMM for the finite-dimensional
optimization problem (27). In order to handle the inequality constraints (18a), we
employ the indicator function (in the sense of Convex Analysis)

g(z) =

{
0, z ∈ RL

+

+∞, z /∈ RL
+

(32)

of the nonnegative orthant RL
+ and convert (27) to the form:

min
w∈Rm, d∈RL

b∈R, u∈Rm, z∈RL

1

2
w⊤K(d)w + C∥u+∥0 + g(z) (33a)

s.t. d− z = 0 (33b)

1⊤d = 1 (33c)

u + A(d)w + by = 1, (33d)

see [6, Section 5]. The augmented Lagrangian of (33) is given by

Lρ(w,d, b,u, z;θ, α,λ) =
1

2
w⊤K(d)w + C∥u+∥0 + g(z) + θ⊤(d− z) +

ρ2
2
∥d− z∥2

+ α
(
1⊤d− 1

)
+

ρ3
2

(
1⊤d− 1

)2
+ λ⊤ [u + A(d)w + by − 1]

+
ρ1
2
∥u + A(d)w + by − 1∥2

(34)
where θ, α,λ are the Lagrange multipliers and each ρj > 0, j = 1, 2, 3, is a penalty

parameter. Given the kth iterate (wk,dk, bk,uk, zk;θk, αk,λk), we use a Gauss–Seidel
scheme to update each variable:

uk+1 = argmin
u∈Rm

Lρ(wk,dk, bk,u, zk;θk, αk,λk) (35a)
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wk+1 = argmin
w∈Rm

Lρ(w,dk, bk,uk+1, zk;θk, αk,λk) (35b)

bk+1 = argmin
b∈R

Lρ(wk+1,dk, b,uk+1, zk;θk, αk,λk) (35c)

zk+1 = argmin
z∈RL

Lρ(wk+1,dk, bk+1,uk+1, z;θk, αk,λk) (35d)

dk+1 = argmin
d∈RL

Lρ(wk+1,d, bk+1,uk+1, zk+1;θk, αk,λk) (35e)

θk+1 = θk + ρ2(dk+1 − zk+1) (35f)

αk+1 = αk + ρ3
(
1⊤dk+1 − 1

)
(35g)

λk+1 = λk + ρ1
[
uk+1 + A(dk+1)wk+1 + bk+1y − 1

]
. (35h)

Next, we describe how to solve each subproblem above.

(1) Updating uk+1. The u-subproblem in (35a) is equivalent to the following problem

uk+1 = argmin
u∈Rm

C∥u+∥0 + λ⊤u +
ρ1
2
∥u + A(dk)wk + bky − 1∥2

= argmin
u∈Rm

C∥u+∥0 +
ρ1
2
∥u− sk∥2

= prox C
ρ1

∥(·)+∥0
(sk),

(36)

where
sk = 1−A(dk)wk − bky − λk/ρ1. (37)

Define a working set Tk in the kth step by

Tk :=
{
i ∈ Nm : ski ∈ (0,

√
2C/ρ1)

}
. (38)

Then (36) can equivalently be written as

uk+1
Tk

= 0, uk+1

Tk
= sk

Tk
. (39)

(2) Updating wk+1. The w-subproblem in (35b) is

wk+1 = argmin
w∈Rm

1

2
w⊤K(dk)w + λ⊤(uk+1 + A(dk)w + bky − 1)

+
ρ1
2
∥uk+1 + A(dk)w + bky − 1∥2.

(40)

This is a quadratic minimization problem, and we only need to find a solution to
the stationary-point equation

K(dk)w + A(dk)⊤λk + ρ1A(dk)⊤
[
uk+1 + A(dk)w + bky − 1

]
= 0 (41)

which, after a rearrangement of terms, is a linear equation[
I + ρ1K(dk)

]
w = −Dy

[
λk + ρ1(uk+1 + bky − 1)

]
. (42)

The coefficient matrix is obviously positive definite and therefore a unique solution
wk+1 exists.
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(3) Updating bk+1. The b-subproblem in (35c) can be written as

bk+1 = argmin
b∈R

(λk)⊤by +
ρ1
2
∥uk+1 + A(dk)wk+1 + by − 1∥2. (43)

The stationary-point equation is

y⊤λk + ρ1y
⊤(uk+1 + A(dk)wk+1 + by − 1) = 0, (44)

and a solution is given by

bk+1 = −
y⊤
[
λk + ρ1(uk+1 + A(dk)wk+1 − 1)

]
mρ1

. (45)

(4) Updating zk+1. The subproblem for z in (35d) also admits a separation of vari-
ables, and we can carry out the update for each component as follows:

zk+1
ℓ = argmin

zℓ∈R
g(z) − (θk)⊤z +

ρ2
2
∥dk − z∥2

= argmin
zℓ∈R

g(zℓ) − θkℓ zℓ +
ρ2
2

(dkℓ − zℓ)
2

= (dkℓ + θkℓ /ρ2)+

(46)

where the function (·)+ takes the positive part of the argument. Inspired by this
expression, we can define another working set

Sk :=
{
ℓ ∈ NL : dkℓ + θkℓ /ρ2 > 0

}
(47)

for the selection of kernels and Sk = NL\Sk. Then an equivalent update formula
for z is

zk+1
Sk

= (dk + θk/ρ2)Sk
, zk+1

Sk
= 0. (48)

Notice that this working set is less complicated than Tk in (38) since the function
(·)+ is continuous, unlike the proximal mapping (24).

(5) Updating dk+1. The d-subproblem in (35e) can be written as

dk+1 = argmin
d∈RL

1

2
(wk+1)⊤

∑
ℓ=1

dℓKℓw
k+1 + (λk)⊤Dy

∑
ℓ

dℓKℓw
k+1

+
ρ1
2

∥∥∥∥∥uk+1 + Dy

∑
ℓ

dℓKℓw
k+1 + bk+1y − 1

∥∥∥∥∥
2

+ (θk)⊤d +
ρ2
2
∥d− zk+1∥2 + αk1⊤d +

ρ3
2

(
1⊤d− 1

)2
.

(49)

The stationary-point equation of the objective function with respect to each dℓ is

1

2
(wk+1)⊤Kℓw

k+1 + ρ1(DyKℓw
k+1)⊤(λk/ρ1 + uk+1 + bk+1y − 1)

+ ρ1(Kℓw
k+1)⊤

∑
t

dtKtw
k+1 + θkℓ + ρ2(dℓ − zk+1

ℓ ) + αk + ρ3
(
1⊤d− 1

)
= 0.

(50)
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We can rewrite it in matrix form as(
ρ1A

⊤A + ρ2I + ρ31 · 1⊤)d = v − θk + ρ2z
k+1 + (ρ3 − αk)1, (51)

where,

• A = [K1w
k+1, . . . ,KLw

k+1] ∈ Rm×L,

• and v =
[
v1 · · · vL

]⊤ ∈ RL with

vℓ = −1

2
(wk+1)⊤Kℓw

k+1 − ρ1(DyKℓw
k+1)⊤(λk/ρ1 + uk+1 + bk+1y − 1).

Clearly, the coefficient matrix in (51) is positive definite, and thus there exists a
unique solution to the system of linear equations. However, it is possible that the
solution vector could contain a negative component, which is not ideal because the
components of d define the combination K(d) of the kernel matrices which must
turn out to be positive definite. In order to handle such a pathology, we propose
an ad-hoc recipe which projects the solution of the linear system to the standard
(L−1)-simplex using the algorithm in [28]. Then motivated by the second formula
in (48) and the equality constraint (33b), for ℓ ∈ Sk we set

dk+1

Sk
= 0. (52)

Remark 4.4. We have observed from our numerical simulations that the ad-hoc
step of projection onto the simplex, which appears artificial, can significantly speed
up convergence of the ADMM algorithm. In addition, the conference version of this
paper [18] proposed a numerical procedure for the infinite-dimensional formulation
(21), and the major difference is about the subproblems of w and d. Indeed, each
function fℓ in [18] is parametrized by its values at the data points {xi}i∈Nm

,
and the squared norm involves K−1

ℓ . In this way, the vector of function values[
fℓ(x1) · · · fℓ(xm)

]⊤
has to be updated for each ℓ ∈ NL. In contrast, the

treatment in the current paper is more efficient and better conditioned since now
only w needs to be updated thanks to the representer theorem and no explicit
inversion is needed for the kernel matrices {Kℓ}ℓ∈NL

. Moreover, the update of d
is also greatly simplified to linear algebra, while previously one needed to solve a
cubic polynomial equation for each component dℓ.

(6) Updating θk+1. With the help of the working set (47), the update of θ in (35f)
can be simplified as:

θk+1
Sk

= θk
Sk

+ ρ2(dk+1 − zk+1)Sk
, θk+1

Sk
= θk

Sk
. (53)

That is, the components of θ outside the current working set Sk are not updated.

(7) Updating αk+1. See (35g).
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(8) Updating λk+1. Inspired by the property of the working set T∗ (see the line
above (31)), the update of λ in (35h) is simplified as follows:

λk+1
Tk

= λk
Tk

+ ρ1r
k+1
Tk

, λk+1

Tk
= 0 (54)

where the vector of residuals rk+1 := uk+1 + A(dk+1)wk+1 + bk+1y− 1. In other
words, we remove the components of λ which are not in the current working set.

The update steps above are summarized in Algorithm 1.

Algorithm 1 ADMM for the MKL-L0/1-SVM

Require: C, ρ1, ρ2, ρ3, {κℓ}ℓ∈NL
, max iter.

1: Set the counter k = 0, and initialize (w0,d0, b0,u0, z0;θ0, α0,λ0).
2: while the terminating condition is not met and k ≤ max iter do
3: Update Tk in (38) and uk+1 by (39).
4: Update wk+1 by the unique solution to (42).
5: Update bk+1 by (45).
6: Update Sk in (47) and zk+1 by (48).
7: Update dk+1 by the unique solution to (51) plus projection to the simplex and

(52).
8: Update θk+1 by (53).
9: Update αk+1 by (35g).

10: Update λk+1 by (54).
11: Set k = k + 1.
12: end while
13: return the final iterate (wk,dk, bk,uk, zk;θk, αk,λk).

Below we give a complexity analysis of the algorithm. In each round of the ADMM
updates, we have the following observations:

• In the update of uk+1 by (39), the main term is A(dk)wk in (37) which takes
O(Lm2) operations.

• To update wk+1, the dominant computation is forming K(dk) =
∑

ℓ d
k
ℓKℓ and the

solution of (42) whose time complexity is O(m2 max{L,m}).

• Similarly, the product A(dk)wk is the most expensive computation in (45) to
update bk+1, and again its complexity is O(Lm2).

• Updating zk+1 by (48) has a complexity O(L).

• To update dk+1, one first computes the columns of A with O(Lm2) operations.
These columns can then be used to compute v with O(Lm) operations. The
product A⊤A needs L2m operations, and the solution of the linear system takes
O(L3) operations. Therefore, the overall complexity is O(Lmax{m2, Lm,L2}.

• Computing θk+1 by (53) takes O(L) operations which is the same as zk+1, and
updating αk+1 by (35g) takes O(1) operations.
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• The complexity of updating λk+1 is O(Lm2), the same as bk+1, due to the com-
putation of the residual vector rk+1.

In summary, the time complexity for one round of updates of variables in Algorithm 1
is

O(max{Lm2,m3, L2m,L3}).

If the number of candidate kernels L is much smaller than m, then the above operations
count reduces to O(m3) which is reasonable.

5. CONVERGENCE ANALYSIS

In this section, we analyze certain convergence properties of Algorithm 1 proposed in
the previous section. To ease the notation, let us write Ψk = (wk,dk, bk,uk, zk;θk, αk,λk)
for the kth iterate (k ≥ 1) produced by the ADMM starting from some Ψ0. The next
assumption will be useful in this section.

Assumption 2. There exist a positive integer K and two sets T∗ ⊂ Nm and S∗ ⊂ NL

such that for all k ≥ K, we have Tk = T∗ and Sk = S∗. That is, the working sets Tk in
(38) and Sk in (47) remain unchanged after k becomes sufficiently large.

For simplicity, let us set ρ1 = ρ2 = ρ3 = ρ > 0 in the augmented Lagrangian (34).
We first establish a lemma that describes a sufficient descent property of the sequence
{Lρ(Ψk)}k≥1 of function values, and the proof is given in the Appendix.

Lemma 5.1. If the penalty parameter ρ is chosen sufficiently large, then there exist
positive constants η and ε such that the inequality holds for all k ≥ 1:

Lρ(Ψk) − Lρ(Ψk+1) ≥ η

2
∥wk+1 −wk∥2

+
ε

2

[
(⋆k) − ∥uk+1 − uk∥2 − ∥zk+1 − zk∥2

]
+

1

ρ
(▲k),

(55)

where (⋆k) := ∥uk+1 − uk∥2 + m(bk+1 − bk)2 + ∥zk+1 − zk∥2 + ∥dk+1 − dk∥2, and
(▲k) := ∥θk+1 − θk∥2 + (αk+1 − αk)2 + ∥λk+1 − λk∥2.

In addition, suppose that Assumption 2 holds. Then we have a stronger inequality

Lρ(Ψk) − Lρ(Ψk+1) ≥ η

2
∥wk+1 −wk∥2 +

ε

2
(⋆k) +

1

ρ
(▲k) (56)

which holds for all k ≥ K.

Proposition 5.2. Choose the penalty parameter ρ sufficiently large as per Lemma 5.1,
and suppose that Assumption 2 holds. In addition, assume that the sequence of dual
variables {θk, αk,λk}k≥1 is bounded. Then {Ψk}k≥1 is also bounded.

P r o o f . Because of the boundedness assumption on the dual variables, the three
quadratics in Lρ, namely q1(d, z) := θ⊤(d − z) + ρ2

2 ∥d − z∥2, q2(d) := α
(
1⊤d− 1

)
+
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ρ3

2

(
1⊤d− 1

)2
, and q3(w,d, b,u) := λ⊤ [u + A(d)w + by − 1]+ ρ1

2 ∥u+A(d)w+by−1∥2
are all bounded from below. Hence, by Lemma 5.1, we have

∞ > Lρ(Ψ0) ≥ Lρ(Ψk) ≥ 1

2
(wk)⊤K(dk)wk + C∥uk

+∥0 + const. (57)

In view of Assumption 1, letting ∥wk∥ → ∞ will make Lρ(Ψk) → ∞ which results in a
contradiction. Therefore, {wk}k≥1 remains bounded. The boundedness of b comes from
the assumption in Theorem 3.1. The variable d is automatically bounded due to the
simplex constraint. The boundedness of the remaining variables z and u can be shown
through an argument similar to that after (57) with the quadratics q1 and q3 defined
above. Consequently, all the primal variables are bounded, and this completes the proof.

□

Appealing to the Bolzano–Weierstrass theorem, Proposition 5.2 implies that the se-
quence of ADMM iterates {Ψk}k≥1 has a convergent subsequence {Ψkj}j≥1. The next
result gives a weak form of convergence of {Ψk}k≥1 in terms of the distance between
two successive iterates.

Proposition 5.3. Under the assumptions of Proposition 5.2, it holds that

lim
k→∞

∥Ψk+1 − Ψk∥2 = 0, (58)

where ∥Ψ∥2 is by definition equal to the sum of the squared norm of each variable in Ψ.

P r o o f . The proof of Proposition 5.2 shows that there exists a constant C2 ∈ R
such that Lρ(Ψ) ≥ C2. Moreover, by Lemma 5.1, the sequence of function values
{Lρ(Ψk)}k≥1 is monotonically decreasing. Therefore, Lρ(Ψk) must converge to some
real number as k → ∞. The next chain of inequalities should be straightforward:

∞ > Lρ(Ψ0) − C2 ≥ Lρ(Ψ0) − Lρ(ΨN )

=

N−1∑
k=0

[
Lρ(Ψk) − Lρ(Ψk+1)

]
≥

N−1∑
k=0

[
η

2
∥wk+1 −wk∥2 +

ε

2
(⋆k) +

1

ρ
(▲k)

]
(59a)

=
η

2

N−1∑
k=0

∥wk+1 −wk∥2 +
ε

2

N−1∑
k=0

[
∥uk+1 − uk∥2 + m(bk+1 − bk)2 + ∥zk+1 − zk∥2

+∥dk+1 − dk∥2
]

+
1

ρ

N−1∑
k=0

[
∥θk+1 − θk∥2 + (αk+1 − αk)2 + ∥λk+1 − λk∥2

]
,

(59b)

where we have used Lemma 5.1 in (59a), and (59b) is just a substitution of (⋆k) and
(▲k) defined in Lemma 5.1. Letting N → ∞, we find that the series

∑∞
k=0 ∥wk+1 −



MKL-L0/1-SVM 499

wk∥2,
∑∞

k=0 ∥dk+1 −dk∥2,
∑∞

k=0(bk+1 − bk)2,
∑∞

k=0 ∥uk+1 −uk∥2,
∑∞

k=0 ∥zk+1 − zk∥2,∑∞
k=0 ∥θ

k+1 − θk∥2,
∑∞

k=0(αk+1 − αk)2, and
∑∞

k=0 ∥λ
k+1 − λk∥2 all have finite values,

which yields the claim of this proposition. □

Remark 5.4. The full sequence convergence of Algorithm 1 seems very hard to prove
in general due to the nonsmoothness and nonconvexity of the optimization problem (27).
A line of research, see e. g., [2, 4, 5, 10, 13, 29, 30], for this type of problems imposes
the Kurdyka– Lojasiewicz (K L) property for the objective function. However, due to the
technical difficulty that in general, the sum of two K L functions is not guaranteed to
be K L, it is not straightforward to show that our augmented Lagrangian (34) satisfies
the K L property. For this reason, the issue of full sequence convergence will be left for
future research.

The next result gives a characterization of the limit point if the algorithm converges,
and the proof is left in the Appendix. We remark that in practice Algorithm 1 converges
well as we have done extensive simulations to be presented in the next section.

Proposition 5.5. Suppose that the sequence {Ψk}k≥1 generated by the ADMM algo-
rithm above has a limit point Ψ∗ = (w∗,d∗, b∗,u∗, z∗;θ∗, α∗,λ∗). Then (w∗,d∗, b∗,u∗)
is a P-stationary point in the sense of Definition 4.1 with γ = 1/ρ1 and the Lagrange
multipliers in the vector (−θ∗, α∗,λ∗), and also a local minimizer of the problem (27).

Remark 5.6. The role of the working set Sk in (47) and its limit set S∗ is to render
sparsity in the combination of the kernels {κℓ}ℓ∈NL

for the MKL task, much similar to T∗
in (30) and its effect on the support vectors. One can readily observe such sparsification
from our simulation results in the next section, see the columns “# kernels” in Tables 2

and 3. This phenomenon can be explained by the following argument. Because of the
nonnegativity condition (18a), the constraint (18b) can be interpreted as ∥d∥1 = 1 where
∥ · ∥1 denotes the ℓ1 norm. The latter object is a convex relaxation of the ℓ0 norm and
is well known to be capable of inducing sparsity [9].

6. SIMULATIONS

In this section, we report results of numerical experiments using Matlab on a Dell
laptop workstation with an Intel Core i7 CPU of 2.5 GHz on real data sets to demon-
strate the effectiveness of the proposed MKL-L0/1-SVM in comparison with the Sim-
pleMKL approach of [16]. Our code can be found at https://github.com/shiyj27/

MKL-L01-SVM.

(a) Stopping criterion. In our implementation, we terminate Algorithm 1 if the kth
iterate (wk,dk, bk,uk, zk;θk, αk,λk) satisfies the condition

max
{
βk
1 , β

k
2 , β

k
3 , β

k
4 , β

k
5 , β

k
6 , β

k
7 , β

k
8

}
< tol, (60)

where the number tol > 0 is a tolerance level and

βk
1 := ∥uk − uk−1∥, βk

2 := ∥wk −wk−1∥, βk
3 := |bk − bk−1|, βk

4 := ∥zk − zk−1∥
βk
5 := ∥dk − dk−1∥, βk

6 := ∥θk − θk−1∥, βk
7 := |αk − αk−1|, βk

8 := ∥λk − λk−1∥.
(61)

https://github.com/shiyj27/MKL-L01-SVM
https://github.com/shiyj27/MKL-L01-SVM
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This condition means, in plain words, that two successive iterates are sufficiently
close.

(b) Parameters setting. In Algorithm 1, the parameters C and ρ1 characterize
the P-stationary-point condition (22i) (see Eq. (99) in the Appendix), and the
working set (38) which is related to the number of support vectors. In order to
choose the parameters C, ρ1, ρ2 and ρ3, the standard 10-fold Cross Validation
(CV) is employed on the training data, where the candidate values of C and ρ’s
are selected from the same set {2−2, 2−1, . . . , 28}. The combination of parameters
with the highest CV accuracy is picked out.

In addition, we choose L = 10 Gaussian kernels {κℓ}ℓ∈NL
with hyperparameters

listed in Table 1 which are shared by both MKL-L0/1-SVM and SimpleMKL for
all data sets. We also set the maximum number of iterations max iter = 103 in
Algorithm 1 and the tolerance level tol = 10−3 in (60).

σ1 σ2 σ3 σ4 σ5 σ6 σ7 σ8 σ9 σ10

0.1 0.2 0.3 0.5 0.7 1 1.2 1.5 1.7 2

Tab. 1: A quite arbitrary choice of the hyperparameters for 10 Gaussian kernels.

For the starting point, we set w0 = u0 = λ0 = 0, z0 = θ0 = 0, α0 = 0 and
d0 = 1

L1, b0 = 1 or −1. The reason for such a choice is explained in the fol-
lowing. Let us refer to the objective function J(w,d, b) in the finite-dimensional
formulation of the MKL-L0/1-SVM problem (see Eq. (64) in the Appendix). Then

we immediately notice that J(0, 1
L1, 1) = Cm− and J(0, 1

L1,−1) = Cm+ where
m+ and m− denote the numbers of positive and negative components in the la-
bel vector y. Therefore, we should choose (w0,d0, b0) such that J(w0,d0, b0) ≤
C min{m+,m−}.

(c) Evaluation criterion. To evaluate the classification performance of our MKL-
L0/1-SVM, we use the testing accuracy (ACC):

ACC := 1 − 1

2mtest

mtest∑
j=1

∣∣∣∣∣sign

(∑
ℓ

f∗
ℓ (xtest) + b∗

)
− ytestj

∣∣∣∣∣ ,
where {(xtest

j , ytestj ) : j = 1, . . . ,mtest} contains the testing data. Here, the quan-
tity

∑
ℓ f

∗
ℓ (xtest) can be computed using (22f). More specifically, for each ℓ ∈ NL

we can evaluate f∗
ℓ (·) = −d∗ℓ

∑
i λ

∗
i yiκℓ( · ,xi) on the testing data using the con-

vergent iterate produced by Algorithm 1.

(d) Simulation results. We have conducted experiments on four real data sets3. For
each data set, standard feature normalization is performed. Then Algorithm 1 is
run 30 times with different training and testing sets (70% of the data are ran-
domly selected for training and the rest 30% for testing), and the last 20 ACCs are

3These data sets are downloaded from the UCI repository https://archive.ics.uci.edu/.

https://archive.ics.uci.edu/
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averaged. In order to avoid possibly bad local minimizers, we use a “warm start”
strategy which initializes the algorithm with the convergent iterate of the previous
run, hoping that the performance of classifier eventually becomes stable. For com-
parisons, we run the SimpleMKL algorithm4 with the same ten Gaussian kernels
(see Table 1 for the hyperparameters) under the same parameter configuration.

Sonar m = 208 n = 60
Algorithm # kernels ACC (%) NSV time (s)

MKL-L0/1-SVM 1±0 76.5±3.7 145±1.5 1.04±0.08
SimpleMKL 1±0 63.3±3.1 145±0.5 0.05±0.02

Wpbc m = 198 n = 33
Algorithm # kernels ACC (%) NSV time (s)

MKL-L0/1-SVM 3.4±2.2 76.8±0.6 138±0 0.65±0.15
SimpleMKL 8.9±0.73 76.7±0 137±2.4 0.04±0.02

Pima m = 768 n = 8
Algorithm # kernels ACC (%) NSV time (s)

MKL-L0/1-SVM 2.4±0.8 73.3±4.1 490±34.3 106±58
SimpleMKL 1±0 75.9±2.1 361±4.2 0.24±0.03

Liver m = 579 n = 9
Algorithm # kernels ACC (%) NSV time (s)

MKL-L0/1-SVM 1±0 71.7±0.8 405±0 45±5.5
SimpleMKL 10±0.7 71.3±0 405±0 0.43±0.05

Tab. 2: Average performance measures for MKL-L0/1-SVM and SimpleMKL on real data sets
without additional outliers.

The simulation results are collected in Table 2 where one can see that our method
achieves the best ACC on one data set “Sonar”. While the ACCs on the data sets “Wpbc”
and “Liver” are close for the two methods, our MKL-L0/1-SVM requires much fewer
kernels (see the column “# kernels”) which significantly saves the computational cost for
testing. In addition, the two methods perform similarly on the three data sets mentioned
above in terms of the number of support vectors (NSV, sparsity in data usage) which is
equal to |T∗|.

In order to see the influence of outliers in data sets on the two classifiers, we randomly
flip the labels of 10% of the samples in each data set and redo the simulations. The
updated results are reported in Table 3. It can be clearly seen that our MKL-L0/1-
SVM outperforms SimpleMKL in terms of the ACC on three data sets. On the fourth
data set “Liver”, the two methods have close ACCs, but our method still wins out in
terms of the number of kernels on all four data sets. As for the computational time of
training (solving the MKL optimization problems), we notice from the last columns of
both Tables 2 and 3 that our method requires significantly more time because in general
ADMM has sublinear convergence [6] while the gradient-type algorithm in [16] converges
linearly.

4The code for SimpleMKL is found at https://github.com/shiyj27/SimpleMKL which is adapted
for simulations reported in this paper from the source at https://github.com/maxis1718/SimpleMKL.

https://github.com/shiyj27/SimpleMKL
https://github.com/maxis1718/SimpleMKL
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Sonar m = 208 n = 60
Algorithm # kernels ACC (%) NSV time (s)

MKL-L0/1-SVM 1±0 74.29±2.2 144±0.5 0.35±0.04
SimpleMKL 1±0 68.02±1.2 144±0.5 0.05±0.02

Wpbc m = 198 n = 33
Algorithm # kernels ACC (%) NSV time (s)

MKL-L0/1-SVM 4.1±2.6 69.9±0.4 138±0 0.70±0.34
SimpleMKL 6.6±2.8 69.8±0.5 138±1.2 0.04±0.02

Pima m = 768 n = 8
Algorithm # kernels ACC (%) NSV time (s)

MKL-L0/1-SVM 3.4±1.1 69.3±2.7 507±17.8 34.1±24.9
SimpleMKL 5.4±3.4 67.7±2.8 413±23.8 0.31±0.05

Liver m = 579 n = 9
Algorithm # kernels ACC (%) NSV time (s)

MKL-L0/1-SVM 1.8±0.4 66.8±1.1 404±0.3 11.1±2.4
SimpleMKL 9.9±0.7 66.7±0 404±0 0.47±0.07

Tab. 3: Average performance measures for MKL-L0/1-SVM and SimpleMKL on real data sets
with 10% outliers by flipping the labels yi.
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Fig. 3: Evolution of the three largest weights dℓ in MKL-L0/1-SVM on two data sets. Left :
Wpbc, Right : Pima.

Figure 3 depicts changes of d with respect to the number of ADMM iterations for
the three largest components dℓ in one instance of Algorithm 1. For the “Pima” data
set, in particular, the largest component d1 is close to 1 when the algorithm converges.

7. CONCLUSION

In this paper, we have extended the L0/1-SVM to a Multiple Kernel Learning (MKL)
setting where the minimization of a regularized (0, 1)-loss function is accomplished to-
gether with the optimal combination of some given kernel functions. Despite the fact
that the corresponding optimization problem is nonsmooth and nonconvex, we have
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shown that the global and local minimizers can be characterized by a set of KKT-like
optimality conditions. For the numerical solution of the MKL-L0/1-SVM optimization
problem, an efficient ADMM algorithm has been proposed to obtain a local optimum.
Some convergence analysis for the ADMM is also provided. Simulation results on real
data sets have manifested the effectiveness of our theory and algorithm.

Regarding future studies, second-order algorithms [26, 31, 32, 33, 34, 35] can be
developed for the MKL-L0/1-SVM optimization problem, since they can dramatically
enhance the solution speed when the data size is not too large. In addition, it seems
interesting to investigate the case of the problem in which Assumption 1 is violated, i. e.,
some kernel matrices are positive semidefinite and singular.

APPENDIX

Deferred Proofs

P r o o f . [Proof of Theorem 3.1] In view of Lemma 2.2, it is not difficult to argue that
the optimization problem (18) is equivalent to

min
d∈RL

min
f∈H
b∈R

1

2
∥f∥2H + C

∑
i

∥ [1 − yi(f(xi) + b)]+ ∥0

 (62a)

s.t. dℓ ≥ 0, ℓ ∈ NL∑
ℓ

dℓ = 1.

The inner minimization problem can be viewed as unconstrained once a feasible d is
fixed. Hence we can employ the semiparametric representer theorem to conclude that
the optimal f of the inner optimization has the form

f(x) =
∑
ℓ

fℓ(x) =
∑
ℓ

dℓ
∑
i

wiκℓ(x,xi), (63)

where fℓ belongs to the RKHS H′
ℓ with a kernel dℓκℓ(·, ·) for each ℓ ∈ NL (see Subsec. 2.2),

and the parameter vector w =
[
w1 · · · wm

]⊤ ∈ Rm . In view of this and (17), the
optimization problem (62) is further equivalent to

min
w∈Rm, d∈RL

b∈R

1

2
w⊤K(d)w + C∥(1−A(d)w − by)+∥0 (64a)

s.t. dℓ ≥ 0, ℓ ∈ NL∑
ℓ

dℓ = 1,

where

K(d) :=
∑
ℓ

dℓKℓ and A(d) := DyK(d). (65)
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Here Kℓ is the kernel matrix corresponding to κℓ(·, ·). Let us write the objective function
as

J(w,d, b) :=
1

2
w⊤K(d)w + C

∑
i

∥∥[(1−A(d)w − by)i]+
∥∥
0
. (66)

It is obvious that the minimum value of J(w,d, b) is no larger than J(0,1/L, 0) = Cm,
where m is the maximum value of the ℓ0 norm for vectors in Rm. We can then consider
the optimization problem (64) on the nonempty sublevel set

S := {(w,d, b) ∈ Rm × I × RL : J(w,d, b) ≤ Cm}. (67)

We will prove that S is a compact set. Due to the finite dimensionality, it amounts
to showing that S is closed and bounded. To this end, notice that the second term in
the objective function (66) is lower-semicontinuous because so is the function ∥(·)+∥0
on R and the argument (1−A(d)w− by)i is smooth in (w,d, b). We can now conclude
that J(w,d, b) is also lower-semicontinuous since the first quadratic term is smooth.
Consequently, the sublevel set S is closed. The fact that S is also bounded follows from
the argument that if we allow ∥w∥ → ∞, then

J(w,d, b) ≥ 1

2
w⊤K(d)w ≥ 1

2
λmin(K(d))∥w∥2 → ∞, (68)

where λmin(K(d)) > 0 is the smallest eigenvalues of K(d). Therefore, the sublevel set S is
compact and the existence of a global minimizer follows from the extreme value theorem
of Weierstrass. The set of all global minimizers is a subset of S and is automatically
bounded. □

P r o o f . [Proof of Theorem 3.3] To prove the first assertion, let (f∗,d∗, b∗,u∗) be a
global minimizer of (21). If u∗ is held fixed, then trivially (f∗,d∗, b∗) must be a mini-
mizer of the corresponding optimization problem with respect to the remaining variables
(f ,d, b). In other words, we have

(f∗,d∗, b∗) = argmin
f∈F, d∈RL

b∈R

1

2

∑
ℓ

1

dℓ
∥fℓ∥2Hℓ

+ C∥u∗
+∥0

s.t. dℓ ≥ 0, ℓ ∈ NL∑
ℓ

dℓ = 1

u∗
i + yi (f(xi) + b) = 1 ∀i.

(69)

Since the term C∥u∗
+∥0 now becomes a fixed constant, the above problem turns into

a smooth convex optimization problem, thanks to the result in [16, Appendix A.1].
Moreover, Slater’s condition clearly holds, so we have strong duality. Consequently,
conditions (22a) through (22h) hold as KKT conditions for (69).

It now remains to show the last condition (22i). This time we fix d∗ and consider the
minimization with respect to the other three variables. More precisely, we shall consider
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the formulation derived from (64) with the additional variable u:

(w∗, b∗,u∗) = argmin
w∈Rm, b∈R

u∈Rm

1

2
w⊤K(d∗)w + C∥u+∥0

s.t. u + A(d∗)w + by = 1.

(70)

Since the matrix A(d∗) = DyK(d∗) is invertible by Assumption 1, we can write w =
A(d∗)−1(1 − u − by) and convert the optimization problem to another unconstrained
version:

(u∗, b∗) = argmin
u∈Rm, b∈R

g(u, b) + C∥u+∥0 (71)

where g(u, b) := 1
2 (1−u− by)⊤K1(d∗)−1(1−u− by) is a new quadratic term such that

the matrix K1(d) := DyK(d)Dy. The following computation is straightforward:

∇g(u, b) =

[
∇u g(u, b)
∇b g(u, b)

]
= −

[
I
y⊤

]
K1(d∗)−1(1− u− by),

∇2g(u, b) =

[
I
y⊤

]
K−1

1 (d∗)
[
I y

]
.

(72)

Next, define

λ∗ := −K1(d∗)−1(1− u∗ − b∗y) = −K1(d∗)−1A(d∗)w∗ = −Dyw
∗. (73)

Take an arbitrary number γ ∈ (0, C1) and define a vector z := proxγC∥(·)+∥0
(u∗ − γλ∗).

We need to prove z = u∗ which is the last equation in (22). To this end, we shall
emphasize three points:

(i) By the global optimality of (u∗, b∗), we have

g(u∗, b∗) + C∥u∗
+∥0 ≤ g(z, b∗) + C∥z+∥0. (74)

(ii) Using the second-order Taylor expansion for g(u, b), it is not difficult to show that

g(z, b∗) − g(u∗, b∗) ≤ (λ∗)⊤(z− u∗) +
λ1

2
∥z− u∗∥2, (75)

where λ1 := λmax(K1(d∗)−1) = 1/λmin(K(d∗)).

(iii) By the definition of the proximal operator (23), we have

C∥z+∥0 +
1

2γ
∥z− (u∗ − γλ∗)∥2 ≤ C∥u∗

+∥0 +
1

2γ
∥γλ∗∥2 = C∥u∗

+∥0 +
γ

2
∥λ∗∥2.

(76)

Combining the above points via a chain of inequalities similar to [23, Eq. (S12), supple-
mentary material], one can arrive at

0 ≤ λ1 − 1/γ

2
∥z− u∗∥2 ≤ 0 (77)
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where the constant term in the middle is negative since we have chosen 0 < γ < C1 ≤
λmin(K(d∗) = 1/λ1. Therefore, we conclude that z = u∗, and we have completed the
proof that a global minimizer (f∗,d∗, b∗,u∗) of (21) is a P-stationary point.

To prove the second assertion, let us introduce the symbol ϕ = (f ,d, b,u) for con-
venience. Suppose now that we have a P-stationary point ϕ∗ = (f∗,d∗, b∗,u∗) with an
associated vector (θ∗, α∗,λ∗) and γ > 0. We need to show that ϕ∗ is locally optimal in a
sufficiently small neighborhood (to be constructed). To this end, let U(ϕ∗, δ1) be a suffi-
ciently small neighborhood of ϕ∗ of radius δ1 such that for any ϕ = (f ,d, b,u) ∈ U(ϕ∗, δ1)
we have u∗

i ̸= 0 =⇒ ui ̸= 0. That is to say: a small perturbation of u∗ does not change
the signs of its nonzero components. As a consequence, the relation

∥u+∥0 ≥ ∥u∗
+∥0 (78)

holds in that neighborhood. Next, notice that the first term 1
2

∑
ℓ

1
dℓ
∥fℓ∥2Hℓ

in the

objective function (21a) is smooth in (f ,d), which implies that it is locally Lipschitz
continuous. Consequently, there exists a neighborhood U(ϕ∗, δ2) such that for any ϕ ∈
U(ϕ∗, δ2), we have

∣∣∣ 12 ∑ℓ
1
dℓ
∥fℓ∥2Hℓ

− 1
2

∑
ℓ

1
d∗
ℓ
∥f∗

ℓ ∥2Hℓ

∣∣∣ ≤ C which further implies that

1

2

∑
ℓ

1

d∗ℓ
∥f∗

ℓ ∥2Hℓ
− C ≤ 1

2

∑
ℓ

1

dℓ
∥fℓ∥2Hℓ

. (79)

Now, take δ = min {δ1, δ2} > 0 and consider the feasible region

Θ := {ϕ = (f ,d, b,u) : (18a), (18b), and (19b) hold} (80)

of the problem (21). We will show that the P-stationary point ϕ∗ is locally optimal in
Θ ∩ U(ϕ∗, δ), that is, ϕ ∈ Θ ∩ U(ϕ∗, δ) implies the inequality

1

2

∑
ℓ

1

d∗ℓ
∥f∗

ℓ ∥2Hℓ
+ C

∥∥u∗
+

∥∥
0
≤ 1

2

∑
ℓ

1

dℓ
∥fℓ∥2Hℓ

+ C ∥u+∥0 . (81)

For this purpose, let Γ∗ := {i : u∗
i = 0} and Γ∗ := Nm\Γ∗. Then by (22i) and the

evaluation formulas for the proximal operator (see (24)and (25)), we have the following
relation: {

i ∈ Γ∗, u∗
i = 0, −

√
2C/γ ≤ λ∗

i < 0,

i ∈ Γ∗, u∗
i ̸= 0, λ∗

i = 0.
(82)

Consider the subset Θ1 := Θ ∩ {ϕ : ui ≤ 0 ∀i ∈ Γ∗} of Θ, and the partition Θ =
Θ1 ∪ (Θ\Θ1). We will split the discussion into two cases given such a partition of the
feasible region.

Case 1 : ϕ ∈ Θ1 ∩ U(ϕ∗, δ). We emphasize two conditions:

ui ≤ 0 for i ∈ Γ∗ and ui + yi

(∑
ℓ

fℓ(xi) + b

)
= 1. (83)

The following chain of inequalities holds:

1

2

∑
ℓ

1

dℓ
∥fℓ∥2Hℓ

− 1

2

∑
ℓ

1

d∗ℓ
∥f∗

ℓ ∥2Hℓ
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≥ 1

2

∑
ℓ

[
1

d∗ℓ
⟨2f∗

ℓ , fℓ − f∗
ℓ ⟩ −

dℓ − d∗ℓ
(d∗ℓ )2

∥f∗
ℓ ∥2Hℓ

]
(84a)

= −
∑
i

λ∗
i yi

[∑
ℓ

fℓ(xi) −
∑
ℓ

f∗
ℓ (xi)

]
+
∑
ℓ

(θ∗ℓ − α∗)(dℓ − d∗ℓ ) (84b)

=
∑
i

λ∗
i (ui − u∗

i ) +
∑
ℓ

θ∗ℓdℓ −
∑
ℓ

θ∗ℓd
∗
ℓ (84c)

≥
∑
i

λ∗
i (ui − u∗

i ) =
∑
i∈Γ∗

λ∗
i ui ≥ 0, (84d)

where,

• (84a) is the first-order condition for convexity of each term 1
dℓ
∥fℓ∥2Hℓ

,

• (84b) comes from the conditions (22f) and (22g) for the P-stationary point and
the kernel trick,

• (84c) results from the feasibility condition on the right of (83), the fact that α∗ is
independent of the dummy variable ℓ, and the condition (18b),

• and (84d) is a consequence of (82) and the condition on the left of (83).

Combining (78) and (84), we obtain (81).
Case 2 : ϕ ∈ (Θ\Θ1) ∩ U(ϕ∗, δ). Note that ϕ ∈ Θ\Θ1 means that there exists

some i ∈ Γ∗ such that ui > 0 while u∗
i = 0 (by the definition of Γ∗). Then we have

∥u+∥0 ≥ ∥u∗
+∥0 + 1. Combining this with (79), we have

1

2

∑
ℓ

1

d∗ℓ
∥f∗

ℓ ∥2Hℓ
+ C

∥∥u∗
+

∥∥
0
≤ 1

2

∑
ℓ

1

d∗ℓ
∥f∗

ℓ ∥2Hℓ
+ C ∥u+∥0 − C

≤ 1

2

∑
ℓ

1

dℓ
∥fℓ∥2Hℓ

+ C ∥u+∥0 ,
(85)

as desired. This completes the proof of local optimality of ϕ∗. □

P r o o f . [Proof of Lemma 5.1] As observed during the derivation of a solution to the
w-subproblem in (40), the augmented Lagrangian Lρ in (34) is quadratic in the variable
w when the rest variables are held fixed. In fact, the same observation can be made for
each one of the other primal variables dk, bk,uk, zk if the nonsmooth part C∥u+∥0+g(z)
in Lρ is not taken into consideration. Indeed, the nonsmooth part affects the updates
of the variables u and z which must be handled with extra care, and this point will be
addressed in the proof of the second part of the lemma about the stronger inequality
(56).

Consider now the u-update in (36). By definition, it must hold that

Lρ(wk,dk, bk,uk, zk;θk, αk,λk) − Lρ(wk,dk, bk,uk+1, zk;θk, αk,λk) ≥ 0. (86)

Next we analyze the quadratic minimization problem (40). One can compute the
Hessian of Lρ with respect to w:

∇2
wLρ(Ψ) = K(d) + ρA(d)⊤A(d) = K(d) + ρK(d)2, (87)
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where we have used (65) for the second equality. According to Assumption 1, we have
∇2

wLρ(Ψ) ≥ ηI where η := C1 + ρC2
1 > 0 with the positive constant C1 defined in (26).

Therefore, Lρ is η-strongly convex [7] with respect to w which implies the inequality

Lρ(wk,dk, bk,uk+1, zk;θk, αk,λk) − Lρ(wk+1,dk, bk,uk+1, zk;θk, αk,λk)

≥ η

2
∥wk+1 −wk∥2.

(88)

The analysis for the b-subproblem in (43) is similar. Indeed, the Hessian of Lρ with
respect to b reduces to the second-order derivative which is equal to ρy⊤y = mρ. Now,
the constant Hessian leads to the equality

Lρ(wk+1,dk, bk,uk+1, zk;θk, αk,λk) − Lρ(wk+1,dk, bk+1,uk+1, zk;θk, αk,λk)

=
mρ

2
(bk+1 − bk)2.

(89)

The z-update in (46) by definition implies that

Lρ(wk+1,dk, bk+1,uk+1, zk;θk, αk,λk)−Lρ(wk+1,dk, bk+1,uk+1, zk+1;θk, αk,λk) ≥ 0.
(90)

For the d-subproblem in (49) which is again quadratic, we can also compute the
Hessian ∇2

dLρ(Ψ) which is equal to the coefficient matrix on the left-hand side of (51).
Hence ∇2

dLρ(Ψ) ≥ ρI which gives rise to

Lρ(wk+1,dk, bk+1,uk+1, zk+1;θk, αk,λk) − Lρ(wk+1,dk+1, bk+1,uk+1, zk+1;θk, αk,λk)

≥ ρ

2
∥dk+1 − dk∥2.

(91)
Since Lρ depends on the dual variables θ, α,λ linearly, the updates of these variables

in (35f), (35g), and (35h) can be combined to yield the equality

Lρ(wk+1,dk+1, bk+1,uk+1, zk+1;θk, αk,λk)

− Lρ(wk+1,dk+1, bk+1,uk+1, zk+1;θk+1, αk+1,λk+1) = −1

ρ
(▲k).

(92)

Adding up the formulas (86), (88), (89), (90), (91), and (92), we obtain

Lρ(Ψk) − Lρ(Ψk+1) ≥ η

2
∥wk+1 −wk∥2 +

ρ

2
(⋆k) − 1

ρ
(▲k)

=
η

2
∥wk+1 −wk∥2 +

ε

2
(⋆k) +

1

ρ
(▲k) +

ρ− ε

2
(⋆k) − 2

ρ
(▲k)

(93)

where (⋆)k := m(bk+1 − bk)2 + ∥dk+1 −dk∥2 = (⋆k)−∥uk+1 −uk∥2 −∥zk+1 − zk∥2 and
ε > 0 is a sufficient small number relative to ρ. Now we impose the condition

ρ > sup
k≥1

2(▲k)1/2

(⋆k)1/2
. (94)
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Because of the strict inequality, there exists ε > 0 such that the left-hand side of (94)
can be replaced with ρ− ε. A consequence of these two inequalities is that the last two
terms in (93) satisfy ρ−ε

2 (⋆k)− 2
ρ (▲k) ≥ 0 for all k ≥ 1 which implies the weak inequality

(55).
It remains to show the strong inequality (56) under Assumption 2. In view of the

additional assumption on the index sets Tk and the L0/1 proximal operator (24), the
u-update in (36) implies that for k ≥ K,

Lρ(wk,dk, bk,uk, zk;θk, αk,λk) − Lρ(wk,dk, bk,uk+1, zk;θk, αk,λk)

=
ρ

2

∑
i∈T∗

(uk+1
i − uk

i )2 =
ρ

2
∥uk+1 − uk∥2, (95)

where the second equality follows from the fact that uk+1
T∗

= uk
T∗

= 0, see (39). In a
similar fashion, the z-update in (46) leads to equality

Lρ(wk+1,dk, bk+1,uk+1, zk;θk, αk,λk) − Lρ(wk+1,dk, bk+1,uk+1, zk+1;θk, αk,λk)

=
ρ

2

∑
ℓ∈S∗

(zk+1
ℓ − zkℓ )2 =

ρ

2
∥zk+1 − zk∥2

(96)
where the part of Assumption 2 on Sk plays a role. Now the desired inequality (56) can
be established using an argument similar to the one leading to (55). □

P r o o f . [Proof of Proposition 5.5] Let {Ψj ≡ Ψkj}j≥1 be a subsequence of {Ψk}k≥1

that converges to Ψ∗, and let s∗ be the limit of the corresponding subsequence of {sk}k≥1

in (37). The simplest case is the dual update for αk. Since the constants ρj , j = 1, 2, 3
are positive, we have 1⊤d∗ = 1, which is the condition (22b), by taking the limit of the
α update (35g).

Now look at the limit of the dual update for λ. Define T∗ to be the limit working set
in the sense of (38) with sk replaced by s∗. After taking the limit of the update formula
(54), we obtain

r∗T∗
= 0 and λ∗

T∗
= 0. (97)

In addition, we check the limit of (39) and get u∗
T∗

= 0 and u∗
T∗

= s∗
T∗

= (u∗ − r∗ −
λ∗/ρ1)T∗

where the last equality comes from the relation

sk = uk − rk − λk/ρ1. (98)

With reference to (97), plain computation yields r∗
T∗

= 0 and furthermore r∗ = 0. This

is the condition (28a). Now (98) reduces to s∗ = u∗ − λ∗/ρ1 in the limit. It is then
not difficult to check that the update formula (36) also holds in the limit which can be
written as

u∗ = prox C
ρ1

∥(·)+∥0
(u∗ − λ∗/ρ1). (99)

This is the condition (22i) with γ = 1/ρ1, and also explains why here we have used the
same symbol T∗ as in (30).

Next we take the limit of (41). Since we have shown (28a), the last term in (41)
vanishes in the limit and we are left with (28b). Similarly, taking the limit of (44) leads



510 B. ZHU AND Y. SHI

to (22h). In order to describe the limit of (48), let us introduce the limit working set S∗
in the sense of (47) with dkℓ and θkℓ replaced by d∗ℓ and θ∗ℓ , respectively. Then we have

z∗S∗
= (d∗ + θ∗/ρ2)S∗ , z∗

S∗
= 0. (100)

Moreover, taking the limit of θk in (53) gives d∗
S∗

= z∗S∗
which is a part of the constraint

(33b), and together with (100) implies θ∗
S∗

= 0. In addition, the last update formula
(52) for d implies d∗

S∗
= 0. These two relations establish the complementary slackness

condition (22e) and the desired equality d∗ = z∗. Also, the update strategy for d ensures
that each dkℓ is nonnegative which yields the limit (22a). In order to obtain (28c), we
take the limit of the stationary-point equation (50), notice that the terms involving
ρ1, ρ2, and ρ3 vanish due to the established optimality conditions, and take (28b) into
account. Here we have a sign difference for the Lagrange multiplier θ.

The only missing condition up till now is (22d) in the index set S∗. By definition, for
ℓ ∈ S∗ it holds that d∗ℓ +θ∗ℓ /ρ2 ≤ 0 which implies θ∗ℓ ≤ −ρ2d

∗
ℓ ≤ 0. This is precisely (22d)

with a sign difference. Therefore, (w∗,d∗, b∗,u∗) is a P-stationary point with γ = 1/ρ1
and its local optimality is guaranteed by Theorem 3.3. □
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