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AN EFFICIENT SPARSE IDENTIFICATION ALGORITHM
FOR STOCHASTIC SYSTEMS WITH GENERAL
OBSERVATION SEQUENCES

Ziming Wang, Mingkun Li, Yiming Xing, and Xinghua Zhu

This paper studies the sparse identification problem of unknown sparse parameter vectors
in stochastic dynamic systems. Firstly, a novel sparse identification algorithm is proposed,
which can generate sparse estimates based on least squares estimation by adaptively adjusting
the threshold. Secondly, under a possibly weakest non-persistent excited condition, we prove
that the proposed algorithm can correctly identify the zero and nonzero elements of the sparse
parameter vector using a finite number of observations, and further estimates of the nonzero
elements almost surely converge to the true values. Compared with the related works, e. g.,
LASSO, our method only requires the weakest assumptions and does not require solving ad-
ditional optimization problems. Thirdly, the number of finite observations that guarantee the
convergence of the zero-element set of unknown sparse parameters of the Hammerstein system
is derived for the first time. Finally, numerical simulations are provided, demonstrating the
effectiveness of the proposed method. Since there is no additional optimization problem, i. e.,
no additional numerical error, the proposed algorithm performs much better than other related
algorithms.
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1. INTRODUCTION

Parameter estimation or filtering plays a very important role in system identification
and control, signal processing, statistical learning, and other fields ([11, 19]). In recent
decades, the classical identification and estimation theory has made great progress, and
a relatively complete theoretical system has been formed ([9, 10]).

We note that in many practical application scenarios, such as the selection of ef-
fective basis functions in Hamiltonian systems, feature selection and robust inference
of biomarkers based on omics data in personalized healthcare, channel estimation in
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ultra-wideband communication systems, since many components in the unknown pa-
rameter vector have no or negligible contribution to the system (these elements are
zero or close to zero), the unknown parameter vector in a large number of systems is
high-dimensional and sparse. Naturally, an interesting research direction is sparse pa-
rameter identification, i. e., the precise identification of zero and nonzero elements in the
unknown parameter vector, in order to reduce model redundancy and obtain a leaner,
better performance, and more reliable prediction model.

It is found that the research on sparse parameter identification has made considerable
progress. In the field of signal processing, we find that the research of sparse parameter
identification is based on compressed sensing (CS), i. e., solving an L0(the number of
nonzero elements) optimization problem with L2(Euclidean metric) constraints. Since
this optimization problem is NP-hard, researchers have developed some sparse signal
estimation algorithms by transforming L0 optimization into a more solvable L1 convex
optimization problem using the norm equivalence principle. For example, by using
compressed sensing methods, Kalouptsidis et al. in [12] developed a sparse identification
algorithms based on Kalman filtering and Expectation-Maximization, and verified the
efficiency of the proposed algorithm via simulations. Candès and Tao et al. in [2, 3, 4]
developed a relatively perfect signal reconstruction theory under some prior assumptions
of the sparsity of the model. See [5, 7, 13] for more references. The variable selection
problem plays a very important role in the field of statistical learning. The well-known
LASSO (the least absolute shrinkage and selection operator) is a linear regression method
with L1 regularization, and sparse identification algorithms represented by it and its
variants have been extensively studied. Tibshirani in [17] first proposed the LASSO in
1996. Zhao and Yu in [22] established the model selection consistency under regularity
conditions. Zou in [25] first proposed the adaptive lasso and discussed the advantages of
the adaptive lasso in detail. Combined with the ubiquitous sparsity in practical systems,
we find that CS and adaptive lasso methodology are inherited and developed in the
field of system identification and control, and the sparse parameter identification theory
of stochastic dynamic systems is established. For example, Satheesh and Arun in [15]
proposed a CS-based iterative basis pursuit denoising (BPDN) algorithm to estimate the
unknown sparse parameters in the ARMAX model, where the number of zero elements
of unknown parameters is known. Roland et al. in [18] studied the consistency of
estimation for sparse linear regression models based on CS under the condition that the
input signals are independent and identically distributed (i.i.d.). Considering that the
regressors in the stochastic dynamic system are often generated by the past input and
output signals, so the independence assumption about the observation data is difficult
to be satisfied. Based on this, Xie and Guo in [20] developed a compressed consensus
normalized least mean squares and provided the stability analysis of the algorithm based
on CS theory, where the strong statistical assumptions such as independency are not
required, but the prior assumption of the sparsity of the model is. Zhao et al. in [24]
proposed a LASSO-based adaptive sparse estimation algorithm with general observation
sequences. The zero elements in the unknown parameter are correctly identified with a
finite number of observations and a non-persistent excited condition, which is the weakest
excited condition in the existing literature about sparse parameter identification. There
is also related research in some other fields, such as pruning in deep learning [1, 21], etc.
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Summarizing the existing research, we find that there are still some shortcomings in
the sparse parameter identification theory. Firstly, the sparse estimation algorithm based
on CS theory requires prior knowledge about the sparsity of the unknown parameter
and the regression vectors. Secondly, the theoretical analysis of the LASSO-based sparse
estimation algorithm requires a regularity condition of the regressor, which is a persistent
excited condition actually and difficult or almost impossible to satisfy in stochastic
feedback systems. Even the non-persistent excited condition for regressor in [24] is
much stronger than the weakest excited condition proposed by Lai and Wei in [14]
(See subsection 3.2 and Table 3.2 for detail). Thirdly, for a specific system, such as the
Hammerstein system, it is very instructive to give a definite number of finite observations
under further assumptions about the regressor, but this cannot be done in [24].

Our work addresses these gaps through three key contributions:

1. Efficient Algorithm Design: Existing sparse estimation methods (e. g., LASSO)
generate sparse solutions by optimizing criterion functions with penalty terms,
which introduces computational complexity. To overcome this, we propose a
threshold-based algorithm that produces sparse estimates by adaptively adjust-
ing thresholds applied to least squares results. By eliminating the need for opti-
mization, our approach achieves greater conciseness and efficiency, making it more
suitable for real-time applications.

2. Improved Convergence Guarantees: Classical least squares theory focuses on
asymptotic properties [14], while existing sparse identification methods (e. g., [24])
require strong persistent excitation conditions. Under much weaker non-persistent
excitation, we prove our algorithm correctly identifies zero/nonzero elements in
finite observations , a result parallel to [24] but under far less restrictive condi-
tions. Furthermore, estimates of the nonzero parameters will converge to the true

values almost surely with a convergence rate of O
(√

logRN

λN
min

)
, i. e., parameter con-

vergence, which, to the best of the authors’ knowledge, has never been achieved
in sparse parameter identification algorithms for stochastic regression models.

3. Finite-Observation Bounds for Hammerstein Systems: While strong conver-
gence results exist for Hammerstein systems [23], no prior work on sparse pa-
rameter identification in stochastic dynamic systems has derived explicit finite-
observation bounds. Under comparable conditions, we provide such bounds, quan-
tifying the number of observations required for reliable identification—an impor-
tant advancement for practical system implementation.

The rest of this paper is organized as follows. In Section 2, we give the problem
formulation. Section 3 presents the main results of this paper, including the parameter
convergence, the set convergence, and the comparison of conditions for consistency of
other algorithm and the proposed algorithm in this paper. Section 4 applies the algo-
rithm to the sparse parameter estimation of the Hammerstein system. A simulation
example is given in Section 5, and the concluding remarks are made in Section 6.
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2. PROBLEM FORMULATION

2.1. Some preliminaries

Let (Ω,F ,P) be the probability space, ω be an element in Ω, and E(·) be the expectation
operator. Denote ∥·∥ as the 2-norm of vectors or matrices in this paper. For two positive
sequences {ak}k≥1 and {bk}k≥1, ak = O (bk) means ak ≤ cbk for k ≥ 1 and some c > 0,
while ak = o (bk) means ak/bk → 0 as k → ∞.

2.2. Sparse identification algorithm

Consider the parameter identification problem of the following discrete-time stochastic
regression model,

yk+1 = φT
k θ + wk+1, k ≥ 0 (1)

where yk+1 is the scalar observation or output at time k, φk ∈ Rr is the r-dimensional
stochastic regression vector which may be the function of current and past inputs and
outputs, θ ∈ Rr is an unknown r-dimensional parameter to be estimated, and wk+1 is
the stochastic noise sequence.

The above model (1) includes many parameterized systems, such as ARX system and
Hammerstein system. We further denote the parameter vector θ and the index set of its
zero elements by

θ ≜ (θ(1), . . . , θ(r))T

H∗ ≜ {l ∈ {1, . . . , r} | θ(l) = 0}. (2)

The classical identification algorithms, such as the LS algorithm, can generate con-
sistent estimates for the unknown parameters as the number of data goes to infinity.
However, due to the existence of system noises and the finite number of observations in
practice, it is hard to deduce from such estimates which parameters are exactly zero or
not. In the existing literature, L1 penalty term is added to the criterion function to be
optimized to generate sparse estimates so the zero elements in the unknown parameter
θ can be identified. However, there are two issues worth thinking about. Firstly, the
existence of the penalty term destroys the optimality of LS and makes the estimation
inevitably biased, so a stronger excited condition is needed to ensure the consistency of
the algorithm. Secondly, solving the optimization problem with the penalty term brings
great difficulty. Our problem is to design a new sparse adaptive estimation algorithm
that does not require penalty terms to infer the set H∗ in a finite number of steps
and identify the unknown parameter θ by using stochastic regression vectors and the
observation signals {φk, yk+1}nk=1.

To address the limitations of penalty-based methods discussed above, we propose a
new sparse adaptive estimation algorithm that avoids L1 penalty terms while enabling
finite-sample identification of the support set H∗.

Our algorithm operates in an iterative framework using the stochastic regression vec-
tors {φk} and observation signals {yk+1} from the system. The key idea is to adaptively
refine a threshold that distinguishes zero from nonzero parameters in the least squares
estimate, eliminating the need for optimization with penalty terms.
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The algorithm is presented in Algorithm 1 below.

Algorithm 1 Sparse Identification Algorithm

Step 0:(Initialization) Choose a positive sequence {αn} satisfying αn → 0 as n → ∞
and √

logRn

λn
min

= o (αn) ,

where Rn = 1 +
∑n

k=0 ∥φk∥2, λn
min = λmin{P−1

0 +
∑n

k=0 φkφ
T
k }.

Step 1: Based on {φk, yk+1}nk=1, begin with an initial vector θ0 and an initial matrix
P0 > 0, compute the matrix P−1

n+1 and the estimate θn+1 of θ by the following recursive
LS algorithm,

Pk+1 = Pk − akPkφkφ
T
k Pk, (3)

ak =
1

1 + φT
k Pkφk

, (4)

θk+1 = θk + akPkφk

{
yk+1 − φT

k θk
}
. (5)

Step 2: Obtain βn+1(l) by the following mechanism,

βn+1(l) =

{
0 if |θn+1(l)| < αn+1

θn+1(l) else
, (6)

then obtain

βn+1 = (βn+1(1), . . . , βn+1(r))
T

(7)

Hn+1 ≜ {l ∈ {1, . . . , r} | βn+1(l) = 0} . (8)

3. THEORETICAL PROPERTIES OF THE SPARSE IDENTIFICATION
ALGORITHM

In this section, we will investigate the asymptotic analysis of the unknown sparse pa-
rameter vector and the convergence of the sets of zero elements with a finite number
of observations, To this end, we introduce the following assumptions to be used for the
theoretical analysis.

Assumption 1. The noise {wk,Fk}k≥1 is a martingale difference sequence, i. e.,

E [wk+1 | Fk] = 0, k ≥ 1, and there exists some γ > 2 such that supk E [|wk+1|γ | Fk] <
∞ a.s.

Assumption 2. (Non-Excited Condition) The growth rate of log
(
λmax

(
P−1
n

))
is

slower than λmin

(
P−1
n

)
.
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Recall the previously defined Rn = 1 +
∑n

k=0 ∥φk∥2. By the Gram matrix property
(or construction of Pn), λmax

(
P−1
n

)
and Rn are of the same order, i. e., there exist

constants 0 < c < C such that

cRn ≤ λmax

(
P−1
n

)
≤ CRn.

Thus, log
(
λmax

(
P−1
n

))
and logRn have equivalent growth rates.

For brevity, let λn
min = λmin

(
P−1
n

)
; the condition is equivalent to:

lim
n→∞

logRn

λn
min

= 0 a.s.

Remark 1. A further explanation of this non-excited condition is provided in subsec-
tion 3.2.

3.1. Set and parameter convergence of estimates

Assume that there are d (d is unknown) nonzero elements in vector θ. Without loss
of generality, we assume θ = [θ(1), . . . , θ(d), θ(d + 1), . . . , θ(r)]T and θ(i) ̸= 0, i =
1, . . . , d, θ(j) = 0, j = d + 1, . . . , r. Before giving the main results, we first state a
classical result in stochastic adaptive control.

Lemma 1. (Guo [8]) Assume that Assumptions 1 holds. Then as n → ∞, the estima-
tion error of the recursive LS algorithm (3) – (5) is bounded by

∥θn+1 − θ∥2 ≤ C0
logRn

λn
min

a.s.,

where C0 is a finite constant.

Remark 2. The specific value of C0 can be referred to [8].

Remark 3. We remark that the recursive LS algorithm has strong consistency under
Assumption 2, i. e., |θn+1(l)− θ(l)| → 0 a.s. for all l = 1, . . . , r.

For the estimate βn+1 generated by equations (3) – (7), we have the following main
results.

Theorem 1. (Parameter Convergence) Assume that Assumptions 1 – 2 hold. Then

βn+1(l) −→
n→∞

θ(l), l = 1, . . . , r a.s.

P r o o f . By the definition of βn+1, we have for ∀l ∈ {1, . . . , r}

|βn+1(l)− θ(l)| ≤ |βn+1(l)− θn+1(l)|+ |θn+1(l)− θ(l)|
≤ αn+1 + |θn+1(l)− θ(l)|.

Thus the proof is completed by the fact that αn → 0 as n → ∞ and the convergence
results |θn+1(l)− θ(l)| → 0 a.s. □
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Theorem 2. (Set Convergence) Assume that Assumptions 1 – 2 hold. Then there
exists an ω-space Ω0 with P {Ω0} = 1 such that for any ω ∈ Ω0, there exists an integer
N0(ω) such that

βN+1(d+ 1) = . . . = βN+1(r) = 0, N ≥ N0(ω),

i. e., HN+1 = H∗, where HN+1 and H∗ are defined by (8) and (2) respectively.

P r o o f . Since Assumption 2 holds almost surely, there exists a sample space Ω0 with
P{Ω0} = 1 such that the assumption is satisfied for every ω ∈ Ω0. In what follows, we
analyze the estimate sequence {βn+1} along a fixed sample path ω ∈ Ω0.

Step 1: Lower bound for nonzero parameters. For any i ∈ {1, . . . , d} (where
|θ(i)| > 0), we decompose the estimation error as:

|βn+1(i)| ≥ |θ(i)| − |βn+1(i)− θ(i)|
≥ |θ(i)| − |βn+1(i)− θn+1(i)| − |θn+1(i)− θ(i)|
≥ |θ(i)| − αn+1 − |θn+1(i)− θ(i)|.

The last inequality follows from the thresholding operation: |βn+1(i)− θn+1(i)| ≤ αn+1

by construction.
Since αn → 0 and |θn+1(i)− θ(i)| → 0 almost surely, there exists N1(ω) such that for

all n > N1:

αn+1 + |θn+1(i)− θ(i)| ≤ |θ(i)|
2

.

Therefore, for all n > N1 and i ∈ {1, . . . , d}:

|βn+1(i)| ≥
|θ(i)|
2

> 0.

This ensures that nonzero parameters do not converge to zero.

Step 2: Exact sparsity for zero parameters. Now consider i ∈ {d + 1, . . . , r}
(where θ(i) = 0). By Lemma 1, the least-squares estimate satisfies:

|θn+1(i)| = O

(√
logRn

λn
min

)
a.s.

Using the key property that
√

logRn

λn
min

= o(αn) (which follows from Assumption 2), there

exists N2(ω) such that for all n > N2:

|θn+1(i)| < αn+1.

By the thresholding rule in Algorithm 1, this implies βn+1(i) = 0 for all n > N2 and
i ∈ {d+ 1, . . . , r}.

Conclusion. Taking N0(ω) = max(N1, N2), we conclude that for all n > N0:
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• |βn+1(i)| > 0 for i = 1, . . . , d (nonzero elements remain identified),

• βn+1(i) = 0 for i = d+ 1, . . . , r (zero elements are correctly set to zero).

Hence, the support of βn+1 matches that of θ exactly for all sufficiently large n, com-
pleting the proof. □

Remark 4. Theorem 2 shows that the index set of the zero elements in θ can be cor-
rectly identified with a finite number of observations, and estimates for the nonzero
elements will also be nonzero in a finite number of observations.

The following corollary follows immediately from Theorem 2 and Lemma 1.

Corollary 1. Under assumptions of Theorem 2, Algorithm 1 has the following conver-
gence rate as N → ∞:

∥βN+1 − θ∥ = O

(√
logRN

λN
min

)
a.s.

To the best of the authors’ knowledge, this convergence rate is parallel to that of [8, 14]
and has never been achieved in sparse parameter identification algorithms for stochastic
regression models. Next, we compare the conditions of observation data that guarantee
the convergence of Algorithm 1, LASSO, and its variants respectively.

3.2. Comparison of conditions for consistency of LASSO, adaptive LASSO,
the algorithm proposed in [24] and Assumption 2

Method Conditions on system

LASSO [22] · Regularity condition: Dn → D as n → ∞
· Strong irrepresentable condition: for some η > 0,
|D21

n (D11
n )−1sgn(θ1)| ≤ 1− η

Adaptive LASSO [25] · Regularity condition: Dn → D as n → ∞

Method in [24] · Rn

λn
min

√
logRn

λn
min

→ 0 as n → ∞

Algorithm 1 · logRn

λn
min

→ 0 as n → ∞

Tab. 1. Conditions for consistency of LASSO and its variations and

Algorithm 1.

For simplicity of notations, we still assume that the parameter vector θ =
[
θT1 θT2

]T
,

θ1 = [θ(1) . . . θ(d)]T , θ2 = [θ(d + 1) . . . θ(r)]T such that θ(i) ̸= 0, i = 1, . . . , d and
θ(j) = 0, j = d+ 1, . . . , r. Denote

Dn ≜
1

n

n∑
k=1

φkφ
T
k =

[
D11

n D12
n

D21
n D22

n

]
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where D11
n ∈ Rd×d and D12

n , D21
n and D22

n are with compatible dimensions. The compar-
ison on conditions for consistency of LASSO and its variations as well as Algorithm 1 is
made in Table 1. The strong irrepresentable condition given in Table 1 is actually prior
structural information on the sparsity of the parameter vector, which is not required
in our paper. Furthermore, from Table 1, we can directly verify that Assumption 2
includes the regularity condition as its special case. Besides, The algorithm proposed
by [24] requires an excited condition that Rn

√
logRn = o

(
(λn

min)
3/2
)
, which fails for

Rn = O
(
(λn

min)
δ
)
, ∀δ > 3/2. However, from Theorem 2 and Corollary 1 we know that

Algorithm 1 can achieve the consistency for Rn = O
(
(λn

min)
δ
)
, ∀δ > 0, which greatly

improves the applicability of the algorithm. As far as the authors know, Assumption 2
is the weakest excited condition compared with the one required for sparse parameter
identification in the existing literature.

4. PRACTICAL APPLICATIONS

Many applications of the sparse identification algorithm have been shown in [24], such
as the identification of Hammerstein systems [6] and linear stochastic systems with self-
tuning regulation control [8]. However, [24] only gave the existence of the constant
N0(ω) as in Theorem 2, but did not give its specific range, which is not conducive to
the development of practical applications. In this section, we take the identification
of Hammerstein systems as an example, and provide the specific range of the constant
N0(ω).

Hammerstein system is a modular nonlinear dynamic system with a static nonlinear
function followed by a linear dynamic subsystem. Due to its simple structure, as well
as a good simulation of nonlinear, Hammerstein system has been widely used in many
practical engineering scenarios, such as power amplifiers, manipulators, as well as the
neutralization reaction in chemical processes, lithium-ion battery heating systems and
heat exchange system, (cf., [6, 16]), etc.

Considering a Hammerstein system whose linear subsystem is an ARX system and
whose nonlinear function is a combination of basis functions:

yk+1 =a1zyk+1 + . . .+ apz
pyk+1 + b1f (uk) + . . .+ bqf

(
zq−1uk

)
+ wk+1, (9)

f (uk) =

m∑
j=1

cjgj (uk) (10)

where {gj(·)}mj=1 are the basis functions, z is the backward-shift operator (i. e., zyk+1 =

yk), yk+1 and uk are the output and input, wk+1 is the system noise, a1, . . . , ap, b1, . . . ,
bq, c1, . . . , cm are unknown coefficients that need to be estimated. Denote

θ ≜ (a1, . . . , ap, (b1c1) , . . . , (b1cm) , . . . , (bqc1) , . . . , (bqcm))
T

φk ≜ (yk, . . . , yk+1−p, g1 (uk) , . . . , gm (uk) , . . . ,

g1 (uk+1−q) , . . . , gm (uk+1−q))
T
,

the Hammerstein system can be written in the form of (1). Specifically, if cl = 0 (i. e.,
the lth basis function gl(·) is non-effective), then all components (b1cl), (b2cl), . . . , (bqcl)
corresponding to cl in the parameter vector θ are also zero.
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In order to obtain a good approximation of nonlinear functions f(·), a large number
of basis functions (which leads to a very large m) are often used in practice, which will
lead to the unknown parameter vector θ is probably to be high dimensional and sparse
in practice. To obtain a simpler but more precise model of the system, we find that it is
crucial to determine the number of the effective basis functions in {gj(·)}mj=1, or sparse
identification of the unknown parameter vector θ. Thus Algorithm 1 can be applied to
infer the zero elements in θ. Denote

M =
[
M(1), . . . ,M(m)

]
with M(l) = [b1cl, . . . , bqcl]

T
, l = 1, . . . ,m. Thus we can find that the noneffective basis

functions in {gj(·)}mj=1 correspond to zero columns in matrix M . Consequently, execut-

ing algorithms (3) – (5) by using the inputs and outputs {uk, yk+1}nk=1 of Hammerstein
system (9), we can obtain θn+1, followed by executing (6) – (8), we have

βn+1 =
[
a1,n+1, . . . , ap,n+1, (b1c1)n+1 , . . . , (b1cm)n+1 ,

. . . , (bqc1)n+1 , . . . , (bqcm)n+1

]T
, (11)

Mn+1 = [Mn+1(1), . . . ,Mn+1(m)] , (12)

with Mn+1(l) =
[
(b1cl)n+1 , . . . , (bqcl)n+1

]T
, l = 1, . . . ,m,

H∗ = {l ∈ {1, . . . ,m} | cl = 0} , (13)

Hn+1 = {l = {1, . . . ,m} | Mn+1(l) = 0} . (14)

Since Mn+1(l) in (12) is the subvector of βn+1 corresponding to cl, we have Mn+1(l) =
0 ⇐⇒ (cl)n+1 = 0. Before presenting the main results, we need the following assump-
tions.

Assumption 3. {1, g1(x), . . . , gm(x)} is linearly independent over some interval [a, b].

Assumption 4. Polynomial A(z) = 1−a1z− . . .−apz
p is stable, i. e., |A(z)| ≠ 0,∀|z| ≤

1 and b21 + . . .+ b2q > 0.

Assumption 5. {uk}k≥1 is an i.i.d. sequence with density p(x) which is positive and

continuous on [a, b] and 0 < Eg2j (uk) < ∞, j = 1, . . . ,m. Further, {uk}k≥1 and {wk}k≥1

are mutually independent.

Remark 5. Assumptions 3 – 5 are essential to ensure convergence of parameter esti-
mates in the Hammerstein system, as described in detail in [23]. Assumption 5 is
typically satisfied in feedforward identification setups. In feedback systems, where u(t)
may depend on past noise values, this assumption may not hold.

Lemma 2. (Zhao [23]) If Assumptions 1 and 3 – 5 hold, then for the maximal and
minimal eigenvalues of

∑n
k=1 φkφ

T
k , the following inequalities

C1n ≤Rn ≤ C2n, a.s. (15)
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C3n ≤λn
min ≤ C4n, a.s. (16)

hold for some 0 < C1 < C2, 0 < C3 < C4. Further, the LS estimate θn+1 has the
following convergence speed,

∥θn+1 − θ∥ = O

(√
log n

n

)
a.s.

Proposition 1. Set αn = { logn
n }ϵ for any fixed ϵ ∈

(
0, 1

2

)
. If Assumptions 1 and 3 – 5

hold for Hammerstein system (9) – (10), then there exists an ω-set Ω0 with P {Ω0} = 1
such that for any ω ∈ Ω0,

HN+1 = H∗ ∀N ≥ N0(ω)

holds for N0(ω) being an positive integer, i. e., the effective basis functions in {gj(·)}mj=1
can be correctly identified.

P r o o f . By (15) – (16) and noticing αn = { logn
n }ϵ, ϵ ∈

(
0, 1

2

)
, we can verify that As-

sumptions 1 – 2 hold for the regression model composed of (9) – (10), thus, the desired
results followed by Theorem 2 directly. □

To give a specific selection method of the positive integer N0(ω), we need the following
assumption.

Assumption 6. |θ(i)| > C5 > 0 for i = 1, . . . , d.

Remark 6. This assumption is necessary and natural, and if |θ(i)| > C5 i = 1, . . . , d is
very close to 0, the required constant N0(ω) is inevitably going to be very large.

Without loss of generality, set the threshold value αn in the form of αn = M
(

Rn

λn
min

)ϵ
with M > 0 and 0 < ϵ < 1

2 .

Theorem 3. Under Assumptions 1 – 6, there exists an ω-set Ω0 with P {Ω0} = 1 such
that for any ω ∈ Ω0,

HN+1 = H∗ ∀N > N0 (17)

holds, where

N0 =max

{
47

C2
,
2k1
C3

log

(
C2k1
C3

)
,
2k2
C3

log

(
C2k2
C3

)}
,

k1 =

(√
C0

M

) 2
1−2ϵ

, k2 =

(
2M

C5

) 1
ϵ

. (18)

The proof of this theorem is technical and lengthy; to maintain the flow of the pre-
sentation, we have deferred it to Appendix.

In Theorem 3, the constant N0 is corresponding to k1 and k2. To quickly identify
the position of the zero elements, we need to make max{k1, k2} as small as possible.
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Clearly, for fixed ϵ, k1 decreases as M increases, while k2 increases as M increases. A
straightforward calculation shows that

max{k1, k2} ≥ k1 ≥ 4C0

C2
5

, if M ≤ 22ϵ−1Cϵ
0C

1−2ϵ
5 ,

max{k1, k2} ≥ k2 ≥ 4C0

C2
5

, if M ≥ 22ϵ−1Cϵ
0C

1−2ϵ
5 .

(19)

Thus the lower bound of max{k1, k2} is 4C0C
−2
5 , which motivates the following corollary.

Corollary 2. Under conditions of Theorem 3, with M = 22ϵ−1Cϵ
0C

1−2ϵ
5 , we have

HN+1 = H∗, ∀N > max

{
47

C2
,
8C0

C3C2
5

log

(
4C2C0

C3C2
5

)}
. (20)

P r o o f . The proof is a combination of (19) and Theorem 3. □

Remark 7. Noticing that M ≜ [b1 . . . bq]
T [ c1 . . . cm

]
, we can further infer the

estimates for the nonzero elements in {bi, i = 1, . . . , q} and {dl, l = 1, . . . ,m} by using a
singular value decomposition (SVD) algorithm to MN+1 defined by (12), see Chaoui et
al. (2005) for more details.

5. SIMULATION RESULTS

In this section, we provide an example to illustrate the performance of the novel sparse
identification algorithm (i. e., Algorithm 1) proposed in this paper.

Example 1. Consider a discrete-time stochastic regression model (1) with the dimen-
sion r = 10. The noise sequence {wk+1}, k ≥ 0 in (1) is independent and identically
distributed with wk+1 ∼ N (0, 0.1) (Gaussian distribution with zero mean and variance
0.1). Let the regression vector φk ∈ Rr(k ≥ 1) be generated by the following state space
model,

xk = Axk−1 + εk,

φk = Bkxk,

where xk ∈ Rr is the state of the above system with x0 = [1, . . . , 1︸ ︷︷ ︸
r

]T , the matrices A,Bk

and vector εk are chosen according to the following way,

Ak = diag{1.01, . . . , 1.01︸ ︷︷ ︸
r

},

Bk = {bk,ij} ∈ Rr×r with bk,ij ∼ N (0, 1),
εk = {εk,i} ∈ Rr with εk,i ∼ N (0, 1).

The true value of the unknown parameter is

θ = [θ(1), θ(2), θ(3), θ(4), θ(5), θ(6), θ(7), θ(8), θ(9), θ(10)]
T

= [0.8, 1.6,−0.3, 0.05, 0, 0, 0, 0, 0, 0]
T
.
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We take αn = 0.1
(

logRn

λn
min

) 1
4

for Algorithm 1, λn = n0.75 for LASSO (see [22]), and

λn = (λn
min)

0.75 for the algorithm proposed by [24]. Ten simulations are performed.
Figure 1 shows the estimate sequences

{θn(1), θn(2), . . . , θn(10)}600n=1

generated by least squares, LASSO, the algorithm proposed by [24] and Algorithm 1
from one of the simulations. Table 2 compares the averaged estimates from the ten
simulations generated by these methods for θ(5), θ(6), θ(7), θ(8), θ(9), θ(10), with differ-
ent data length n. We adopt the Python CVX tools (http://cvxopt.org/) to solve the
convex optimization in LASSO ([22]) and the algorithm proposed by [24].

From Figure 1 and Table 2, we can find that, compared with the least squares es-
timates, the LASSO ([22]), the algorithm proposed by [24] and Algorithm 1 generate
sparser and more accurate estimates for the system parameters, naturally, give us valu-
able information in inferring the zero and nonzero elements in the unknown parameters.
Moreover, compared with LASSO ([22]) and the algorithm proposed by [24], Algorithm 1
does not solve the additional optimization problem. Thus it can avoid many unnecessary
numerical errors and make the estimates of true zeros exactly zero.

Fig. 1. Estimate sequences in example 1.

Example 2. Consider the Hammerstein system,

yk+1 + a1yk + a2yk−1 = b1f(uk) + b2f(uk−1) + wk+1,

where a1 = −1.5, a2 = 0.56, b1 = 1, b2 = −2 and f(u) =
∑4

j=1 dju
j is a 4th polynomial

with d1 = 1, d3 = 0.2 and d2 = d4 = 0. Denote

θ = [−a1, −a2, (b1d1), . . . , (b1d4), (b2d1), . . . , (b2d4)]
T
,

φk =
[
yk, yk−1, uk, . . . , u4

k, uk−1, . . . , u4
k−1

]T
.
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N=100 N=200 N=300 N=400 N=500

Estimates for θ(5)
By Algorithm 1 0 0 0 0 0
By least squares 2.0754×10−4 1.1548×10−4 2.6044×10−5 7.4872×10−6 5.4098×10−6

By LASSO 1.5651×10−5 1.1055×10−5 2.6356×10−6 7.3534×10−7 5.4774×10−7

By method in [24] 1.1805×10−12 1.2767×10−17 1.0867×10−18 2.1817×10−20 1.2387×10−21

Estimates for θ(6)
By Algorithm 1 0 0 0 0 0
By least squares 1.7753×10−4 3.6510×10−5 4.7818×10−6 5.8922×10−6 1.2250×10−6

By LASSO 1.2038×10−5 2.9274×10−6 4.0088×10−7 5.9536×10−7 1.2497×10−7

By method in [24] 7.2487×10−12 8.0211×10−18 2.8565×10−18 2.3326×10−20 3.0134×10−22

Estimates for θ(7)
By Algorithm 1 0 0 0 0 0
By least squares 7.1995×10−4 4.6556×10−5 2.1246×10−5 9.3689×10−6 2.1212×10−6

By LASSO 6.4569×10−5 3.7443×10−6 2.1639×10−6 9.4968×10−7 2.1478×10−7

By method in [24] 7.9009×10−12 2.0456×10−18 7.1981×10−19 2.6872×10−20 1.4004×10−21

Estimates for θ(8)
By Algorithm 1 0 0 0 0 0
By least squares 6.2161×10−4 3.2298×10−5 1.3463×10−5 1.2123×10−5 1.7761×10−6

By LASSO 5.4481×10−5 2.7948×10−6 1.2180×10−6 1.2338×10−6 1.7343×10−7

By method in [24] 3.3657×10−12 3.4547×10−18 2.5375×10−19 1.6296×10−20 8.1807×10−22

Estimates for θ(9)
By Algorithm 1 0 0 0 0 0
By least squares 1.6405×10−4 4.8687×10−5 1.7557×10−5 1.2013×10−5 2.1303×10−6

By LASSO 1.5557×10−5 3.9550×10−6 1.7270×10−6 1.1999×10−6 2.1130×10−7

By method in [24] 4.8125×10−12 4.7665×10−18 7.8394×10−19 1.5668×10−20 4.5756×10−22

Estimates for θ(10)
By Algorithm 1 0 0 0 0 0
By least squares 3.4718×10−4 4.6033×10−5 1.8614×10−5 3.5427×10−6 1.6878×10−6

By LASSO 2.8112×10−5 3.6159×10−6 1.7057×10−6 3.5963×10−7 1.8325×10−7

By method in [24] 3.7684×10−12 4.4883×10−18 9.8752×10−19 5.9050×10−20 2.8450×10−21

Tab. 2. Averaged estimates by our method, least squares and

LASSO from ten simulations in example 1.

It is to directly verify that the Hammerstein system can be formulated by yk+1 =
θTφk + wk+1 and the following equality takes place[

a1 b1d1 b1d2 b1d3 b1d4
a2 b2d1 b2d2 b2d3 b2d4

]
=

[
−1.5 1 0 0.2 0
0.56 −2 0 −0.4 0

]
.

For identification of the Hammerstein system, we select the input {uk} as an i.i.d.
sequence that is uniformly distributed over [−5, 5]. We assume that the noise se-
quence {wk} is i.i.d. with Gaussian distribution N (0, 1) and independent of {uk}.

Figure 2 shows the estimate sequences

{a1, a2, b1d1, . . . , b1d4, b2d1, . . . , b2d4}600n=1

generated by least squares, LASSO with λn = n0.75, the algorithm proposed by [24] with

λn = (λn
min)

0.75 and Algorithm 1 with αn = 0.1
(

logRn

λn
min

) 1
4

from one simulation. The

results presented in Figure 2 further validate the superiority of our algorithm.
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Fig. 2. Estimate sequences in example 2.

To evaluate the efficiency of Algorithm 1 in identifying zero elements within the
Hammerstein system, we define the precise identification step, denoted byN . That is, for
iterations after N , the estimates for parameters a1, a2, b1d1, b1d3, b2d1, b2d3 are non-zero,
while the estimates for b1d2, b1d4, b2d2, b2d4 are strictly zero. Table 3 presents the average
number of iteration step N required for exact identification across 50 independent trials
under different values of αn.

As shown in Table 3, selecting an appropriately sized αn is crucial for the algorithm
to achieve precise identification rapidly. An excessively large αn may lead to over-
sparsification, incorrectly forcing true non-zero parameters to zero. Conversely, if αn is
too small, the sparsity-promoting effect is weakened, resulting in a slower convergence
of the true zero parameters to their exact values.

6. CONCLUSION

In this paper, the identification of sparse unknown parameters in stochastic regression
models is studied. We proposed an efficient algorithm for generating sparse estimates
without any penalty terms. Under the weakest non-persistent excited condition, we
proved that the set of zero elements in the unknown sparse parameter vector could be
correctly identified in finite observations, and the non-zero elements almost surely con-
verge to the true values. For the Hammerstein system, we give the determined number
of finite observations. Some meaningful problems deserve further consideration, e. g.,
the application of the proposed algorithm to identify time-varying unknown sparse pa-
rameters. The distributed algorithm to estimate the unknown parameter using local
measurement, the adaptive control by using the estimation algorithm based on the sam-
pled data, and the continuing execution of the algorithm when the set of zero elements
is identified in finite observations, i. e., the influence of the initial value on the algorithm.
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The value of αn Average precise identification step N

0.1
(

logRn

λn
min

) 1
4

171.76

0.2
(

logRn

λn
min

) 1
4

34.06

0.3
(

logRn

λn
min

) 1
4

76.64

0.5
(

logRn

λn
min

) 1
4

221.78

0.5
(

logRn

λn
min

) 1
4

539.76

0.1
(

logRn

λn
min

) 1
3

305.18

0.2
(

logRn

λn
min

) 1
3

42.54

0.3
(

logRn

λn
min

) 1
3

56.36

0.4
(

logRn

λn
min

) 1
3

117.56

0.5
(

logRn

λn
min

) 1
3

222.56

Tab. 3. The average precise identification step N for Algorithm 1

from 50 simulations under different αn.

7. APPENDIX

Proof of Theorem 3.

P r o o f . From the proof of Theorem 2 we know that, the following two formulas are
sufficient conditions for HN+1 = H∗:

|θN+1(i)− θ(i)|+ αN+1 < |θ(i)|, i ∈ {1, . . . , d}, (21)

|θN+1(i)| < αN+1, i ∈ {d+ 1, . . . , r}. (22)

Thus, if we can verify (21) and (22) under the above N , then the desired result (17) is
true naturally. We first provide an inequality as follows,

logN

N
<

1

t
, ∀N > max{47, 2t log t}, t > 0.

In fact, for 0 < t < 10, we have

logN

N
<

log 47

47
<

1

10
<

1

t
.
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For t ≥ 10, we have

logN

N
<

log t+ log 2 + log log t

2t log t
<

2 log t

2t log t
=

1

t
.

On one hand, by (17) and (18) we have

C2N > max

{
47,

2C2k1
C3

log

(
C2k1
C3

)}
,

thus log(C2N)
C2N

< C3

C2

(
M√
C0

) 2
1−2ϵ

, that is log(C2N)
C3N

<
(

M√
C0

) 2
1−2ϵ

.

Now by Lemma 1 and (15) as well as (16) we have

|θN+1(i)− θ(i)|
αN+1

≤
√
C0

M

(
log(C2N)

C3N

) 1
2−ϵ

<

√
C0

M

(
M√
C0

) 1−2ϵ
1−2ϵ

= 1.

(23)

Thus (22) is satisfied by the fact that θ(i) = 0 for i = d+ 1, . . . , r. On the other hand,
by

C2N > max{47, 2C2k2
C3

log

(
C2k2
C3

)
},

we have log(C2N)
C3N

<
(

C5

2M

) 1
ϵ . Then by (15) we have,

2αN+1 ≤ 2M

(
log(C2N)

C3N

)ϵ

< 2M

(
C5

2M

) ϵ
ϵ

= C5.

(24)

(21) is satisfied by combining (23) and (24). This completes the proof of the theorem.
□

(Received March 24, 2025)
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