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This paper develops a game-theoretic framework for analyzing stochastic differential de-
layed equations (SDDEs) in time-inconsistent control problems. By extending the Bellman
equation to a system of nonlinear equations, the framework identifies subgame-perfect Nash
equilibrium strategies for delayed processes with functional objectives. The approach accounts
for the challenges introduced by delays and time inconsistency, providing a robust method
for deriving equilibrium strategies. To illustrate its applicability, the framework is applied
to a mean-variance portfolio selection problem with state-dependent risk aversion and delay,
demonstrating how past decisions influence current outcomes. This work advances the theoret-
ical understanding of SDDEs and offers practical insights for applications in finance and related
fields.
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1. INTRODUCTION

Over the past two decades, significant attention has been devoted to stochastic control
problems with delays, highlighting their applications in fields such as life sciences, en-
gineering, and financial mathematics. Researchers including [7], [8] [9, 12} 16}, 17, 18, 22]
have made notable contributions in this area. Stochastic models with delays, commonly
referred to as stochastic differential delay equations (SDDEs), account for phenomena
dependent on historical states, where the system’s current behavior at time ¢ depends
on both the present and a finite portion of its past. For instance, Chang et al. [6],
considered a portfolio management problem of Merton’s type, incorporating a risky as-
set return linked to the return history. Employing the dynamic programming approach,
they derived an explicit solution for the CRRA utility case. Shi [22] extended this work
to a recursive utility framework.

The exploration of the mean-variance portfolio problem with delays remains relatively
scarce in existing research. In [§], David was among the first to examine the optimal in-
vestment problem within a jump-diffusion delayed system, focusing on a single-objective
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mean-variance framework. By applying a sufficient maximum principle to the quadratic
loss minimization problem inherent to this framework, an optimal investment strategy
was derived in closed-loop form. Later, Shen et al. [23] formulated two distinct sufficient
maximum principles for stochastic optimal control problems featuring delay and mean-
field terms. Through the application of their second principle to the mean-variance
portfolio problem with delay, they were able to identify efficient portfolios and com-
pute efficient frontiers, relying on solutions to two linear ordinary differential equation
systems. In a related study, Shen and Zeng [24] addressed an optimal investment and
reinsurance problem for insurers under the mean-variance criterion while accounting for
delay.

To address time inconsistency in control problems, the game-theoretic perspective,
which focuses on Nash equilibrium strategies, has been widely utilized. This approach
becomes particularly relevant when the discount function diverges from the exponential
form, leading to a loss of time-consistency in utility models. Such models no longer sat-
isfy Bellman’s optimality principle, rendering the conventional dynamic programming
method unsuitable. In response to this challenge, two principal methods have been pro-
posed to manage time inconsistency in utility models with non-exponential discounting.
The first method considers agents referred to as “naive,” who make decisions without
anticipating how their preferences might change in the future. At a given time ¢ € [0, T,
the naive agent treats the problem as a standard optimal control problem with the initial
condition X (t) = x. When this agent solves the problem at ¢ = 0, the solution is known
as the pre-commitment strategy, which remains optimal provided the agent can fully
commit to the planned strategy at ¢t = 0.

The second approach involves formulating a time-inconsistent decision problem as a
non-cooperative game among different instances of the decision maker at various points
in time. Nash equilibrium strategies are then considered to define a new concept of
solution for the original problem. Strotz, as referenced in [26], was the first to propose a
game-theoretic formulation to address dynamic time-inconsistent optimal decision prob-
lems, specifically focusing on the deterministic Ramsey problem, as mentioned in [21].
By introducing the concept of non-commitment and allowing for an infinitesimally small
commitment period, Strotz provided a primitive notion of Nash equilibrium strategy.
Subsequent research along this line, in both continuous and discrete time, has been
conducted by Pollak [20], Phelps and Pollak [19].

Continuing with the game-theoretic approach, Ekland and Lazrak [I0] and Marin-
Solano and Navas [27] addressed the optimal consumption problem in a deterministic
framework where the utility function incorporates a non-exponential discount function.
They characterized equilibrium strategies using a value function that must satisfy an
“extended HJB equation,” a nonlinear differential equation with a non-local term de-
pendent on the global behavior of the solution. In this situation, each decision at time ¢
is made by a t—agent, representing the controller’s incarnation at that time, referred to
as a “sophisticated t—agent” in [27]. Bjork and Murgoci, as referenced in [3], extend this
idea to the stochastic setting, where the controlled dynamics are driven by a general class
of Markov processes and a general objective function. Yong, in [29], studied a class of
time-inconsistent deterministic linear quadratic models by discretizing time and deriving
equilibrium controls via a class of Riccati-Volterra equations. In [30], Yong investigated
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a general time-inconsistent stochastic optimal control problem with discounting, also by
discretizing time, and characterized a feedback time-consistent Nash equilibrium control
using the “equilibrium HJB equation”.

Numerical methods for solving stochastic control problems with delays have been a
topic of extensive research due to their complexity and broad applicability in finance,
engineering, and other disciplines. The presence of delays introduces significant chal-
lenges, as the system dynamics depend not only on the current state but also on historical
states. Classical approaches, such as those detailed in Kushner [I5], leverage numerical
schemes specifically designed for controlled stochastic delay systems, providing a robust
foundation for addressing such problems. These methods often extend finite difference
schemes and dynamic programming principles to account for the delayed dynamics, al-
beit with increased computational demands in higher dimensions. Recent advancements
include the application of machine learning-based techniques; in particular [14] shows
how recurrent neural networks such as LSTM offer a more effective alternative to classi-
cal numerical schemes for handling delayed dynamics. Applied to examples like portfolio
optimization, this approach outperforms traditional methods by naturally capturing past
dependence and improving efficiency.

In contrast to Bjork et al. [4], we extend the state-dependent risk aversion mean-
variance optimization problem to account for delays, where the system state is governed
by a stochastic delay differential equation. Our primary focus is the terminal state,
X(T) + wY (T), which includes state-dependent risk aversion. Using stochastic control
theory with delays, we derive extended Hamilton-Jacobi-Bellman (HJB) equations.

However, solving the mean-variance optimization problem with state-dependent risk
aversion explicitly proves challenging. This requires constructing an exponential mar-
tingale process related to wealth evolution. Since the wealth process is governed by a
stochastic delay differential equation, the approach in Bjork et al. [4] is not directly
applicable. As a solution, we transform the wealth process X (¢) into a combinatorial
wealth dynamic X (¢) + @Y (t), which is described by a stochastic differential equation.
We then construct the exponential martingale over X (¢) + @Y (¢) and seek the optimal
strategy based on historical performance.

To our knowledge, no existing literature addresses the optimal time-consistent (Nash
equilibrium) problem with delay under a general utility function. This paper fills that
gap by exploring time-consistent solutions for systems with delay and state-dependent
risk aversion. The framework we introduce builds on the work of Bjork et al. [3], making
it applicable to a variety of practical situations. By formulating the problem within a
game-theoretic framework, we establish sufficient conditions for Nash equilibrium strate-
gies in the context of the extended HJB equation. In Part 2 of this paper, we present
the mean-variance investment problem with delays and state-dependent risk aversion,
solve the extended HJB equations with delay, and derive the explicit expression for the
optimal time-consistent investment strategy, along with the corresponding equilibrium
value functions.

Notations In this work, we use the following notations:

e C([t,T]; R) : the space of continuously functions f : [¢,T] — R.
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e C,»1([0,T] x R?) : the space of continuously differentiable functions f : [0,T] x
R? — R such that the partial derivatives fi, fu, foz, fy satisfy a polynomial
growth condition, meaning that there exist constants C' > 0 and m € N such that

(et 2, )| + | fe (2, 9) |+ [ faw (8 2, 9) | + [ fy (8 2, 9) ] < O+ [2™ + [y]™),
for all (¢,z,y) € [0,T] x R2.

o Cp2bL2L([0,T] x R? x [0, T] x R?) : the space of continuously differentiable func-
tions f : [0,T] x R? x [0,7] x R?> — R such that the partial derivatives f;, f,
faexs fys fsr for [z, fu satisfy a polynomial growth condition, i.e., there exist
constants C' > 0 and m € N such that, for x = f, fs, fz, fozs fy, [z, 22 and foy,
we have

IX(t @y, 8, 2,w)] < C(LA+ [x[™ + [y[™ + |2[™ + [w|™),

for all (¢,s,2,y,2z,w) € [0,T)* x R%.

2. THE MODEL AND PROBLEM FORMULATIONS

We consider a filtered, complete probability space (€2, F, (F¢)¢e[o,7], P) supporting a one-
dimensional standard Brownian motion W, where (F):co,7] is the natural filtration of
W, augmented by all P-null sets. The terminal filtration satisfies Fr = F, and the
time horizon is finite with 7" > 0. This provides the probabilistic setting in which all
processes are defined. ~

Given a closed subset U C R, let b: [0,T] x R* - R, b:[0,7] x R? x U — R and
o :[0,T] x R? x U — R be deterministic functions. These functions specify the drift
and volatility of the system under control.

We study the controlled stochastic delay differential equation (SDDE)

dX¢(s) = (b(s,Xf(s),Yf(s),Zﬁ(s)) +g(s,X£(s),Y5(8),W(s)))ds
+ (s, X5(s), YE(s), 7(s))dW(s), (2.1)

for s € [0, T}, with initial condition X¢(s) = &(s) for s € [—6,0]. Here, m: [0,T] xQ — U
is the control process, ¢ is the initial path, Y¢(s) = fis eMXE(s+ 7)dr, and Z8(s) =
X¢(s — &) are functionals of the path segment {X®(s+ 7)},¢[—s,0. Thus, the dynamics
of the state variable X¢ depend not only on its current value but also on past values,
reflecting the presence of delay. The parameter A € R is an averaging parameter, and
0 > 0 represents a fixed delay.

To evaluate the performance of a control process m, we introduce the payoff functional:

J(t,§,m) = Epg /tT O(t,5,X(5),Y*(s),m(s)) ds + L(t, &, X*(T) + wY*(T))

+ (1€ By g [XS(T) + @V (1)), (2.2)

where E; ¢[-] denote conditional expectation, given the initial path {. The deterministic
functions C': [0, T? xR2xU — R, L:[0,T] x R? - R, and ¥ : [0,T] x R? — R capture
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the economic objectives of the system. The parameter w € R balances the contributions
of X&(T) and Y¢(T) to the payoff. Hence, the performance criterion combines both the
terminal wealth and its delayed component.

All the terms in the payoff functional (2.2) are unconventional. Specifically, the first
two terms, are initial time-dependent and can be motivated by the non-exponential
discounted utility functions commonly used in economics. However, the last term, W,
can be motivated by the variance term in a mean—variance portfolio problem with a
delay model. This structure illustrates how delay and time-dependent preferences are
jointly embedded in the optimization problem.

With the choice of this functional, time inconsistency arises at two distinct points:

1. The present time ¢ appears explicitly in the local utility function C', as well as in
the functions L and ¥. Consequently, the utility function evolves with time. At time
t € [0, T, the utility function is given by L(t,&, X¢(T) + wY*(T)), which is maximized
as a function of X¢(T) + wY*(T). However, at a later time ¢t + h (h > 0), the utility
function becomes L(t + h,&(t + h), XS(T) + wY$(T)). This dynamic evolution of the
utility function leads to time inconsistency.

2. The term W(t, &, By ¢[X5(T) +wY$(T)]) introduces a nonlinear dependence on the
conditional expectation. This results in the failure of the iterated-expectations property.
Consequently, the Bellman optimality principle does not hold, further reinforcing the
time inconsistency of the problem.

The dual appearance of time inconsistency in this framework, through the evolving
utility function and the nonlinear conditional expectation term, highlights the challenges
inherent in addressing such problems within the standard stochastic control framework.

Definition 2.1. (Admissible Control) An admissible control = over [t,T] is a U-
valued measurable (Fs), ¢, ) adapted process such that: For each initial state (t,¢) the
SDDE (2.1) admits unique strong solution, with

E; ¢ /tT C (t, s, X¢ (s), Yy (s),nm (s)) ds+ L (t,{,X5 (T)+ wY? (T)) <oo, (2.3)

U (& Ee [XE(T) + @Y (T)]) < o0

This ensures that the performance functional is well-defined and finite for every ad-
missible strategy. In the rest of this paper we denote by U [t, T'] the set of all admissible
control over [t, T].

Let (¢,€) € [0, T] x C([-9,0];R) be a given initial pair, where £ represents the initial
path of the state process over the delay interval [—4, 0]. Following the approach in [16],
we assume that the objective functional depends on & only through the following two
quantities: z = £(0), y= f_oé e ¢(T) dr. Here, o represents the current state, and v is
a weighted integral of the delayed states. This reduction from the entire path £ to two
sufficient statistics (x,y) transforms the problem into a finite-dimensional one, making
it mathematically more tractable.
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For any admissible control = € U[t, T], we define
J(t,€,m) = J(t, 2y, 7)

T
=Etzy / C(t,s, X"(s),Y"¥(s),m(s)) ds +L (t,2,y, X"(T) + w¥Y*¥(T))
t

Ut 2y, Begy (XPV(T) + wY ™9 (T))).
(2.4)

where E; , ,[-] := E[- | X(t) = ,Y(t) = y]. Thus, the performance functional can now
be expressed entirely in terms of the reduced state variables (z,y), conditional on their
initial values.

We can now formulate the stochastic optimal control problem as follows

Problem (N). Given (t,&) € [0,7] x R?, find # € U[t, T] such that

J(t,&,7) = i J(t,&, ).

This states that the goal is to select an admissible control strategy 7 that minimizes
the objective functional (2.3), given the initial condition (¢,¢) € [0,7] x R2.

Remark 2.2. For a given initial state (¢,£), where £ is the general full initial path
in C([-4,0];R), any admissible strategy 7 satisfying (2.4) is called a pre-commitment
optimal solution to Problem (N) at (¢,£). Without the reduction to (x,y), the problem
would be infinite-dimensional, since the objective functional could depend on the entire
initial path € in a complicated way. The above assumption makes the problem finite-
dimensional and therefore more tractable.

The above assumption therefore plays a crucial role in simplifying the model: it
reduces the dimensionality of the problem while retaining the key effects of delay.

3. TIME INCONSISTENCY AND FEEDBACK EQUILIBRIUMS

The dynamic optimization problem (2.4) demonstrates time inconsistency due to the
non-linear dependence of the objective functional J on the combined terminal wealth
and average performance. Given the importance of time consistency in rational decision-
making, this study aims to characterize the optimal time-consistent solution, referred to
as the equilibrium to Problem (N). To achieve this, we adopt an approach inspired by the
extended Hamilton-Jacobi-Bellman (HJB) framework introduced by Bjork et al. [3].
While their work considers state variables governed by general stochastic differential
equations without delay, our problem incorporates past dependence, necessitating an
adaptation of their equilibrium definition and extended HJB equations. A key step in
this process involves defining feedback equilibriums by introducing the class of admissible
feedback controls, also known as control laws in [3].
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Definition 3.1. (Feedback Strategy) An admissible feedback strategy is a map = :
[0,T] x R? — U such that, for any (t,£) € [0,T] x C ([-6,0];R), the SDDE
dX¢(s) ={b(s,X%(s), YE(),ZE(S))
+b(s XE(5),YE ()7 (5, XE (), V¥ (5)))  ds
(s X&( ) () 7 (5, X% (s), Y5 (s)))dW(s), s €[0,T],
£(0 0

" (3.1)
)= =y=[se\E(r) dr,

X (0)
has a unique strong solution denoted by X¢.

We denote by U [0, T] the set of all admissible feedback control. In addition, we will
sometimes use the notations 7 () instead of 7 (¢, z,y) and X instead of X¢.

Remark 3.2. It’s crucial to note that our assumption entails that the feedback controls
are independent of z. This assumption can be broadly understood through the repre-
sentation (2.3), which stipulates that the objective function J is solely dependent on x
and y. This simplification reflects the fact that the reduced state representation (z,y)
already captures the relevant impact of delay.

We refer the readers to [3] and [11] for the the intuition behind the following definition.

Definition 3.3. (Feedback Equilibrium) An admissible feedback control 7 € U [0, T
is an equilibrium control if the following condition holds

1
liﬁ)linf —{J(t,z,y;7) — J (t,z,y;7)} >0, (3.2)
€ €

where for any € € [0,T — ],

; _ [ m(s,z,y) for (s,z,y) € [t,t+¢] xR,
™ (5,2,9) = { 7 (s,x,y) for (s,z,y) €]0,t{U]t + ¢ T[ x R2. (3.3)

The deterministic function W : [0, 7] x R? — R,
W(tvxay) = J(t,x,y,fr) (34)
is called the equilibrium value function of the Problem (V).

Before presenting the extended HJB equations and the corresponding verification
theorem for equilibriums, we introduce the infinitesimal generator associated to our
model, see, for instance [12]. For any feedback control m € U [0, 7] the operator A™ is
defined for any ¢ € C*%1 ([0,7T] x R?) as follows

0 0 ~

Ot + 92 (1) {1y, 2) 4B (1, .m) )

0
+ g(tvx,y) {z—e 2 -y}

10%¢
T 3022

A" (t,x,y) =

(t,z,y) o (ta,y, z,7). (3.5)
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The operator A™ plays the role of the infinitesimal generator of the controlled process,
and will be central in deriving the extended HJB system. Inspired from [3], we formulate
the extended HJB equations as follows, V (¢, z,y) € [0,T] x R?, we have

sup {A™W (t,z,y) + C (t,t,z,y,7) — AL (t, 2, y,t,2,y) + ATIHY (¢, 2, y)
ﬂEM[O,T] (36)
ATV o (t,x,y) + H™I (t,7,y)} =0,

with the boundary condition
W (T, z,y)=L(T,z,y,x+wy)+V(T,z,y,z + wy) .

Here, W represents the equilibrium value function, while the auxiliary functions ¥,
1%®Yand [ are introduced to handle time inconsistency in the problem. Note that W, 9,
1v*v e Cp21 ([0,T] x R?) and I € Cp»H 121 ([0,T] x R? x [0,T] x R?) are deterministic
functions, with 7 denotes the feedback control that attains the supremum in the W-
equation i.e. V (t,z,y) € [0,T] x R?

T (t> = arg sup {AWW (tv T, y) +C (tv L, y,m (t)) — A"l (t, z,Y,t,, y)
TeU[0,T] (37)
+ATIEY (o, y) —ATW o) (tx,y) + H™ (t,z,y)} .

Thus, the equilibrium control 7 is defined as the maximizer of the extended HJB
expression, ensuring consistency of the strategy over time. We then have the following
auxiliary characterizations

1. For any fixed s, 1 and y; the function [%*1-¥1 is defined as the solution of

AFIBmov (t2,y) 4+ C (s, t,2,y,7) =0, 0 <t < T,

[5¥9 (T, y) = L(s, 21, Y1, + @y). (38)

This auxiliary function [%*1¥1 encodes the dependence of future costs on the initial
state (s,21,y1) -

2. The function 1 is defined as the solution of

A®9 (t,2,y) =0, 0<t < T,

Note that 9 acts as a propagator for the terminal state, carrying information about
future values back to earlier times.

3. We have used the notation

v(t 5, yaxhyl) € [07T]2 X R47
(t,z,y) € [0,T] x R?,

, v
) AT (t,@,y), Y (t,2,y) € [0,T] x R?,

l(t x,Y,Ss, xlayl) =57 (t x y)y
Vod(t,z,y) =V (t,2,y,9( z,y))
V
H™Y (t,x,y) = 819(

ta,y, 9 (t,z,y)
Uy (42,0 (t2,1)) = Zf;(my, (t,

t,z,y)), Y (t,z,y) € [0,T] x R%
(3.10)
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4. EXTENDED HJB EQUATIONS AND VERIFICATION THEOREM

Theorem 4.1. Assume that there exists the functions W, [®*1:%1 [ and 9 which have
the followig properties

1. W, [>*¥% [ and ¢ do not depend on z.
2. W, [#*1¥1 and ¥ solve the extended HJB system (3.6) — (3.9).
3. W, ismev 9 e C21 ([0,T] x R?) and I € Cp2h121([0,T] x R? x [0,T] x R?).

In addition, let # be an admissible feedback control, i.e. # € U [0, T'], which realizes
the supremum in the W-equation. Then, 7 is a feedback equilibrium control and
W is the corresponding equilibrium value function, i.e.

W (t,2,y)
T . . . N .
= Epay [ C (45, X (5),Y (5),7(5)) ds + L (L, X (T) + =¥ (1))
T (t, 2,9, Eeay [X (T) + ¥ (T)D .
(4.1)
Furthermore [**2¥1and 9 has the following probabilistic representations for 0 <

t<T

s (4, 5.) = Eeny /ST C (5,7, X (1), (), 7 (X (), (1)) dr

+L (s,xl,yle (T) + =Y (T)ﬂ ’

9 (t,y) = Bray | X (T) + @V (T)} . (4.2)

From this, it follows that
w (ta x, y) =1 (tv x,Y, tv x, y) + v (t, z,Y, 19 (t7 x, y)) . (43)
Proof. Following the approach in [3], we first demonstrate that W, [, [%¥1:¥1 and
¥ satisfy the Feynman-Kac representation and that W corresponds to the equilibrium
value function associated with the strategy @, i.e., W(t,z,y) = J (¢, x,y; 7). Subse-
quently, we prove that 7 constitutes a feedback equilibrium control. To establish the

interpretation of ¥ given in (4.2), we apply Itd6’s formula (see e.g. [12]) to the process
k= 9k, X (k),Y (k) we get

o (n, X (x),Y (n))
= A%y (K,Xm),f/(ﬁ)) dr + %z (H,X(H) ,fv(m)) a( (K),Y(K),fr(n)) AW (k).

K, X
From (3.9), it follows that the process ¥ (Ii, X (r),Y (n)) is a martingale. Using the

boundary conditions for ¢, we deduce that

9 (t2,y) = By [X (T) + @V (T)} . (4.4)
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Now applying Ité formula to x — %191 (H, X (k) Y (/i)) , we obtain that

dl5®v (,{7 X (Ii) 7? (H))

= AT[5Tun (H,X (K),Y (Iﬁ:)) dr

ol3%T1:Y1 .

(R X (1), X () () o (5. X (1), (1) 7 () DV ().

Using (3.8) it follows that

+

ds=m (,@,X(H),Y(m)) - (s K, X (k),V (5), 2 () ,ﬁ(ﬂ)) dr

oOl5-*1,Y1

(X 0.V (1) o (5, X (1), Y (1), 7 (1)) WV ().

From the boundary conditions for [®*1-%1 we obtain the following representation

+

l5,w1,y1 (t7 x, y)

=Eiq, /STC(s,H,X(H),Y(H),Z(H),fr(n)) di+L (s,xl,yl,X(T) oYV (T))

To show that W (¢,z,y) = J (¢, z,y; T), we use the equation (3.6) to obtain
AW (t,x,y) + C (t,t,x,y, %) — ATL(E @y, b2, y) + ATIDDY (8 ,y)

—AF (0 0) (t,2,4) + HO (t,2,9) =0, o)
By using (3.8) and (3.9) the equation (4.5) takes the form
AW (t,x,y) — A%L(t, 2,9, t, 2, y) — AT (W o) (t,2,y) = 0. (4.6)

We now apply Ito’s formula to the process W (IQ,X (k) ,Y/(n)) Integrating and

/tT A*W (F;,X (k),Y (/»4;)) dli] .

taking expectations we obtain

Eiay [W (T, X (1), v (T)) } =W (t,2,9) + Eray

(4.7)
Using equation (4.6), we thus obtain
Epa [W (T.X(1), ¥ (1))] = W (t,2,)
:Et,z,yl/tT(Aﬂ ( X (5),Y ()5, X (), Y () (4.8)
FAT (W 0 0) (ﬁ, )) }
In the same way we obtain
Evey [1(T.X (1), (1), T, X (1), ¥ ()] = 1(t,2,9,t,2,) )

v (T
= Byay | [ AT ( VX (), Y(H),N,X(Ii),?(/i)) dﬁ}
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and

Bty [(q/ ) (T, X (1),v (T))] (W) (t,2,y) o)
—E,., [ftT A7 (U o) (57 X (k), Yy (/g)) dﬁ] , .

By utilizing the two equalities above and the boundary conditions for W, [ and 9 we
derive

W (t7 x’ y) = L (t’ x7y7 t’x7y) J’» \II (t7 x’ y’ 19 (t?x,y)) * (4'11)

The second part of the proof aims to highlight that 7 is indeed an equilibrium strategy.
For any admissible strategy 7, we define [™ and 9™ by

lﬂ-(tvxaya t71‘17y1) = Et,x,y[[/ (t,$1,y1,X(T) + wY (T))]’

O™(T,2,y) = Bt 4, [X(T) + @Y (T)]. (4.12)

Note that [ = [™ and ¥ = 97 for 7 = #. For any € > 0 and for any admissible strategy,
we proceed to construct an admissible strategy as given in the relevant definition. From
Lemma 3.3 in [3] applied to the points ¢t and ¢ + ¢ , we get

J(t,z,y,7)
=Eioy[J(t+eX(t+€),Y(t+€),7)]

(B [ (4 €, X+ €, Y+ )+ €, X (4 ), Y (E+ )|
~Eipy [l”e(t—i— €, X<(t + 6),Y5(t+6)7t,x,y)D
- (]Et,z,y [\If(t e, X(t+e),Y(t+e), 0™ (t+e X(t+€),Y(t+ e))]
Wt €,y By [0 (E+ € X (E+€), Y+ )] )

Tt is easy to remark that for any e € [0,T — ¢

(5, 2,9) w(s,z,y) for (s,z,y) € [t,t + ¢ x R,
T =
O T k(s,ey)  for (s,0) € [t 46, T) x B2,

and by continuity, we have X¢(t + €) = X(t +¢) and Y(t + €) = Y (¢ + €). Then, we
obtain that

Jt+e6X(t+e),Y(t+e),nm)=W({t+e,X(t+e),Y(t+e), (4.13)
and
I™ (t+e, X(t+e€),Y(t+e),t+eX(t+e),Y(t+¢))
=l(t+e,X(t+e),Y(t+e),t+eX(t+e),Y(t+e),
lﬂj (t+E’Xe(t+€)7ye(t+€)7t7x’y) :l(t+€7X(t+€)7Y(t+6)’t7x7y)’
with

D™ (t+ 6, X(t+e),Y(t+e) =0t +e X(t+¢€),Y(t+¢)).
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Consequently,

J,z,y,m) =Epy W (E+6,X(t+€),Y(t+¢))]
—(Eipy 1"t +e, X(t+e€),Y(t+e),t+e,X(t+e€),Y (t+e)]
—Eipy (" (t+6,X(t+e€),Y (t+e€),t,z,y)])
= Bty [V(t+6 X(E+6),Y (t+6€),07(t+6 X(E+e),Y (t+6))]
U (t,z,y, B gy [0 (t+€,X(t+€),Y (t+€)])).

Furthermore, from the extended HJB equation, we have that

AW (t,z,y) + C (t, t,x,y,m) — A"I(t, 2, y,t, 2, y) + ATIESY(t, 2, y)

—A™(U 0 9)(t, 2, y) + H™I(t,z,y) <0, (4.14)

which implies that

Eipy W (t+eX(t+e),Y(t+e)] —W(tz,y)
—(EtoyI" t+€6,X{E+e),Y(Et+e),t+eX(E+e),Y(t+¢)]
=t 2y, t,2,y) +Epy [T+, X(t+6€),Y(t+¢),t,x,y)]
—l(t,z,y,t,z,y)
— Bty [T (t+6,X(t+e),Y(Et+e),0" (t+e,X(t+€),Y(t+¢))]
—VU (t,z,y, 0t z,y)) + ¥ (t,2,y, B py [0 (t+ €, X(t+€),Y(t+¢))])
—U(t,x,y, 9t z,y))
< o(e).

After performing several simplifications, we arrive at

W(t,z,y) > Eiay [W(t+e X(t+€),Y(t+e))]
—Eiay "t +eX(t+e),Y(t+e),X({t+e),Y(t+e))
F+Ei "t +eX(t+e),Y(t+€),t,x,v)]
—Eipy [V (t+e,X(t+e),Y(t+€),0" (t+6 X(t+€),Y(t+€))]
+ U (t,z,y,Erpy [0 (t+e, X(t+€),Y(t+¢€))]) + o(e),
= J(t,z,y,7) + oe).

We have already established in the first part that W (¢, z,y) = J(¢, z,y, 7). So,
J(t 2,y 7) = J(t, 2, y,7) = ofe),

hence

> 0. (4.15)

hm lnf { J(t7 xﬂ y7 ﬂ—) - J(t7 x’ y? ﬂ— ) }
e—0 €

As a result, 7 is an equilibrium strategy. O
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Remark 4.2. Since the infinitesimal generators A™ and A”™ are expressed in terms of the
coefficients of the stochastic delay differential equation (3.1), which themselves depend
on the delay variable z, it follows that the coefficients of the extended Hamilton—Jacobi—
Bellman system (3.6) —(3.9) also inherit this z-dependence. Hence, in the general case,
one cannot presume that the solutions of the extended HJB system are independent of
z. The next theorem, however, establishes the necessary and sufficient conditions on the
functions b, b, o, L and ¥ that ensure the first condition in Theorem 4.1 is satisfied.

Theorem 4.3. The extended HIB system (3.6)—(3.9) possesses a solution triple W, I
and 9 that is independent of the delay variable z, if and only if the following conditions
are satisfied.

bt,z,y,2) =a(t.zy) +28(zy), (4.16)
and
ob o o
87y (t,x,y,z) =e€ 6 (t,x,y) or (tvxayaz)v (417)
b e b )
@(t7xvyaﬁ(t)) =e€ ﬂ(tvimy)%(tvxay;ﬂ-(t))a (418)
do . _ A o .
aiy (taxay7ﬂ- (t)) =e€ B(tvxay) o (t,{E,y,ﬂ' (t))a (419)
oL ov
87y(Tvxayax+wy)+?y(Tvxayax""_wy)
oL ov

= eékﬁ (t,x,y) (ax (Ta z,Y,T + wy) + 67 (Ta z,Y,Tr + Wy)) ) (420)
w =B (t,x,y) e (4.21)

Proof. Arguing as in the classical verification approach [8], the proof first establishes
the necessity of the stated conditions. Assume that W, [>*+:¥1 [ and ¢ are z-independent.
The infinitesimal generator A™ for any smooth function ¢ is

op  0¢ -~ 0¢ 2 10%
Tp=—+—(0b+b)+ —(z— - A ———0".
AT =gt bH o+ gz m Ay + o550
For A™¢ to be z-independent, the coefficient of z must vanish
2 ;00 _
Oz 0z oy
Since this must hold for arbitrary ¢, we deduce that
20 _ 50000
oy  0z0x

ob
This implies that 7 must be independent of z, leading to the affine decomposition
z

b(t,z,y,2) = at,z,y) + 2B(t, z,y).
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The z-independence condition requires

0
ﬁ — A ﬂ@7
dy ox
for any function ¢ = W, [>*1:¥1 [ and 9.
The generator A™ contains the term ?5 For A™¢ to be z-independent, b must not
:L‘ ~
introduce any new z-dependence. Applying the z-independence condition to ¢ = b
b b
— =eMp @
Jy or

This ensures that the coefficient b does not disrupt the z-independence of the gen-
2

10
erator. The diffusion term 77(;50
) o 2 0z2
independence condition to ¢ = ¢

2 must also be z-independent. Applying the z-

9o _ 5x,00
ay ¢ Paw

This guarantees that the second-order term in the generator remains z-independent.
The condition (4.20) guarantees compatibility at ¢ = T by ensuring, through the chain
rule applied to the terminal condition of the extended HJB system, that the combined
function L + ¥ satisfies the condition (4.20).

Conversely, suppose that the structural conditions (4.16)—(4.21) are in force. Recall
that the auxiliary function ¥ is governed by the Kolmogorov backward equation

A™I(t,z,y) =0, (4.22)
with terminal condition ¥(7T', x,y) = x + wy, where the generator is given by

00 o0 o 00

Differentiating (4.22) with respect to z we obtain from the decomposition (4.16) and
the fact that w = e’*3
09 _s5y 0¥
e _ 20
o o’

Inserting this into (4.22), this equation now takes the form

09 09 -~ 079 10%9
— + — b))+ —(x— A\ ———02=0.
ot Paplath g, @A+ o gEe =0
. . " oY oY
Noting also that from the terminal condition, we compute et 1, 5 = w. The
€ Y

09 09
z-independence condition 9 = e‘”‘ﬁa— reduces to: w = e9*f.
Y x
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The coefficients in A% depend only on (¢,z,y) (since a, b, o are z-independent by
assumption). The terminal condition ¥(T,z,y) = x + wy is manifestly independent
of z. Then the solution ¥ to the PDE A®¢ = 0 inherits its z-independence from the
coefficients and terminal condition.

The remaining terms in the extended HJB system are A7, AT[%%Y A% (W 04)), and
H™9. Since ¥ is z-independent and both ¥ and the generators share the same structure
as A0, all these terms inherit z-independence. The extended HJB equation for W is
therefore a supremum over an expression from which z has been eliminated, ensuring its
solution W is independent of z. O

5. APPLICATION IN MEAN-VARIANCE PORTFOLIO WITH STATE
DEPENDENT RISK AVERSION WITH DELAY

We assume that an investor can invest in a financial market, in which two securities are
trated continuously, one of them is a bond with price By(s) at time s € [0,T] governed
by

dB()(S)

Bo(s)
where 79 : [0,7] — (0,+00) represents a deterministic function denoting the risk-free

rate. The additional asset, termed as risky stocks, is characterized by its price process
By which follows the following stochastic differential equation

dBl (S)
Bl (S)

= To(s)dS, Bo(O) =by > 0, (51)

=ri(s)ds + o(s)dW(s), B1(0) =b; >0, (5.2)

where r1 : [0,T] — (0,400) and o : [0,T] — R represent the appreciation rate and the
volatility of the risky stock, respectively. W is a one-dimensional standard Brownian
motion.

A trading strategy is a one-dimensional stochastic process denoted by 7, where 7(s)
represents the amount invested in the risky stock at time s € [0,7]. The dollar amount
invested in the bond at time s is given by X (s) — m(s), where X is the wealth process
associated with the strategy m and the initial capital xy. The evolution of X can then
be described from (5.1) and (5.2) as

dBy(s) dBi(s)

dX(s) = {dX(S) _W(S)} Bo(s) +7T(s) Bl(s) 8 € [OvT]v (5.3)
X(O) = Zg-
Accordingly, the wealth process solves the following SDE
{ dX(s) = A{ro(s)X(s) + p(s)m(s)}ds + w(s)o(s)dW(s), s € [0,T], (5.4)
X(O) = o, ’

where p = r; —rg. Traditionally, the investor’s wealth process is modeled by a stochastic
differential equation without delay, as formulated in (5.3) or, equivalently, (5.4). For
optimal time-consistent solutions under this framework, we refer the reader to [4].

The equation (5.4) thus describe the classical formulation of wealth dynamics in
the mean—variance setting. This standard model assumes that the investor’s wealth
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depends only on current allocations between the bond and the stock, with no influence
from past values. Such a formulation has been extensively analyzed in the literature (see,
e.g., M) and provides a natural reference point for comparison. Nevertheless, in many
practical situations the evolution of wealth exhibits path dependence. Indeed, investors
frequently adjust their strategies according to past performance: if recent returns have
been favorable, the investor may choose to distribute dividends to stakeholders; by
contrast, if performance has been poor, additional capital injections may be required to
offset losses. These considerations highlight the need for a richer modeling framework
that can account for memory effects. To this end, we extend the standard dynamics
(5.4) by introducing delay terms that incorporate information from the recent history of
the wealth process. Specifically, we define two auxiliary processes that capture different
aspects of the past. Following [23, 24], we introduce two auxiliary processes

0
Y(s)z/_ée’\TX(s—i—T)dT, Z(s) = X(s — 0),

where A > 0 is an averaging parameter and § > 0 is the delay period. Here, Y(s)
represents the exponentially weighted average of the portfolio’s performance over the
past interval [s — 4, s], thus summarizing its recent trend, while Z(s) reflects the lagged
wealth at time s — d, providing a pointwise delayed measure. Using these processes, we
model capital inflows and outflows through a function & (s, X (s) — Y (s), X(s) — Z(s)),
where X (s) — Y(s) captures the deviation of current wealth from its recent average
and X (s) — Z(s) measures its deviation from the delayed state. This formulation re-
flects realistic investor behavior: large deviations from past values may trigger dividend
distributions in the case of gains or capital injections in the case of losses. Following
the approach of [23, 24|, the resulting delayed wealth dynamics take the form of the
stochastic delay differential equation

dX(s) = A{ro(s)X(s) +m(s)p(s) — h(s, X(s) =Y (s), X(s) — Z(s)))} ds
+o(s)m(s)dW(s), for s € [0,T], (5.5)
X(s)= £&(s), s€[-6,0], &(s) € C([—6,0;R).

To make the problem affordable, we assume that h has a linear structure as follows
h(s, X(s) =Y (s), X(s) = Z(s)) = a(s)(X(s) = Y(s)) + 5 (X(s) = Z(s5)), ~ (5.6)

where a : [0,7] — R, is a deterministic uniformly bounded function, 8§ > 0 is a
constant such that ro(s) — a(s) — 8 > 0. Invoking (5.6) in equation (5.5), we obtain the
wealth process should satisfies the following SDDE

dX(s) = (u(s)X(s) + p(s)m(s) + aY (s) + SZ(s)) ds
+o(s)m(s)dW(s), s € [0,T] (5.7)
X(s)= &(s—t), set—24,0],

where £ € C([-6,0];R) and u = rg — a — 8. According to Lemma 2.1 in [23], for any
admissible strategy 7, the state equation (5.7) has a unique solution X.
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For any fixed initial state (¢,&) € [0,7T] x C([-6,0]; R), the purpuse is to choose an
investment strategy m by maximization of the conditional expectation of terminal wealth
and average wealth over the period [t — d,T], while trying at the same time minimize
financial risk. Interpreting risk as the conditional variance. So the optimization problem
is therefore to maximize the following utility

J(t, &)= J(t,z,y,T), (5.8)

= By [X(D) + =¥ (1)) - "D Var, [X(1) + =¥ (1)),

where By , [-] = E[- | X(t) =, Y(t) = y] and Var,, 4[] = Var[- | X(t) =z, Y(t) = yl,
subject to U [0,T], where X satisfies (5.7), @ € R is the weight between X (7T') and
Y (T). As in Bjork et al. [4], we define the deterministic function

_
y(z,y) = prarp—t (5.9)

as a state dependent risk aversion where z is the current wealth and v > 0. Consequently,
in this section, we consider an objective function whose dependence is restricted to x and
y instead of the whole initial path. More precisely, we suppose that The mean-variance
optimization problem becomes

W(t,z,y) = SITlrp {Ew,y[X(T) + @Y (T)] — @V@rw,y[X(T) + wY(T)}} . (5.10)

Before formulating the extended HJB equations and the associated verification the-
orem for equilibriums, we give firstly the infenitesimal generator corresponding to the

above model. For any feedback strategy m the operator is defined for any function
fech>1([0,T] x R?) the generator A” is defined as follows

of

0
-Aﬂf(tvxay) = a(taxﬁy)"" aiz(tvxvy) {x—e—ts)\z_)\y}

£ 1,0 e+ w(00(0) + 0ty + 52)

10°f 2
2022 (m(t)o(t)”.

We aim to explicitly establish the investment equilibrium for the optimization prob-
lem (5.10). We accomplish this by formulating the extended Hamilton-Jacobi-Bellman

equations. The derived system, along with its corresponding verification theorem, suc-
cinctly defines and applies the investment equilibrium. Then, we have to form the risk

0 0
aversion function (5.9), first we have —’Y(x,y) = f%, l(x,y) = fwi’yz,
Oz (z +wy)” Oy (z + @y)
2
2
and —Z(x, y) = 773 Note that the solution of the extended HJB equations in
O (z + @)
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this case is given by

.y
2(x + wy)
P2 (t,z,y),

W(t,z,y) =t z,y,7,y) +
U(t,x,y,d(t,z,y)) =

D2 (t,z,y),

2@ + )

Ut 2,2, y) = By [X(T) + @Y (1)) — 5 — Ly, [(X(T) + @Y (T))°],

2(x + wy)
W(t,z,y) =E o[ X(T) +wY (T)].

The derivatives of W evaluted at (¢, x,y) are the following

ow ol S

o % arwy ot

o _ o AT M L e

6220 N 835“ 830% 2(x+2wy)2 r+wy Oz’

oW o o o7 - v o
- Ly g2 _o T g%

Ox2 0x? + Oz? + dxdr1  (z+wy)® (z +wy)® Oz

v 0% v 0%
+ ) WOR
T+ wydx?2 x+wy O0x?
ol 87 ~y 51/19

ow _ o, o 90 1m g
dy Oy Oy xt+wy Oy 2z +wy)?

)

(5.12)

where [ and it’s derivatives are evaluated at (¢, x,y, z,y) while ¥ and it’s derivatives are

evaluted at (,z,y). Inserting the above expressions into (3.6) —(3.9), we get

ol ~y 09 ol ~ oY _s
— = —_— — —e Py -\
8t+x+wy 8t+sip{<8y1+:c+wy 8y> {x o y}

Freaa n wyﬁgz) {u@)z +7(t)p(t) + a(t)y + Bz}

+ (g;é+ 1 ﬁazﬂ)(ﬂ(t)d(ﬂ)g}ov

T+ wy Ox?
% + % {z—eP2— Ay} + % {u(t)z + 7 (t)p(t) + a(t)y + Bz}
L2 o) =
00 00 o e g} 4 O {ult)a + #(D)plt) + olt)y + B2}
L0 ko))’ =0

(5.13)

Theorem 5.1. For the mean-variance problem (5.10) the equilibrium investment strat-

egy is given for t € [0,T] by

#(t) = c(t)(x + wy) + k(t) VO,

(5.14)
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where the functions ¢ and k are given by the following integral equations

_ P (o nwdu JE(A(w)—n(w)) du _
c(t) = o ((%7 (e n + e n 7) ’
p ~ [T du (T [T A(w)du (g (5.15)
e Ji els s)+ C(s)x(s)) ds

— j‘tT e ftS n(u) du ds) .

Here A(t) = ro(t) — a(t) — B+ @ + p(t)c(t), B(t) = p(s)k(t), C(t) = o(t)e(t) , x(t) =
o(t)k(t) and n(t) = A(t) + C?(t).

Proof. We consider an affine feedback control policy of the form
#(s) = (s) (X (5) + @Y (s)) + (s),

where ¢ and k are deterministic functions. Substituting this policy into the wealth
dynamics governed by the stochastic delay differential equation (5.7) yields the following
expansion

dX(s) = (u(s)X(s) + p(s)c(s) (X (s) + @Y (s)) + p(s)k(s)
a(s)Y(s) + BZ(s))ds
+ (a(s)e(s) (X () + @Y (5)) + a(s)k(s)) DNV (s),

To reduce the inherent infinite-dimensionality of the problem, we introduce an ag-
gregated state variable X (s) + wY (s) and utilizing the dynamics of Y (s), given by
dY (s) = (X(s) — AY(s) — e °*Z(s)) ds, then we have

d(X(s) + @Y (s)) = ((u(s) + @) X(s) + (afs) = wA) Y (5) + (8 —we ) Z(s)
+p(s)e(s) (X(s) + @Y (s)) + p(s)k(s))ds
+ (a(s)e(s) (X (s) + @Y (s)) + a(s)k(s))dNV(s). (5.16)

A necessary condition for the problem to become finite-dimensional is that the dy-
namics of X(s) + @Y (s) must not depend explicitly on the delayed state Z. From
equation (5.16), this necessitates the elimination of its coefficient, then w = fe*

With w = e, the drift simplifies to

(u(s) + @) X(s) + (a(s) = @A) Y(s) + p(s)c(s) (X (s) + @Y (5)) + p(s)k(s).

For the dynamics to remain closed on the aggregated state X (s) + @Y (s), this linear
form must be representable as £(s) (X(s) + wY (s)) for some deterministic function £.
This requirement leads to the condition a(s) —wA = w (u(s) + @) . Hence the coditions
@ = Be’* and a(s) = w(u(s) + @ + A) guarantee that the controlled wealth dynamics
evolve exclusively in terms of the finite-dimensional state variable X (s)+wY (s), without
explicit delayed dependence.

So, we obtain

d(X(s)+@Y(s)) ={A(s s)+wY(s))+ B(t)}ds

) (X(
+{C(s) (X (s) + @Y (5)) + x(1)} DV(s), (5.17)
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Next, we calculate E[X(T) + wY (T)] and E [(X(T) + wY(T))Q} , where X (s) =z

and Y(s) = y. We first construct the following exponential martingale
dY(t) =Y() ({-A@®) + C*(t)} dt — C(t)aW(t)) ,

this implies that

10 =10 { [ ({-a0)+3c20} a5+ cyaws) |

;f((;)) = exp {/tT <{A(S) - ;CQ(s)} ds + C(s) dW(s)> } . (5.18)

From It6’s formula to (X (s) + @Y (s)) Y(t) we get

then

d((X(t) + @Y (1) T(t) = T() {(B() + C(t)x(t)) dt + x(H)dW(D)} -

Next, by taking expectations and integrating the above equation from ¢ to T, we
obtain

X(T) +wY(T)

=(x+ wy)g((;)) +/t {(;I;((;))) ((B(s)+C(s)x(s)) ds+ x(s) dW(s))} . (5.19)

Now we make the Ansatz
E[X(T)+wY(T)] = Pi(t)(z + wy) + Q1(t),
E[(X(T) + =Y (T))*] = () (z+ @y)” + Pa(t)(w + ) + Qa (1),

T(t) _ fT A(u) du : 3
note that E {T(T)] =e . So, it yields
Py(t) = eli Al du, (5.20)
and .
Qu(t) = [ e A (B (5) 4 € (5) () . (5.21)
t

By (5.19), we can derive

(X(T) + @Y (T))*
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Hence, we get

S(t) = el (A@H(A@+C* @) ) du _ o7 (Aw)n(u)) du

)=
where 7(t) = A(t) + C? (t), and

+
X0 (I B C d ' dw
T(T) /t T(T) (B (s) +C(s) x(s)) s+/t x(s) dW(s)

from (5.18) we get

Py(t) = 2E

Py(t) =2 / Tef’fA(u) dug [T (A ) du (B () 4 C () x(s)) ds, (5.23)
and
T 2
Q2 (t)=E {(/t gé;)) (B(s)+C(s)x(s)) ds+ x(s)dW(s)) ] . (5.24)

Therefore, it follows that

l(t7x7yax1ay1)

— Pi(t) (& +wy) + Qu(t) - m [S(0) (& + w)* + Ba(0)(w + ) + Qa(1)]
(5.25)
with
Wts,y) = By [X(T) + =Y (T)] = P(O)(z + 9) + Qi (). (5.26)

Since 7 is the feedback control that realizes the supremum in the first equation of
(5.13), the first-order condition implies

(5 + 200 ) pt0+ (G + 7058 )20 =0 (520

dx x+wy Ox 0z x4+ wy 0z

Next, we proceed to calculate the following derivatives

ol gl gl
A —T Pi(t) — —— Pt
9z~ (w1 + @y O (@ +=y) + Al - gy PO,
07l 5
LA —T0)
Ox? (x1 + wy1) ®) (5.28)
v
87 = Pl(t)a
4
B,
ox2
substituting into (5.27), we obtain
0= (_75@) + Pu(t) +yPR(t) - m&(t) + - Jwal(t)Pl (t)> p(t)
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Y 24\ A
— mS(t)o )7 (¢). (5.29)

Consequently, the equilibrium investment strategy is

a0 = 2 (804 PO+ PR0) 4 m0) | QP bR
—S(t) —5(t)
(5.30)
Hence, by comparing with the assumption to find finally the values of the functions ¢

and k as follows

_p(t) (Pi(t) =S(t) +PE(t)
A= "o ( ) |

*vSUH
k() = — pz(t) Qit)Pr(t) — 5 Pa(t) | (5.31)
o?(t) —5(t)
Thus, the proof is completed. -

Remark 5.2. 1. The equilibrium feedback strategy admits the affine form #(t) =
c(t)(z+wy) + k(t). In practice, however, such an expression may produce negative
values, corresponding to short-selling of the risky asset. Since short-selling is
typically ruled out in insurance and many investment contexts, it is important to
ensure that the strategy remains non-negative. This is achieved by projecting the
unconstrained strategy onto the non-negative real line, leading to

#(t) = (c(t)(z + wy) + k(t) V0.

This ensures that the resulting strategy is consistent with realistic market restric-
tions. On the other hand, in financial markets where short-selling is permitted, the
projection is unnecessary and the unconstrained affine form is directly admissible.

2. Equations (5.15) should be interpreted as a system of coupled integral equations
for the unknown functions ¢ and k. These equations determine the time-dependent
coeflicients of the equilibrium control but cannot be solved in closed form because
the functions A, B, C, n, x all depend on ¢ and k themselves. Consequently, they
must be solved numerically, for example by the iterative scheme presented in the
next section.

3. While the existence and uniqueness of solutions for the integral equations (5.15)
are theoretically guaranteed, their complexity requires iterative numerical schemes
to approximate Qa(-).

4. Constructing the exponential martingale associated with the terminal wealth X (¢)+
wY (t) involves addressing delays in the wealth evolution equation and leveraging
key condition @ = Be®. Simulation simplifies this otherwise challenging process.
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6. NUMERICAL SIMULATIONS
6.1. Numerical scheme to approximate Q(¢)

Firstly, we derive the iterative updates for ¢,,11(t) and k,1(t), approximating the in-
tegrals using the trapezoidal rule. Let {to,t1,...,tn} represent a discrete time grid
with tg = ¢t and ty = T, we consider At = % is the grid spacing, and define the
functions A, (t) = ro — a — B+ @ + pcn(t), nu(t) = An(t) + C2(t), Bu(t) = pka(t),
Cn(t) = ocn(t), xn(t) = ok, (t). This sets the short-hand notation used in the itera-
tion: A, My Bn, Cn, Xn encode the current iterate values. The final forms ¢, 11(t) and
kn+1(t) are as follows

Cn+1(t) O.p,y (exp ( At Z 7771 + "7n J+1)>

N-1
+ yexp <At Z (An(ty) = mn(t5)) + (QAn(th) - nn(tj+1))> B 7>’

kg (1) = %(&(t) — 55(t)),

where S1(t) and S(t) are given by

Sy (t) = exp ( At Z Mt (85) + 77n+1(tj+1))

N-1 N-1
x At ; exp (At ; Ant1(tr) +2An+1(tk+1)>
% (Bn(t]) + Cn(t])Xn(tj)) —+ (B (t]+1) + C ( J+1)Xn(tj+1))
2 )
N-1
So(t) = At Z exp ( Atz M1 (t) + 77n+1(tk+1)>.

Define the iterative map © such that ¢, 4+1(t) = O(cy,). Let Acy,(¢) = ¢ () — cn—1(t).
Using the mean value theorem for the exponential function, we have

lexp(z) — exp(y)| < max, |exp(z)||z — y| = exp(max(z,y))|z — yl.
Applying this to Acp41(t), we find |Acp41(t)| < K|Ac,(t)], where K depends on the
coefficients of the iterative map and satisfies K < 1 for sufficiently small At¢. This con-
traction estimate shows that successive iterates get closer, which is crucial to guarantee
convergence. Hence the iterative map © is a contraction on the space of bounded, contin-
uous functions with the supremum norm ||c(t)|| = sup, |c(t)|, By the Banach fixed-point
theorem, © admits a unique fixed point ¢(t), and the sequence ¢, (t) converges to it. A
similar argument holds for Ak, 11 () := knt1(t) — kn(2).

In the second step, after iteratively approximating ¢(¢) and k(t), we proceed to ap-
proximate the expectation in the expression for Q2 (t) using the Euler-Maruyama method
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followed by a Monte Carlo approximation. From the application of the It6 isometry to
the stochastic integral, the functional Q2 (t) is defined by the expectation

( e +C<><>)ds>2+/tT(§((;))x<s>)2ds

Let the interval [t,T] be partitioned into N equally spaced subintervals with step
size At = (T — t)/N and grid points t = tg < t; < --- < ty = T. The Brownian
motion is discretized as W(tg+1) = W(tx) + VAL, e R N(0,1), where AW, =
W(tk+1) — W(tr). The stochastic factor T is simulated backwards in time along each
sample path. For a given path indexed by m, the backward recursion is

T (t) = T (t41) exp{A(tk)At - %CQ(tk)At + C(tk)Aw,gm} :

starting from a prescribed terminal value Y(" (¢x), where AW™ is the Wiener increment
for the mth path. This multiplicative structure preserves positivity and is consistent with
the underlying continuous-time dynamics.

For a single path m using the trapezoidal rule yields the pathwise estimator

N— 2

N=lp(m) 2
Q2,m (t) Z (T(m (m)) At + (;0 M(B(tk)+c(tk)x(tk))At> :

Once we have approximated the above expression, we next compute the expecta-
tion using the Monte Carlo simulation method, the expectation Q3(t) is estimated by
averaging over M independent sample paths

1 M
QQ(t) ~ M Z QQ,nL(t)
m=1

Without loss of generality , we assume for the remainder of this section that: 6 = 0.1,
A=0.5, a(s) =0.2, 8 =0.1, p(s) = 0.3, o(s) = 0.5, u(s) =0.05, ro(s) = 0.1, w = 0.3.

Figure 1 illustrates the simulation of Q2(t) over the time interval [0, 1], a stochastic
process, using the Euler—-Maruyama method (blue curve) and its expected value esti-
mated via Monte Carlo simulation (red dashed line). The blue curve shows a single
realization, highlighting stochastic fluctuations, while the red dashed line represents the
average behavior over multiple simulations, providing insight into the system’s expected
dynamics under randomness.

6.2. Effect of risk aversion coefficient on wealth and control processes

Figure 2 provides a visual illustration of the relationship between the equilibrium
control strategy and the resulting wealth process. The figure consists of two panels: the
top panel displays the evolution of the equilibrium wealth process X (s) over time, while
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the bottom panel depicts the associated equilibrium control 7(s), which represents the
strategy employed to manage investment and risk. Both plots are generated for five
distinct values of the risk—aversion parameter v € {0.2,0.3,0.5,0.7,0.9} and we consider
the parameter values: T = 3, N = 100, At = 0.03, {(s) = 1 for s € [-4,0]. In the mean—
variance framework, v quantifies the investor’s attitude toward risk: smaller values (e. g.,
~v = 0.2) indicate lower risk aversion and thus a greater willingness to adopt aggressive
strategies in pursuit of higher returns, whereas larger values (e.g., v = 0.9) correspond
to more conservative behavior, emphasizing stability and lower volatility. The figure
clearly highlights how changes in 7y affect both the control and the wealth. Specifically,
the bottom panel shows that as -y increases, the control m(s) becomes smoother and its
magnitude decreases, reflecting the investor’s reluctance to take on substantial risk. This
adjustment in the control process directly translates into the wealth dynamics shown in
the top panel, since 7(s) enters the stochastic differential equation with delay that gov-
erns X (s). Consequently, a more cautious control strategy results in a more stable and
less volatile wealth trajectory. In this sense, the bottom panel drives the top panel: the
control determines the wealth outcome, and the two—panel layout of Figure 2 explicitly
conveys this cause—effect relationship.

Value Function W(t,x,y) over Time for Different v Values

W(txy)

Fig. 3.

Figure 3 illustrates the time evolution of the equilibrium value function W under
a stochastic framework, highlighting its dependence on varying levels of risk aversion
~. The simulation, based on numerical methods, evaluates the dynamic interactions
between deterministic factors and equilibrium control strategies over a fixed horizon
T = 10. The results show that W decreases monotonically in time, reflecting the gradual
reduction in expected utility as the horizon approaches. Higher values of v correspond to
more conservative trajectories, leading to larger initial values of W and emphasizing the
trade-off between wealth accumulation and stability. As time approaches the terminal
horizon, the differences between the curves diminish, since all strategies are ultimately
constrained by the same terminal condition.
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CONCLUSION

This paper introduces a comprehensive game-theoretic framework for addressing time-
inconsistent stochastic control problems that involve delays. By extending the standard
Bellman equation into a system of nonlinear equations, we establish subgame-perfect
Nash equilibrium strategies for delayed processes with functional objectives. The theo-
retical contributions are demonstrated through the application of a mean-variance port-
folio problem, incorporating state-dependent risk aversion and delays, which showcases
the practical applicability of our approach.

Our findings significantly advance the literature on time-inconsistent control problems
by offering a structured method to handle delays, which are frequently encountered in
real-world applications, particularly in financial and economic models. Through the case
study of mean-variance portfolio optimization with state-dependent risk aversion, we
show how our framework can be employed to derive optimal time-consistent strategies.

This work also paves the way for future research in several directions. Extending
the results to other utility functions and exploring multi-agent systems with time-
inconsistent behaviors would offer deeper insights into decision-making dynamics in
uncertain environments. Moreover, the practical implementation of these strategies
in finance, economics, and engineering will require further development of numerical
methods and computational techniques to effectively solve the extended HJB equations.

Our results open up opportunities to explore better numerical methods for solving
the extended HJB equations. For example, Fouque and Zhang [I3] used deep learning
to handle mean field control problems, showing how machine learning can effectively
manage high-dimensional challenges in stochastic control. Their work demonstrates
that deep learning can simplify complex calculations. Inspired by their approach, our
framework could be further developed to create efficient strategies for a wider range of
delayed stochastic systems.

(Received January 1, 2025)
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