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EXPLORING FIXED POINT RESULTS IN FUZZY
Z#-METRIC SPACES WITH AN APPLICATION
TO SATELLITE WEB COUPLING PROBLEM

DipTi BARMAN, ABHISHIKTA DAS, AND TARAPADA BAG

In this article, we study some basic properties of .#-compactness and .%-totally boundedness
in fuzzy %-metric spaces. We establish a fixed-point theorem in this setting and apply it to
the satellite web coupling problem. To justify the fixed-point result, a counterexample and
a graphical illustration of the contraction condition are presented. Furthermore, a numerical
illustration is provided to justify the applicability of the result, where the successive iterates
and the decay of the sup-norm error demonstrate the effectiveness of the proposed approach.
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1. INTRODUCTION

In 1965, Zadeh [21I] made a breakthrough contribution by introducing the concept of
fuzzy sets. Subsequently, this concept stimulated the study of logic, topology, functional
analysis, and algebra within the framework of fuzzy settings. Fuzzy metrics play an
essential role in the development of fuzzy functional analysis, which was introduced in
1975 by Kramosil and Michalek [12]. Later, in 1994, George & Veeramani [6] redefined
this definition by incorporating continuous ¢-norm [I1] to induce Hausdorff topology. In
the last few years, several generalizations of fuzzy metrics have been introduced, viz.
2-fuzzy metric [I7], M-fuzzy metric [16], D*-fuzzy metric [I], fuzzy b-metric [14], fuzzy
cone metric [I5], G-fuzzy metric [19], among others.

On the other hand, metric fixed point results have been extended to these generalized
fuzzy metric spaces (for references, see [2| [7, 10, 13, 20]) and have been applied in
diverse areas, such as uncertainty models, image processing, decision-making, dynamical
systems, etc. In fact, recent studies [4] [5, @] have shown growing interest in exploring
ordered-theoretic and relation-theoretic approaches to fixed-point theory, which yield
deeper insights and new applications. Guo et al. [8] proposed numerical algorithms for
coupled fixed points in normed spaces, highlighting applications to fractional differential
equations and economics. These advancements demonstrate that modern fixed point
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theory is not only rich in abstract generalizations but also powerful in addressing real-
world problems.

This ongoing research encourages further developments in fuzzy metric space theory.
Inspired by these works, in our previous study [3], we introduced the concept of a
fuzzy F-metric to explore new theoretical properties and practical applications. This
extension involves a function f : [0,1] — [0, 1] belonging to a specific class of functions
that relaxes the axioms of traditional fuzzy metric spaces. The resulting generalized
structure enriches the notion of distance in a fuzzy setting and also provides new avenues
for exploring fixed-point theorems and their applications.

Continuing this line of research, the present article investigates the fundamental prop-
erties of fuzzy .Z-metric spaces and develops fixed-point results. We study results on
F-compactness, #-totally boundedness, and other related concepts. Additionally, we
establish a fixed-point theorem for generalized contraction conditions and apply it to
problem-solving, such as the existence and uniqueness of solutions to nonlinear ordinary
differential equations. A geometric illustration is included to support the theoretical
analysis, and the necessity and sufficiency of the contraction mappings are demonstrated
through suitable examples. In particular, a numerical example based on the involved
boundary value problem is implemented in MATLAB to justify the applicability of the
result, where the successive iterates and sup-norm error decay confirm the predicted
convergence behavior.

The structure of this paper is as follows. Section 2 presents the necessary prelim-
inary concepts and results. In Section 3, we establish several fundamental properties
of fuzzy % -metric spaces. Section 4 is devoted to developing a new type of fixed-point
theorem under generalized contraction conditions involving i-functions. Furthermore,
we demonstrate the applicability of the obtained result by addressing the satellite web
coupling problem. Finally, numerical results on the associated boundary value problem
are provided to validate the theoretical findings and illustrate the convergence behavior
of the proposed iterative scheme.

2. PRELIMINARIES

To carry out this study, we provide the following definitions and results.

Definition 2.1. (Klir and Yuan [I1]) A binary operation * : [0,1] x [0,1] — [0,1] is
called a t-norm if it satisfies the following conditions:

(i) = is associative and commutative;

(i) a x 1=a, Vael01];

(iii) a*y < B+ 6 whenever « < S and v <4, Va,B,7,0 €[0,1].
If x is continuous, then it is called a continuous t-norm.

Example 2.2. (Klir and Yuan [I1]) The following are examples of t-norms given.
(i) Standard intersection: a * 8 = min{«, 3}.
(ii) Algebraic product: ax 8 = af.
(iii) Bounded difference: a % = max{0,a + 8 — 1}.

The following is the definition of fuzzy metric given by George & Veeramani [6].
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Definition 2.3. (George and Veeramani [6]) The 3-tuple (X, M, %) is said to be a fuzzy
metric space if the fuzzy set M on X2 x (0, 00) satisfies the following conditions:

(M1) M(z,y,t) >0,Vo,y € X &t > 0;

(M2) M(z,y,t) =1 if and only if x = y;

(M3) M(z,y,t) = M(y,z,t), Yo,y € X &t > 0;

(M4) M(z,y,t) * M(y,2,8) < M(x,2,5s+1),Vr,y,2 € X &t,5 > 0;

(M5) M(z,y,.): (0,00) = (0,1] is continuous, for all =,y € X.

Lemma 2.4. (George and Veeramani [6]) A fuzzy metric M(z,y, ) over a nonempty
set X is non-decreasing on (0, 00), for all z,y € X.

Remark 2.5. (George and Veeramani [6]) In a fuzzy metric space (X, M, ), the fol-
lowing holds:

(i) Iffor 0 < r <1, M(z,y,t) > 1 —r, for all z,y € X ¢ > 0, we can find a
to,0 < tg < t such that M (z,y,tp) >1—r.

(ii) For any r; > 7 in (0,1), we can find 73 € (0,1) such that r1 x r3 > ro and for
any 74 € (0,1), we can find r5 € (0,1) such that r5 x5 > ry.

Next, we recall the definition of fuzzy .%-metric space with an example and related
definitions and results, introduced in our earlier study [3]. Throughout the article, .#
denotes the set of all functions f: [0,1] — [0, 1] which satisfy the following conditions:

(1) f is strictly increasing in [0, 1);

(#2) For every sequence {t,} in [0, 1] we have, nhﬁngo t, =1 < nlgnéo fltn) =
Example 2.6. (Das et al. [3]) The following are some examples of members of .Z.

(i) flx) =2™, Vxe€[0,1], meN.

(i) flz) = va@, Va e [0,1]

Definition 2.7. (Daset al. [3]) Let X be a non-empty set, M : X x X X (0, o0) — [0,1]
be a mapping, and * be a continuous t-norm. If there exists (f, ) € .# x (0, 1] such that
M satisfies the following conditions:

(FM1) M(z,y,t) >0,Vz,ye X &t >0;

(FM2) (M(x,y,t)=1,¥t>0) iff x = y;

(FM3) M(x,y,t) = M(y,x,t), Ve, y € X & t > 0;

(F M4) for every (z,y) € X x X, for every N € N, N > 2 and for every {u;}N C X
with u; = « and uy =y, M(x,y,t) < 1 implies

(f(M(;E,yﬂf)))a > f(M(u17u27t1) * M(u2au3at2) Kok M(UN—hUN,tN_l))

where t =t1 +ta+ ... +tn_1;t; >0for i =1,2,--- (N —1).
Then M is called a fuzzy #-metric on X and the 5-tuple (X, M, f, o, %) is called a
fuzzy % -metric space.

Example 2.8. (Dasetal. [3]) Let X = R and define a function M : X?x (0, 00) — [0, 1]

t
by M(x,y,t) = < o0). Then M is a fuzzy Z-

t+1
metric on X with respect to f(r) = 22, Vo € [0,1], a =

lz—yl
) yV(izy) e X x X &t e (0

w\»—t /—\

and product t-norm.
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Definition 2.9. (Dasetal. [3]) A sequence {z,} in a fuzzy .#-metric space (X, M, f, o, %)
is called

(i) an #-convergent sequence if there exists € X such that for any 0 < r < 1, there
exists a natural number N such that for all ¢ > 0, M (z,,,x,t) >1—r, Vn > N.

(ii) an .#-Cauchy sequence if for each ¢ > 0 and 0 < r < 1, there exists a natural
number N such that M (z,, zmy,,t) > 1—1r, Ym,n > N.

Proposition 2.10. (Das et al. [3]) In a fuzzy % -metric space,
(i) a sequence {z,} C X is F-convergent to x € X iff lim M(x,,z,t) =1, Vt>0.

n—oo

(ii) a sequence {x,} C X is #-Cauchy iff lim M(z,,xm,t) =1, Vi¢>O0.

m,n— 00
(iii) limit of an % -convergent sequence is unique.
(iv) every .F-convergent sequence is an .%-Cauchy sequence.

Definition 2.11. (Das et al. [3]) A fuzzy .Z-metric space (X, M, f, o, *) is said to be
Z-complete if every .7 -Cauchy sequence converges to some point in X.

Proposition 2.12. (Das et al. [3]) In a fuzzy .#-metric space (X, M, f a,%), 7# =
{A C X : for each z € A,3r > 0,¢ > 0 such that Bg(z,r,t) C A} forms a topology on
X.

Definition 2.13. (Das et al. [3]) In a fuzzy .%-metric space (X, M, f,a,*), G C X is
called F-open if G € 74 and called Z-closed if X\G € 7.

Definition 2.14. (Das et al. [3]) In a fuzzy #-metric space (X, M, f,a,x), G C X is
called fuzzy #-bounded if and only if there exist ¢ty € (0,00) and r¢ € (0,1) such that
M(z,y,to) >1—r, for all x,y € G.

Proposition 2.15. In a fuzzy F-metric space (X, M, f,a,*), for any subset A C X,
z € A, 0<r <1 implies Bz(z,r,t)NA#0 for any t > 0.

Proof. Since z € A, for 0 < r < 1, there exists a sequence {x,} C A such that

lim M(zp,x,t) =1, Vt> 0.

n—oo
This implies
there exists N(t,7) € N such that M (z,,z,t) > 1—r, Vn > N(t,r), for anyt > 0
or x, € Bz(x,r,t), VYn> N(t,r), forany t >0
or Bg(z,m,t)NA#0, for anyt > 0.
g

We develop a fixed-point theorem in Section 4 using the following class of mappings.

Definition 2.16. (Turkoglua and Sangurlu [20]) Let ¥ be the class of all mappings
¥ :[0,1] — [0, 1] satisfying

(i) ¢ is continuous and non-decreasing on [0, 1];

(ii) ¥(t) > t, Vte(0,1).
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t
Example 2.17. (Turkoglua and Sangurlu [20]) A function ¢(t) = TR0 vt €
[0,1], k € (0,1) lies in .

The following example & properties of ¥ and the ¢-contraction theorem from [I3], [20]
are recalled here for use in the main result.

Lemma 2.18. (Turkoglua and Sangurlu [20]) If ¢ € ¥ then (1) = 1.

Lemma 2.19. (Turkoglua and Sangurlu [20]) If ¢ € ¥ then lim ¢"(¢) = 1, for all
n—roo

te(0,1).

Theorem 2.20. (Mihet [13]) Let (X, M,x) be a complete fuzzy metric space and S :

X — X be a mapping. S has a unique fixed point in X if it satisfies the -contraction
condition

M(z,y,t) >0 = M(S(z),S(y),t) > v(M(z,y,t)), Vt>D0.

3. SOME BASIC PROPERTIES OF FUZZY #-METRIC SPACE

In this section, we develop results related to .#-completeness, .%-compactness, and .-
totally boundedness, which are fundamental for studying the structural properties of
the concerned fuzzy .#-metric space.

Lemma 3.1. If f € %, then f(1) = 1.

Proof. Since f € .7, so f satisfies (F1) & (#2). Assume, for contradiction, that

f(1) #1. So, f(1) < 1.
Consider the constant sequence {t,,} defined by ¢, = 1, for all n € N. Then, by
condition (.#2), lim f(t,) = 1.
n—oo
Again, t, =1,Vn e N = f(t,) = f(1), Vn € N and hence lim f(¢,) = f(1) < 1.

n—oo

This yields a contradiction with (.%#2), and consequently f(1) = 1. O

Proposition 3.2. If {z,} be a .#-convergent sequence in (X, M, f, «, %) converging to
x € X, then every subsequence of {z,} also converges to the same point x.

Proof. Let {z,,} be a subsequence of {x,}. Since {z,} converges to z, so

lim M(x,,z,t) =1, ¥t>0. (1)

n—roo

Again, because {z,} is an .#-Cauchy sequence (Proposition iv)), it follows that
lim M(zp,,Tn,t) =1, Vt>0. (2)

k,n—o00

This yeilds
im {M(zn,z,t) x M(zn, 20, t)} =1, Vt>0 (using (1) & [@)). (3)

k,n—o0
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Now from (% M4), we have

(f (M (2, z, ) > f <M <xnk,xn, ;) * M (xn,x, ;)) , Yt>0
or lim (f (M (zp,,2,t))* > lim f(M (zn,,ZTn,t) * M (zn,2,t)), Yt >0

k—o0 k,n—o00
=f(1)=1,vt>0 (using @) & (F)
or lim M(zy,,z,t) =1, Vt>0.

k—o0

This shows that {z,, } converges to z. Hence, the proof is completed. O

We define .%-compactness of a set in a fuzzy % -metric space as follows.

Definition 3.3. Let (X, M, f,a,*) be a fuzzy .#-metric space and A C X. A is said
to be F-compact if every sequence in A has a convergent subsequence which converges
to some point in A.

The following theorem establishes the relationship between % -compactness and .%-
boundedness in fuzzy .#-metric spaces.

Theorem 3.4. In a fuzzy F#-metric space (X, M, f,a, ), every F#-compact subset is
F-closed and .%-bounded.

Proof. Let A be a . %-compact subset of X. Suppose that A is not .%-closed. So there
exists a sequence {z,} in A such that x,, = x as n — oo but x ¢ A.

Since A is .%#-compact, so there exists a subsequence {z,, } of {z,} which converges
to some point in A.

But z,, - z as n — oo implies z,, — x as n — oo and hence x € A. Which is a
contradiction. Thus A is .%#-closed.

We now show that A is .#-bounded. Suppose that A is unbounded and take a
sequence {z,} in A. Since A is .#-compact, so it has a .#-convergent subsequence, say
{zn, }, which converges to some = € A.

Let o € A be a fixed element and choose 0 < € < 1. Then by (.#2), there exists
9 € (0,1) such that

1-0<t<1l = 1—-e< f(t) <1 (4)

Again, there exists to > 0 such that M (zo,x,t) > (1 —9).
By Remark we can find r € (0,1) such that

M(zg, z,to) x (1 — 1) > (1 —9). (5)
We now choose a sequence {a,} € (0, 1) such that

lim o, = 1. (6)

n—oo

So for given t'(> tg), for each ay, there exists x,, € A such that

M(zp,, o, t') < (1 — ag). (7)
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Since x,, — = as k — oo, so for r € (0,1) and (¢’ — tp) = t1(say), there exists
m(t1,r) € N such that

M(z,zp,,t1) > (1 —1), Vk>m(t1,r).
Hence, we have
M (2o, z,t0) x* M (2, 2y, t1) > M(zo, 2, to) * (L—1) > (1-08), Vk > m(t;,r) (using (5))
which implies

f(M(zg,x,t0) * M(x, 2, ,t1)) >1—€, Vk > m(t;,r) (using )
or (f(M(zo,7n,,t)" >1—¢ Vk>m(t',r) (using(FM4))
or (fl—ay)*>1—¢ Vk>m (using (7))
or kli_}ngo (fl—ap)*>1—e

Since 0 < € < 1 is arbitrary, we can write

lim (f(1—ap)*=10r lim f(1—ax)=1or klim ar =0 (using (£2)),

k—o0 k—o0

a contradiction to @ Hence A is % -bounded. O

We now proceed to prove that .%-compactness implies .%-completeness in fuzzy .%-
metric spaces.

Theorem 3.5. In a fuzzy F-metric space (X, M, f,a,*), every F-compact set is F#-
complete.

Proof. Let A C X be a nonempty .%-compact set in X and 0 < € < 1. Then by
(Z2), there exists 0 < § < 1 such that

1-6<t<1l = l—e<f(t) <1 (8)

For 0 € (0,1), there exists A € (0, 1) such that (1 — ) > (1 —§). Then using Remark
for A € (0,1), we can find r; € (0,1) such that

I—r)*x(1=r)>10-X)>(1-9).
Again using Remark we can find r3 € (0,1)
(I=r)*x(1—=r)*x(1—1r3)>(1-94). 9)

Let {x,} be an Z#-Cauchy sequence in A. Then for 0 < r; < 1 and for each t; > 0,
there exists Ni(t1,71) € N such that

M(xn, Tm,t1) > 1—r1, VYm,n > Nq(t1,71).
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Since A is % -compact, so {x,} has a .#-convergent subsequence, say {x,, } which
converges to x in A. Then for each to > 0, there exists Na(t2,r3) € N such that

M(.’Enk,.’t,tz) > ].—7’3, VkZNQ(tQ,’I’g).
Let N(t,9) = max{Ny(t1,71), Na(t2,7r3)}. Thus, for m,n,k > N(t,9),

M (2, Ty t1) * M (T, Ty s t1) * M (Tp,, 2, t2) > 1 — 3 (using @D)
or f(M(Xp, Tm,t1) * M (T, Ty, t1) * M (20, ,2,t2)) > 1 —€ (using )
or (f(M(zn,2,T)))* >1—€¢ where T =2t; +t5(>0) (using (FM4)).

Since 0 < € < 1 is arbitrary, so letting n — oo, we get

lim f (M(zp,2,T)) =1 or lim M(z,,z,T) =1 (using(#2)).
n—oo n—oo
Since t1,t2 > 0 are arbitrary, thus lim M(z,,z,s) = 1, Vs > 0. This proves {z,} is
n—oo

a Z-convergent sequence in A converging to x € A. Thus A is F-complete in X. O

The following proposition will be used to prove Theorem in the setting of fuzzy
F-metric spaces.

Proposition 3.6. In a fuzzy % -metric space (X, M, f, a, *), every finite subset of X is
Z-bounded.

Proof. Let A be a finite subset of X containing n elements, {x1, z3,...2,}. Choose
to > 0 fixed. Let min M(z;,z;,t9) = . Clearly 8 € (0,1). Then we can choose

27]
r € (0,1) such that § > 1 — r which implies that M (x;,z;,t0) > 1 —r, Va;,z; € A
Hence A is .%-bounded. O

We now introduce the concepts of .Z-(r, €)-nets and .#-total boundedness in a fuzzy
F-metric space

Definition 3.7. Let (X, M, f,a,x) be a fuzzy .#-metric space and A C X. For 0 <
r < 1and e >0, asubset BC X is said to be an .%-(r, €)-net for the set A if for every
x € A there exists y € B such that M (z,y,¢) > 1 — 7.

Definition 3.8. A set A in a fuzzy % -metric space (X, M, f, a, %) is said to be Z#-totally
bounded if for any € > 0 there exists a finite .#-(r, €)-net for the set A.

The following result illustrates the distinction between .%-boundedness and % -totally
boundedness in a fuzzy % -metric space.

Theorem 3.9. Let (X, M, f,a,*) be a fuzzy F-metric space and A C X. If A is
Z-totally bounded then A is % -bounded.
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Proof. Since A is %-totally bounded, so for any given 0 < r < 1 & € > 0, there exists
a finite .#-(r, €)-net B for A. Since B is finite, B is .#-bounded. So there exists to > 0
and ro € (0,1) such that

M(y1,y2,t0) > 1—r9, Vyi,y2 € B. (10)
Again for each a € A, there exists b € B such that
M(a,b,tg) >1—r. (11)
Now choose ay,as € A arbitrarily. Then there exist by, bs € B such that
M(a1,b1,t0) >1—r & M(az,be,tg) >1—r. (12)
Again using (% M4), we have
(f(M(a1,a2,t)))* > f(M(ay,by,to) x M(by,ba,to) x M (b2, az,to)) (13)
where t = 3tq fixed. Now from and we have
M(aq,by,to) * M(by,ba,tg) x M(ba,as,tg) > (1 —r)* (1 —1rg) *x (1 —r). (14)
If M(ay,b1,t0) * M(by1,ba,tg) x M (b2, az,tp) =1 then

(f(M(a17a27t)))a:1a valva'Q €A
or M(ay,az,t) =1, Vaj,az € A (using (F2))
or M(ay,az2,t) > (1 =), Vai,as € Aand for any 8 € (0,1).

This shows that A is .#-bounded.
If M(al, b1, to) * M(bl, b, tl) * M(bg, as, to) < 1 then

f(M(al,bl,to)*M(bl,bg,tl)*M(bg,ag,to)) <1
or f(1=r)x(1—rg)*x(1—7)) <1 (using(F1)).

So we may write, f (1 —7)* (1 —79)*x(1—7))=(1—+), for somev € (0,1).
Thus from we have,

(f(M(a1,a2,t))* > (1—7), Vai,az €A
or f(M(ay,az2,t)) > (1 ffy)é =(1-9)(say), Vai,az € A, where 6 € (0,1). (15)
Using (.#2), for § € (0,1), there exists p € (0,1) such that
l-pu<t<l <= 1-6<f(t) <L

Therefore the relation gives M(ay,as,t) > (1 —p), Yai,as € A. Since t is fixed, so
it follows that A is .#-bounded. O

Remark 3.10. The converse of the above Theorem is not necessarily true. For
justification, we consider the following example.
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Example 3.11. Recall the fuzzy .%-metric space of Example Consider the subset
A={1,3,5,7,9} of R. Then by Lemma A is Z-bounded set.

If possible suppose that A is .%-totally bounded.

So, for € = %, r=1- %, there exists a finite Z-(r, €)-net, N(say) for A. Thus for
x;,x;(i # j) € A, there exist y;,y; € N such that

M(x;,yi,€) > (L —r) and M(xj,y;,¢) > (1 —71). (16)

Now, using (#1) and (16]), we get

(f(M (i, 25,20))) = F(M (23,5, €) x Myj, 25, €) > f(1—1)%) =

Sl-

\mi—mj\Q 2
lo;—xjl

Again, (M (z;,;,2€))" = (1-2:25> © o =(049) "=

|z —= 12

If & # y then 555 > 2. Therefore, (0.49) = < . It is a contradiction.
So, there is no %-(r, €)-net for A. Hence A is not Z-totally bounded.

The next theorem characterizes the connection between .%-compactness and .%-total
boundedness.

Theorem 3.12. Let (X, M, f,a,*) be a fuzzy .Z-metric space and A C X. If Ais a
F-compact set, then A is Z-totally bounded.

Proof. Suppose that A is %-compact. We choose r € (0,1) and € > 0 arbitrarily.
Then by (.#2), there exists 0 < § < 1 such that

1-0<t<1l = 1—-e< f(t) <1 (17)
For § € (0,1), we can find r; € (0,1) such that
(I—r)*x(1—ry)>(1-9). (18)

Let 21 be an arbitrary element of X. If M(a,x1,€¢) > (1 —r), Va € A, then a finite

F-(r,e)-net B exists for A i.e. B = {x1}. If not there exists a point x5 € A such that
M(z1,x9,€) < (1 —1).
If for all a € A, M(a,z1,€) > (1 —7) or M(a,z2,¢) > (1 —7) then B = {z1,22} is a
finite .7-(r, €)-net exists for A. Continuing in this way, we obtain points {x1, z2,..., 2, }
where 21 € X, 9,23, - x, € A such that M(z;,z;,¢) < (1 —r) for i # j. Here, two
cases may arise.

Case-I The procedure stops after k- steps. Then we obtain points 1, za, . . ., ) such
that for every a € A at least one of the inequalities M (x;,a,€) > (1 —7r),i=1,2,...,k
holds and then B = {x1,xa,...,2%} is a finite .#-(r, €)-net for A. Hence A is .#-totally
bounded.
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Case-II The procedure continues infinitely. Then we obtain an infinite sequence {x,,}
where z1 € X and z; € A for ¢ > 2 such that

M(zi,zj,e) < (1—r), forij. (19)

Since A is Z-compact so there exists a subsequence {z, } of {x,,} which converges
to xz € A. Then for § >0 and 71 € (0,1), there exists N(e,71) € N such that

M(zn:cg) > (1—r1), ¥i > N(e,r1). (20)

Hence we have,

€ €

M (znx 5) « M (xn+x 5) S1—r)x(1—r)>(1—-08),¥>N(er) (21)

Again using (.F M4), we have
a € €
(f (M (zn,,2n,,,.€))" = f (M (xni,x, 5) * M (mniﬂ,x, §)> . (22)
Now, on the appliance of (19), & (F1), we get

(f(l=r)*> f( (mm,m,g)*M(anl,x,

€

5)) , Vi > N(e,r)

or (f(l—rN*>(1- (using (17) & (21))

or (f(1—rN*>1 (smcee > 01is arbitrarily chosen)
or (f(1—-r))=1

orr=0 (using(.#2) and Lemmaf3.1).

This contradicts our assumption. Hence, this case is absurd. This completes the proof.
a

4. FIXED POINT THEOREM WITH APPLICATION TO A SATELLITE WEB
COUPLING PROBLEM

In this section, we present a fixed point theorem in fuzzy .%-metric spaces that provides
a useful criterion for the existence of a unique fixed point of self-mappings in fuzzy metric
spaces, generalizing classical results by incorporating the notion of fuzzy contractions.

4.1. Fixed point theorem and numerical illustration:

In this subsection, we present a fixed point theorem and provide a concrete numerical
example to support it. Additionally, a graphical illustration is included to visualize the
claim of the numerical example.

Definition 4.1. Let (X, M, f, a,x) be a fuzzy #-metric space. A mapping 7' : X — X
is said to be a fuzzy .Z-1y-contraction mapping with respect to the function ¢ € ¥ if the
following implication holds:

0< M(z,y,t) <1 = M(Tz,Ty,t) > p(M(z,y,t)), Yo,y € X &t > 0. (23)
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Theorem 4.2. Let (X, M, f, a,x) be an #-complete fuzzy & -metric space and T be a
fuzzy % -1-contraction mapping with respect to some function ¢ € ¥ such that there
exists y € X satisfying 0 < M(y,Ty,t) < 1, ¥t > 0. Then T has a unique fixed point
in X.

Proof. Letz € X besuch that 0 < M(z,Tx,t) <1, Vt > 0 and define 2, = T"z, n €
NuU {0}. If T(zx) = =, for some k € N U {0} then the proof is done. So suppose
T(z,) # z,, for all r € NU {0}.

Since T is a fuzzy % -1)-contraction mapping then for the sequence {x, }, we have

M(xniy2, Tni1,t) > Y (M (Tpt1, Tn,t)), YneNU{0}&t > 0.
Repeating the above relation, for any m > 2, we get

M(lL’m+1,CUm,t) Z w(M(xmvxm—lat))
2 w2(M(l‘m—17$m—2at>) Z e Z wm(M(xthat))a vt > 0.

Taking limit as m — oo and using Lemma in the above relation, we get

lim M(Zmt1, Tm,t) > lim ™ (M (z1,20,t)) =1, V>0

m—r o0 m—o0
or lim M(Zm41,ZTm,t) =1, Vt>0. (24)
m—r 00

Proceeding in this way, we obtain

lim M(xm+ia$m+i71;t) =1, Vi>0&1i>1. (25)

m—r o0

Next, we show that {z,} is an Z-Cauchy sequence in (X, M, f,«, ). Now using the
inequality (.#M4), for any m € Nand p=1,2,3,---, we have

t t
(f(M(Zmtp; Tm, 1)) 2 f <M (xm-l-pvxm-&-p—la p) xoeek M (xm_;,_l,xm, p)) - (26)
Applying the relation on , we get

t t
lim f <M (mm+p,xm+p1, p) * ook M <$m+1,$m, p)) =1L,Vvt>0 (by (F2)

m—o0
or n}gnoo (f(M(Zmtp; Tm, t)))* 21, VE >0 (by )
or lim M(Zmyp,Tm,t) =1,Vt>0 (by (£2)).
m—r o0

This proves that {z,,} is an .#-Cauchy sequence in X. Since X is .#-complete, so {z,}
converges to some u € X. Therefore,

lim M (zp,,u,t) =1, Vt > 0.
m— o0
Next, we claim that u is a fixed point of T'. If possible, suppose there exists tg > 0
such that
M (u, Tu,tp) < 1. (27)
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Then using (% M4), we have

(F(M(u, T, 1)) > f( (u o, t2 ) M (.meu’;‘))) ,YmeN.  (28)

Again,

M(xm,Tut> 1/1( (xml,u,t;)>,Vm€N

t
or lim M (zm, O) lim ¢( (xm_l,u,0)> =1 (using Lemma/2.19
m—00 ’ 2 m—00 2
or lim M (xm, O) =
m—oo 79

This yields,

t
lim f (M (u,xm 20> <:cm,Tu ;)) =f(1x1)=1 (using(#2))
m—0o0
or W}gnoo (f(M(u,Tu,tp))) (using the relation )
or M(u,Tu,tg) =1 (using (F#2)).
Thus, we arrived at a contradiction to the relation . Therefore, u is a fixed point
of T'. To prove the uniqueness of the fixed point, suppose there exists an element v € X

with u # v such that Tv = v. Since v # u, there exists s > 0 such that M(u,v,s) < 1.
In that case, we get

M(u,v,s) = M(Tu,Tv,s) = p(M(u,v,s)) > M(u,v,s),
which is a contradiction. So, T has a unique fixed point in X. g
We present the following example in support of the above theorem.

Example 4.3. Consider the Example Here we take X = [—5,5]. First, we show
that (X, M, f,a,*) is a .%-complete fuzzy Z-metric space. For, consider a .#-Cauchy
sequence {z,} in (X, M, f,a,*). Then

|xn7mm|
t
lim M(zp,xm,t) = lim <> =1, Vte (0,00)

m,n—r00 m,n—00 t —|— 1

or lim |z, —x,|=0.
m,n— 00

Therefore, {x,} is a Cauchy sequence in X with respect to the usual metric. Since X is
complete with respect to the usual metric, there exists € X such that lim |z, —2| =0
n—oQ

which implies

|$n_73‘
t
lim M (z,,z,t) = lim () =1, Vte (0,00).

n—00 n—oo \ 1 +1¢
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This implies x,, — xasn — oo in (X, M, f,«a,*). Hence (X, M, f,a,x) is a F#-
complete fuzzy #-metric space.

Next we define two mappings as 7': X — X by T'(z) = §,Vz € X and ¢ : [0,1] —
[0,1] by ©(t) = V/t, Vt € [0,1]. Then we have

le—y|?
t 36
M(TI7Ty,t) :M (Eagﬂf) = 1 4
66 1+1¢
|z—y|2
d v (M(ayt) = VMagh = (——)
an 7y3 - 7y7 - 1+t

which implies

M(Tz,Ty,t) >/ M(x,y,t M(z,y,t)).

Hence, T satisfies the fuzzy .%-1-contraction condition . So by the above theorem,
T has a unique fixed point in X, which is z = 0.

| T S T S T ey
(b) 0'50 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Fig. 1. (a) M(Tz,Ty,t) vs (M (z,y,t)) at t =2 (b)
M(Tz,Ty,t) vs Y(M(zx,y,t)) for |z — y| = 10.

The geometric illustration of this example is shown in Figure |1, which shows the
variation between M (T'xz,Ty,t) and ¢ (M (x,y,t)). In Figure 1(a), the variation is due
to a particular fixed value of ¢ and Figure 1(b) shows the variation for fixed values of
|z — y|,z,y € X. This visualization highlights the interplay between the mapping T
and the function ¢ that demonstrates how the inequality M (Tz, Ty,t) > ¢ (M (z,y,t))
is sustained under the given conditions. The figure not only supports the theoretical
framework of the contraction condition but also provides an intuitive understanding of
the relationship between the parameters, thereby making the main result more compre-
hensible and accessible.

In the following example, we show that the conditions of the theorem are sufficient
but not necessary.
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Example 4.4. Consider the fuzzy .%-metric M of Example over X ={0,2,4,---}
and define a mapping 7' : X — X by T(z) = 10z, Vz € X.

First, we show that X is complete in R with respect to the usual metric. For, let
{z,} be a F-Cauchy sequence in (X, M, f,a,x). Then

lim M(z,,Zm,t)=14d.e. lm |z, — 2, =0.
m,n— oo m,n— 0o

Thus, {x,} is Cauchy sequence X in with respect to usual metric. Since X is closed in
R under the usual metric. So, X is complete, thus there exists £ € X such that

lim |z, —z|=0
n— oo

‘ |2y —x|? ‘ lim |z, —z|?
M — M - n— o0 -
and hence nlgr;OM(xn,a:,t) = nlgréo (—Hl) = (—t+1> =1

Therefore, (X, M, f, a, ) is .%#-complete fuzzy .#-metric space.
Next consider the mapping ¥ (t) = v/t, V¥t € [0,1]. Then, we get

" |Tz—Ty|? ; 100]z—y|?
M(Tz, Ty 1) = (m) = (m)

le—y|?
t
and w1 (o.01) = VI 1) = (1 )
which yields
or M(Tz,Ty,t) < (M (z,y,t)).
This shows that T does not satisfy the contraction condition , but it has a fixed
point in X which is ‘0’.
4.2. Application to a satellite web coupling problem:

Inspired by the applications of fixed point techniques to a variety of real-world problems,
we employ Theorem to address a satellite web coupling boundary value problem [I8].
A satellite web coupling can be conceptualized as a thin sheet linking two cylindrical
satellites. The analysis of radiation emanating from the web coupling between these
satellites gives rise to the following nonlinear boundary value problem (BVP):

& 4 0<t<1,w0) =wl) =0 (29)
- = pw*®, , w0 =w() =
dez
where w(z) represents the temperature of radiation at any point z € [0, 1], u = % >

0 is a dimensionless positive constant, K denotes the constant absolute temperature of
both satellites, while heat is radiated from the surface of the web at 0 absolute temper-
ature, [ is the distance between the two satellites, a is a positive constant characterizing
the radiation properties of the web’s surface, the factor 2 accounts for radiation from
both the top and bottom surfaces, b is the thermal conductivity, and h is the thickness
of the web.
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Next, we recall the corresponding integral equation:

where G(z, s) is the Green’s function, defined by

Gla.s) x(l—s), 0<z<s
T,8) =
s(l—z), s<z<l.

Let X = C0, 1], the class of all real-valued continuous functions defined on [0, 1] and
define a function M : X x X x (0,00) — [0, 1] by

s€[0,1]

b B la(e)=h(s)[?
1)

M(g,h,t)z(

for all g,h € X and ¢t > 0. Then, following the Example we can show that M is a
fuzzy F-metric on X with f(z) = 22, Vo € [0,1], @ = 1 and % = product. Moreover,
(X, M, f,a,*) is a .F-complete fuzzy .#-metric space.

Remark 4.5. In this section, the considered fuzzy #-metric M is continuous with
respect to the parameter ¢t > 0, for all g,h € X. Although such spaces may be derived
from an b-metric structure, which is generally discontinuous with respect to its variable,
continuity is assumed here to ensure the applicability of the fixed point framework to
the satellite web coupling problem.

Theorem 4.6. Consider the % -complete fuzzy Z-metric space (X, M, f, «,*) defined
above. Suppose that the BVP admits functions w,v € X such that

sup | (w?(s) +v*(s)) (w(s) +v(s)) | < E, k€ (0,4). (30)

s€[0,1] 14

Then the satellite web coupling BVP admits a unique solution.

Proof. We define a self-mapping T': X — X by

T(w(@) = /O Gla,s)w(s)ds, s e [0,1]. (31)

Then the integral operator T is associated with . Clearly, a solution to the satellite
web coupling problem corresponds to a fixed point of the self-mapping A.
Now for all w,v € X and z € [0, 1],

|Tw(z) — T(z)|*

/0 (w*(s) —v'(s)) G(z,s)ds

2
:'U/2
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2

= p° v*(s)) (w(s) +v(s)) (w(s) = v(s))} G(z,s)ds
2 ! 2
<p? sup |(W?(s) + v*(s))(w(s) + v(s))] / (w(s) —v(s)) G(z,s)ds
s€[0,1] 0
k? sup |w su G(z, s)
= 56[0p1]| re[Opl] /
zﬂszt[g)l]\w(s) v(s)]?> where = 674 € (0,1).

This implies

sup [Tw(z) — To(@) < 8- sup fw(s) — v(s)[?
z€[0,1] s€[0,1]

P [Te@) T p\A s @) @)
or (i) > () =0

Now consider the mapping (t) = t%, V¢ € [0,1] where 3 = ’g—z € (0,1). Then the
above inequality gives

M(Tw,Tv,t) > ¢ (M(w,v,t)), Vt>O0.

Thus, the mapping T fulfill the conditions of the Theorem and therefore T' has a
unique fixed point in X. Consequently, the BVP has a solution in X. O

4.3. Numerical illustration:

For numerical illustration of the Theorem we consider a numerical example based
on the BVP and the corresponding operator T : X — X defined by . First note
that, T(0) = 0, so u = 0 is always a fixed point of T.

Next, we choose nontrivial functions from X = C10, 1] as

w(s) =sin(7ws) & wv(s)=s(1—s),Vse0,1].
Both functions vanish at £ = 0 and z = 1. A numerical maximization yields

M= sup |(w(s)®+v(s)?) (w(s) + v(s))| ~ 1.2944691606,
s€[0,1]

attained at s &~ 0.3574. In particular, we choose ;x = 0.5 and k = 0.7, so that the hy-
pothesis is satisfied. These serve as benchmark functions showing the admissibility
of nontrivial solutions.

Hence, as per the proof of Theorem the operator T satisfies the contraction
condition with respect to the fuzzy .%#-metric M and the function v defined in
Section 4.2. Therefore, T admits a unique fixed point in X. Since 7'(0) = 0, the unique
fixed point in X is precisely the zero function.
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Fig. 2. (a) Picard iterates w, and the zero fixed point  (b)

Convergence diagnostics
T T T

Norm (log scale)

Sup-norm error ||wn4+1 — wn||e Vs iteration n. Final step diff =
0.000e + 00, final residual = 0.000e + 00 after 50 iterations.

Initial Function for Iteration: For the numerical Picard iteration, we choose an
initial guess as: wo(z) = sin(77z).

Picard Iteration Scheme: We discretize the interval [0, 1] using N = 1000 equally
spaced points and construct the corresponding Green’s function matrix G. The Picard
iteration is then defined by

wni1 =G (WE) Az, n=0,1,2,...,

where Az is the grid spacing, and the boundary conditions w;,11(0) = w,+1(1) = 0 are
enforced at each iteration. The iteration continues until the sup-norm error

femsr = wnlloe = max w42 (2:) = wn(z)

is below a specified tolerance.

Results: The iterates wy, (z) generated by the Picard scheme converge toward the triv-
ial fixed-point solution u = 0 of . Figure [2|(a) displays several consecutive iterates
wo(x),w1(x),ws(x),..., superimposed with the horizontal axis representing the fixed
point. As n increases, the oscillatory profile of the initial function gradually flattens
out, and the curves contract uniformly toward the zero axis. Figure [2|(b) further con-
firms this behavior by showing that the sup-norm errors ||wy, || decrease monotonically
with each iteration.

CONCLUSION

In this article, we study several fundamental properties related to the .%-compactness
and .%-totally boundedness of fuzzy .%-metric spaces. Within this framework, we prove
a fixed point theorem that not only enriches the existing literature but also demonstrates
practical applicability through its relevance to the satellite web coupling problem. To
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illustrate the sufficiency of the theorem’s conditions, we present concrete examples. A
geometric illustration of the example is also provided, that shows the variation between
M(Tz,Ty,t) and v (M(x,y,t)) as described in relation , and highlights the inter-
play between the mapping T and the function . The figure supports the theoretical
foundation of the contraction condition and provides an intuitive understanding of the
relationships among the parameters involved. Furthermore, a numerical illustration is
implemented using MATLAB to demonstrate the consistency of numerical results with
the theoretical convergence guaranteed by Theorem thereby validating the appli-
cability of the BVP within the fuzzy .%-metric space framework.

These results lay the foundation for further research that extends to study more
generalized spaces or explores additional applications in dynamic systems, optimization,
and computational mathematics.
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