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β-EXPONENTIAL STABILITY OF TIME-DELAY SYSTEMS
BASED ON SLIDING MODE CONTROL

Nassim Athmouni, Nejib Brahmia, Tarek Fajraoui, and Fehmi Mabrouk

This paper investigates sliding mode control for one-sided Lipschitz non-linear systems with
time-delays and uncertainties. A suitable integral sliding surface is introduced, explicitly ac-
counting for delay terms and distinguishing itself from existing approaches. To guarantee the
β-exponential stability, a new sufficient condition is derived in the form of a linear matrix
inequality. Furthermore, an appropriate sliding mode control law is developed to enforce finite-
time convergence of the system states to the sliding surface and guarantee their persistence on
it. Finally, a comparative numerical example is conducted to evaluate the performance and
practicality of the proposed control strategy.
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1. INTRODUCTION

Over the past several decades, time-delay systems have been frequently encountered in
various scientific and technical fields. This is due to the fact that delays frequently oc-
cur in many real systems, including engineering [7], biology [13], chemical reactors [9],
population dynamics models [19] and an economic model [5]. The analysis of systems
without delay is relatively straightforward compared to systems under time-delay. Al-
though delay-dependent terms can lead to system stability in some cases, they are more
often a source of instability and performance degradation in control problems, especially
when the delays are time-varying, unknown, or unmodeled.

A time-varying delay can be considered as a source of external uncertainty in a dynam-
ical system. It may not only introduce external uncertainties but also amplify internal
ones, making the prediction of the system’s behavior more challenging. This relation-
ship between uncertainty and time delay reflects the need for the use of robust control
strategies, which must deal simultaneously with modeling uncertainties and the effect
of delay to ensure system stability and desired performance. This intrinsic connection
between delay and uncertainty has been widely recognized in the literature [6, 24].

In order to overcome the challenges of stability, different effective control design
strategies have been introduced in the literature, e. g., adaptive and robust control tech-
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nique [26, 27], the classical proportional-integral, and control of nonlinear systems via
linear approximations [10], but these strategies are vulnerable to the uncertainty, which
immediately impacts validity of the control law.

For the purpose of enhancing the efficiency of the system, different advanced nonlin-
ear control methodologies have emerged in order to boost the robustness as well as the
control strategies of uncertain nonlinear systems. These encompass intelligent control,
model predictive control, observer control method [1, 2, 3, 18] and sliding mode control
(SMC) [20, 23, 25]. Intelligent control has the benefit of not relying on an accurate
mathematical model of the system. Nevertheless, its design and implementation pro-
cesses tend to be complicated and computationally demanding. Model predictive control
provides an intuitive framework for handling multi-variable and nonlinear systems and
can explicitly incorporate constraints.

Observer-based methods improve system robustness by estimating and compensating
for disturbances and uncertainties, to attain better tracking performance and improved
system stability. Observer-based methods improve system robustness by estimating and
compensating for disturbances and uncertainties, to attain better tracking performance
and improved system stability. To enhance the performance of this strategy, many ad-
vanced nonlinear methods have been applied, such as neural networks [16, 17]. On
the other hand, sliding mode control can be easily implemented and provides satisfying
robustness for uncertainties of the model, so it can be used as a possible method of
handling uncertainties and disturbance of nonlinear systems. Throughout the last few
decades, SMC has gained significant attention due to its high robustness and accuracy.
Noted in [23, 25], SMC comes across as an attractive strategy for managing nonlinear
dynamic systems, particularly for systems that are subjected to some level of uncertainty
or change. SMC have been extensively applied in the design of control laws for uncer-
tain systems due to their numerous advantageous properties, including fast response,
enhanced transient performance, and order reduction. Nonetheless, conventional SMC
schemes employ a switching function to produce the control signals, which often leads
to chattering. To address this problem, a vast number of seminal solutions have been
suggested for example, [14] introduced a fixed-time sliding mode control system that
ensures convergence within a specified time frame, independent of initial conditions, for
DC/DC buck converters dealing with mismatched uncertainty. In addition, a fixed-time
convergent sliding mode controller based on an observer has been adopted to permanent-
magnet synchronous motors, targeting both the inner current loop and the outer speed
loop [15].

It is well known that most nonlinear systems satisfy the Lipschitz condition [11, 12].
However, the Lipschitz condition is rarely satisfied globally, which limits the application
of results based on a Lipschitz continuity condition. Several important results on Lips-
chitz systems have been reported, such as the output feedback stabilization [4], observer
design, and practical stability of Lipschitz nonlinear systems [2]. It is worth mentioning
that studies have indicated that design methods based on Lipschitz conditions are often
effective only when Lipschitz constant is small. When the Lipschitz constant is large,
or must be chosen to be large, the well-known Lipschitz conditions will fail to be effec-
tive. To overcome this limitation, the one-side Lipschitz condition has been suggested
in various articles for control design . In [1], this concept was further expanded by in-
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corporating the quadratically inner-bounded condition. Significant research efforts have
been devoted to the study of one-sided Lipschitz non-linear systems [3]. Moreover, the
issue of SMC for one-sided Lipschitz nonlinear systems without delay was investigated
in [22].

At present, there are few studies on sliding mode control for time delay-varying non-
linear systems with uncertainties under one-sided Lipschitz and quadratic inner-bounded
conditions. In [21], the authors studied a class of non-linear uncertain dynamical sys-
tems with time-varying delay using sliding mode control and the Lyapunov-Razumikhin
approach, but their analysis is limited to asymptotic stability, and does not incorporate
the one-sided Lipschitz condition. In [8], the authors establish the robust control prob-
lem for a class of one-sided Lipschitz nonlinear systems with time-varying delays and
parameter uncertainties based on a state observer. They derived sufficient conditions
to guarantee the asymptotic stability of the resulting closed-loop system. Motivated by
SMC techniques, this work investigates the β-exponential stability for time-delay sys-
tems incorporating a nonlinear component subject to the one-sided Lipschitz condition.
The main idea of this paper is to use a discontinuous control law to ensure that the sys-
tem state trajectories reach and remain on the sliding surface. Specifically, the integral
sliding mode control law is formulated based on the constructed integral sliding surface
and the reaching condition. The outline of this paper is as follows: Section 2 presents the
problem statement and preliminaries. Section 3 discusses the sliding surface design for
time-varying delay systems. Section 4 provides the stability analysis. Section 5 details
the construction of the control law. Finally, Section 6 provides a comparative numerical
example to illustrate the results.

2. PROBLEM STATEMENT AND PRELIMINARIES

Consider the nonlinear time-varying system with time delays:
ẋ(t) = (A+ δA)x(t) + (Ad + δAd)x(t− h(t)) + f(t, x(t), x(t− h(t)))

+ δf(t, x(t), x(t− h(t))) +Bu(t),

x(t) = ϕ (t) for t ∈ [−h, 0],

(1)

where x(t) ∈ Rn is the state, u(t) ∈ Rs is the input. Moreover, A ∈ Rn×n, Ad ∈ Rn×n,
and B ∈ Rn×s with rank(B) = s, are known constant matrices, f : R× Rn × Rn → Rn

is nonlinear functions, h(t) represents time-varying delay which satisfies:

0 ≤ h(t) ≤ h, ḣ(t) ≤ ḣ < 1,

where h, ḣ are known scalars and ϕ ∈ C = (C([−h, 0],Rn), ∥.∥∞) is the initial condi-
tion with ∥.∥∞ denoting the norm of uniform convergence. The nonlinear uncertainty
function δf satisfies:

δfT δf ≤ αxTx, where α ≥ 0. (2)

The time-varying parameter uncertainties δA, δAd , are structured as:

δA = M0H0(t)N0 and δAd = M1H1(t)N1,



102 N. ATHMOUNI, N. BRAHMIA, T. FAJRAOUI, AND F. MABROUK

where M0, M1, N0 and N1 are known real constant matrices of appropriate dimensions,
while H0(t) ∈ Rk0×l0 and H1(t) ∈ Rk1×l1 are unknown matrices, satisfying:

HT
i (t)Hi(t) ≤ I, for all i = 0, 1.

It is worth mentioning that the following well-known facts and lemmas are essential
for deriving the main results.

Remark 2.1. The condition assumed on the delay function is crucial to guarantee
the causality of the system. Without this restriction, time-varying delay could lead
to situations where the system depends on future states, which is physically unrealistic.
Moreover, this assumption is commonly adopted to justify the applicability of Lyapunov–
Krasovskii functional.

Remark 2.2. Under the assumption for the rank of the matrix B it is clear that the
square matrix BTB is nonsingular.

Definition 2.3. Given β > 0. System (1) is β-exponentially stable if there exists a
positive number η > 0 such that every solution x(t, ϕ) satisfies:

∥x(t, ϕ)∥ ⩽ η∥ϕ∥∞e−βt, ∀t ∈ R+

and for all the uncertainties δA(t), δAd(t).

Lemma 2.4. (Wang et al. [26]) For given matrices M , N , H with HTH ≤ I and
scalar ε > 0, the following inequality is satisfied:

MH(t)N +NTH(t)TMT ≤ εMMT + ε−1NTN.

Lemma 2.5. (Schur Complement)
Given constant symmetric matrices Σ1, Σ2, Σ3 where Σ1 = ΣT

1 and Σ2 = ΣT
2 , then the

following equivalence holds:

Σ2 < 0 and Σ1 − ΣT
3 Σ

−1
2 Σ3 < 0 if and only if

(
Σ1 ΣT

3

Σ3 Σ2

)
< 0.

Lemma 2.6. [18] For any constant matrix M ∈ Rn×n, M = MT > 0, scalar γ > 0, and
vector function ω : [0, γ] → Rn such that the integrations concerned are well defined, it
holds that: (∫ γ

0

ω(s) ds

)T

M

(∫ γ

0

ω(s) ds

)
≤ γ

∫ γ

0

ωT (s)Mω(s) ds.

Definition 2.7. (Abbaszadeh and Marquez [1]) The nonlinear function f is said to be
one-sided Lipschitz in the region D ⊂ Rn if there exist a1, a2 ∈ R such that ∀ x, x̄, y, ȳ ∈
D, we have

(x− x̄)T (f(t, x, y)− f(t, x̄, ȳ)) ≤ a1(x− x̄)T (x− x̄) + a2(y − ȳ)T (y − ȳ)

a1 and a2 are the one-sided Lipschitz constants which can be positive or negative.
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Definition 2.8. (Abbaszadeh and Marquez [1]) The nonlinear function f is said to be
quadratically inner-bounded in the region D ⊂ Rn, if there exist b1, b2, c1, c2 ∈ R such
that ∀ x, x̄, y, ȳ ∈ D, the following inequality holds:

(f(t, x, y)− f(t, x̄, ȳ))T (f(t, x, y)− f(t, x̄, ȳ)) ≤ b1(x− x̄)T (x− x̄) + b2(y − ȳ)T (x̄− ȳ)

+c1(x− x̄)T (f(t, x, y)− f(t, x̄, ȳ))

+c2(y − ȳ)T (f(t, x, y)− f(t, x̄, ȳ)).

Assumption 2.1. The nonlinear function f satisfies the one-sided lipshitz condition.

Assumption 2.2. The nonlinear function f satisfies the quadratically inner-bounded
condition.

Remark 2.9. Assumptions 2.1 and 2.2 are widely applicable to practical time-delay
systems. In particular, the one-sided Lipschitz condition is less conservative than the
classical global Lipschitz condition and captures the dissipative nature of physical sys-
tems exhibiting nonlinear characteristics such as saturation or dead zones. Similarly,
the quadratic inner-boundedness offers a general and flexible representation for uncer-
tain nonlinearities through tractable quadratic constraints, which is highly useful in the
design of robust observers and controllers. It is worth noting that one-sided Lipschitz
nonlinear systems include Lipschitz systems as a special case. Unlike the Lipschitz con-
dition, the constants a1, a2, b1, b2, c1, and c2 in Assumptions 2.1 and 2.2 can take
positive, negative, or zero values. Moreover, if the function f(x(t), x(t− h(t))) satisfies
the global Lipschitz condition, then it also satisfies both the one-sided Lipschitz and the
quadratic inner-boundedness conditions.

3. SLIDING SURFACE DESIGN

In this section, we shall design the switching manifold, so that the sliding motion on
that manifold has the desired dynamics.

Remark 3.1. In SMC, there are two phases: the reaching phase, where states are driven
to reach the sliding surface and the sliding phase where the system states must remain
on the surface due to the control.

Define the following sliding mode switching function

s(t) = Gx(t)−
∫ t

0

G(A+BK)x(s) ds−
∫ t

0

GAdx(s− h(s)) ds, (3)

where G ∈ Rm×n and satisfy GB is nonsingular. Note that G is not unique but any
choice is acceptable for given matrix B.

The time derivative of s(t) along the trajectories of (1) is

ṡ(t) = Gẋ(t)−G(A+BK)x(t)−GAdx(t− h(t))

= G[(A+ δA)x(t) + (Ad + δAd)x(t− h(t)) + f(t, x(t), x(t− h(t)))

+ δf(t, x(t), x(t− h(t))) +Bu(t)]−G(A+BK)x(t)−GAdx(t− h(t))
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= −G(BK)x(t) +GδAx(t) +GδAdx(t− h(t)) +Gf(t, x(t), x(t− h(t)))

+ Gδf(t, x(t), x(t− h(t))) +GBu(t).

Remark 3.2. The performance of the SMC system depends on the design of the sliding
surfaces, which is constructed to facilitate sliding mode dynamics. It should be noted
that the surface function differs from the previous works without delay like in [20, 22].
In this work, a third term was added due to the influence of the time-delay.

Based on the sliding mode approach, when the system reaches the sliding surface in
t = tr. It follows that s(t) = 0 and ṡ(t) = 0 for any t ≥ tr.
To ensure the trajectory remains on the sliding surface, we will choose a control called
equivalent control described as:

ueq(x(t)) :=(GB)−1G[BKx(t)− δAx(t)− δAdx(t− h(t))

− f(t, x(t), x(t− h(t)))− δf(t, x(t), x(t− h(t)))].

Substituting (3) into (1), results in the sliding motion described below:

ẋ(t) = (A+ δA)x(t) + (Ad + δAd)x(t− h(t))

+ (f(t, x(t), x(t− h(t))) + δf(t, x(t), x(t− h(t))))

+B(GB)−1G[BKx(t)− δAx(t)− δAdx(t− h(t))− f(t, x(t), x(t− h(t)))

− δf(t, x(t), x(t− h(t)))].

Hence, it will lead to:

ẋ(t) = (A+BK + (I −B(GB)−1G)δA)x(t) + (Ad + (I −B(GB)−1G)δAd)xx(t− h(t))

+ (I −B(GB)−1G)(f(t, x(t), x(t− h(t))) + δf(t, x(t), x(t− h(t)))).

To simplify the calculation, x(t) will be replaced with x, x(t − h(t)) with xh, and
f(t, x(t), x(t− h(t))) with f .
Consider that:

G̃ := (I −B(GB)−1G),

Ã := A+BK + G̃δA,

Ãd := Ad + G̃δAd,

f̃ := G̃(f + δf).

Thus, on the sliding surface, the system (1) holds:

ẋ = Ãx+ Ãdxh + f̃ . (4)

4. STABILITY ANALYSIS

Theorem 4.1. Under assumption 2.1 and assumption 2.2, if there exist positive con-
stants ε1, ε2, ρ0, ρ1, symmetric positive definite matrices P , Q, Q1 and a square matrix
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Y can be found to satisfy the following LMI:

Ω =



Ξ11 Ξ12 Ξ13 0 Ξ15 Ξ16 Ξ17

∗ Ξ22 Ξ23 0 0 0 0
∗ ∗ Ξ33 0 0 0 0
∗ ∗ ∗ Ξ44 0 0 0
∗ ∗ ∗ ∗ −I 0 0
∗ ∗ ∗ ∗ ∗ −ρ0I 0
∗ ∗ ∗ ∗ ∗ ∗ −ρ1I


< 0, (5)

where
Ξ11 = ATP+Y T +PA+Y +hQ+Q1+αI+2βP+ϵ2b1I+ϵ1a1I+ρ0N

T
0 N0, Ξ12 = PAd,

Ξ13 = PG̃− 1
2ε1I +

ε2
2 c1I, Ξ15 = PG̃, Ξ16 = PG̃M0, Ξ17 = PG̃M1,

Ξ22 = ρ1N
T
1 N1 + ε1a2I − (1− ḣ)e−2βhQ1 + ε2b2I, Ξ23 = 1

2ε2c2I,

Ξ33 = −ε2I, Ξ44 = − e−2βh

h Q,

then, the sliding mode dynamic (4) will be β-exponentially stable under the gain matrix
K = (BTB)−1BTP−1Y.

P r o o f . Define the Lyapunov function as like Vx = V1 + V2 + V3, where

V1 = xTPx, V2 =

∫ 0

−h

∫ t

t+θ

xT (s)e2β(s−t)Qx(s) dsdθ

and

V3 =

∫ t

t−h(t)

xT (s)e2β(s−t)Q1x(s) ds.

Calculating the time derivative of V1, V2, and V3 along of (4)

V̇1 = [Ãx+ Ãdxh + f̃ ]TPx+ xTP [Ãx+ Ãdxh + f̃ ]

= xT ÃTPx+ xT
h Ã

T
d Px+ f̃TPx+ xTPÃx+ xTPÃdxh + xTP f̃

= xT [A+BK + G̃M0H0N0]
TPx+ xT

h [Ad + G̃M1H1N1]
TPx

+ [G̃(f + δf)]TPx+ xTP [A+BK + G̃M0H0N0]x

+ xTP [Ad + G̃M1H1N1]xh + xTP [G̃(f + δf)].

By using lemma 2.4 and for ρ0 > 0, one gets:(
PG̃M0

)
H0N0 +

((
PG̃M0

)
H0N0

)T

⩽ ρ−1
0

(
PG̃M0

)(
PG̃M0

)T

+ ρ0N
T
0 N0.

Additionally, for ρ1 > 0 the expression becomes:

2xTPG̃M1H1N1xh ⩽ ρ−1
1 xT

(
PG̃M1

)(
PG̃M1

)T

x+ ρ1x
T
hN

T
1 HT

1 H1N1xh

⩽ ρ−1
1 xT

(
PG̃M1

)(
PG̃M1

)T

x+ ρ1x
T
hN

T
1 N1xh,
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by the classical inequality one gets:

2xTPG̃δf ≤ xT (PG̃)(PG̃)Tx+ δfT δf.

Under inequality (2) it follows that:

2xTPG̃δf ≤ xT (PG̃)(PG̃)Tx+ αxTx.

Then the following inequality results:

V̇1 ⩽ xT
[
(A+BK)

T
P + P (A+BK)

]
x

+ 2βxTPx− 2βV1(t) + ρ−1
0 xT

(
PG̃M0

)(
PG̃M0

)T

x

+ ρ0x
TNT

0 N0x+ 2xTPAdxh + ρ−1
1 xT

(
PG̃M1

)(
PG̃M1

)T

x+ ρ1x
T
hN

T
1 N1xh

+ 2xTPG̃f + xT (PG̃)(PG̃)Tx+ αxTx.

As for

V̇2 = −2βe−2βt

∫ 0

−h

∫ t

t+θ

xT (s)e2βsQx(s) dsdθ + e−2βt[hxT e2βtQx

−
∫ 0

−h

xT (t+ θ)e2β(t+θ)Qx(t+ θ) dθ]

by using Lemma 2.6 and a variable change for the integral it is deduced that:

V̇2 ⩽ xThQx− 2βV2(t)−
1

h

(∫ t

t−h

x(s)eβ(s−t) ds

)T

Q

(∫ t

t−h

x(s)eβ(s−t) ds

)
.

Now as for
V̇3 = −2βV3 + xTQ1x− (1− ḣ(t))xT

h e
−2βh(t)Q1xh,

it can be written for ε2 > 0:

ε2b1x
Tx+ ε2b2x

T
hxh + ε2c1x

T f + ε2c2x
T
h f − ε2f

T f ≥ 0

and by using the fact that f is one-sided Lipschitz, inner-bounded and f(0, 0) = 0 we
have that:

fTx ⩽ a1x
Tx+ a2x

T
hxh,

consequently one gets:

∀ε1 > 0 we have ε1a1x
Tx+ ε1a2x

T
hxh − ε1x

T f ≥ 0

and
fT f ⩽ b1x

Tx+ b2x
T
hxh + c1x

T f + c2x
T
h f.

So the inequality becomes:

V̇3 ⩽ −2βV3 + xTQ1x− (1− ḣ(t))xT
h e

−2βh(t)Q1xh + ε1a1x
Tx+ ε1a2x

T
hxh − ε1x

T f

+ ε2b1x
Tx+ ε2b2x

T
hxh + ε2c1x

T f + ε2c2x
T
h f − ε2f

T f.
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We infer:

V̇x = V̇1 + V̇2 + V̇3

⩽ xT
[
(A+BK)

T
P + P (A+BK) + hQ

]
x+ ρ−1

0 xT
(
PG̃M0

)(
PG̃M0

)T

x

+ ρ0x
TNT

0 N0x+ 2xTPAdxh + ρ−1
1 xT

(
PG̃M1

)(
PG̃M1

)T

x+ ρ1x
T
hN

T
1 N1xh

+ 2xTPG̃f + xT (PG̃)(PG̃)Tx+ αxTx+ 2βxTPx− 2β(V1 + V2)

− e−2βh

h

(∫ t

t−h

x(s)eβ(s−t) ds

)T

Q

(∫ t

t−h

x(s)eβ(s−t) ds

)
− 2βV3 + xTQ1x− (1− ḣ(t))xT

h e
−2βh(t)Q1xh + ε1a1x

Tx+ ε1a2x
T
hxh − ε1x

T f

+ ε2b1x
Tx+ ε2b2x

T
hxh + ε2c1x

T f + ε2c2x
T
h f − ε2f

T f.

It yields that:

V̇x ≤


x
xh

f∫ t

t−h
x(s) ds


T 

Ξ′
11 Ξ12 Ξ13 0
∗ Ξ22 Ξ23 0
∗ ∗ Ξ33 0
∗ ∗ ∗ Ξ44




x
xh

f∫ t

t−h
x(s)eβ(s−t) ds

− 2βV,

where

Ξ′
11 = (A+BK)TP + P (A+BK) + hQ+Q1 + ρ−1

1

(
PG̃M1

)(
PG̃M1

)T

+ ρ−1
0 (PG̃M0)(PG̃M0)

T + (PG̃)(PG̃)T + αI + 2βP + ε2b1I + ε1a1I + ρ0N
T
0 N0.

Since Ω′ < 0 and by using Schur complement Lemma 2.5, it follows that:

V̇x ⩽ −2βVx (6)

by integrating (6) on [0, t] results in∫ t

0

V̇ (xs)

V (xs)
≤ −2βt.

So,
V (xt) ≤ V (x0)e

−2βt.

Therefore the following holds:

xTPx = xT
t (0)Pxt(0)

≤ λmax(P ) ∥xt(0)∥2

≤ λmax(P ) ∥xt∥2∞

and ∫ t

t−h(t)

xT (s)e2β(s−t)Q1x(s) ds ≤ λmax(Q1)

∫ t

t−h

xT (s)e2β(s−t)x(s) ds
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≤ λmax (Q1)

∫ 0

−h

xT (θ + t)e2βθx(θ + t) dθ

⩽ λmax (Q1)

∫ 0

−h

xT
t (θ)xt(θ) dθ

⩽ hλmax (Q1) ∥xt∥2∞
and∫ 0

−h

∫ t

t+θ

xT (s)e2β(s−t)Qx(s) dsdθ =

∫ 0

−h

∫ 0

θ

xT (τ + t)e2βτQx(τ + t) dτdθ

≤ λmax (Q)

∫ 0

−h

∫ 0

θ

xT
t (τ)e

2βτQxt(τ) dτdθ

≤ h2

2
λmax (Q) ∥xt∥2∞ .

It can be established that:

Vx ≤
[
λmax(P ) + hλmax (Q1) +

h2

2
λmax (Q)

]
∥xt∥2∞ .

Since

V (x0) ≤
[
λmax(P ) + hλmax (Q1) +

h2

2
λmax (Q)

]
∥x0∥2∞

this yields the following inequality:

V (xt) ≤
[
λmax(P ) + hλmax (Q1) +

h2

2
λmax (Q)

]
∥ϕ∥2∞e−2βt.

Thus

∥x(t)∥2 ≤

[
λmax(P ) + hλmax (Q1) +

h2

2 λmax (Q)
]

λmin(P )
∥ϕ∥2∞e−2βt.

□

5. CONTROL LAW DESIGN

After constructing the integral sliding surface, we focus, in this section, on integrating
the SMC law, through which the sliding motion is triggered within a finite time tr by
satisfying the reachability condition. Consequently the following theorem is declared.

Theorem 5.1. Consider the sliding surface function (3) and the gain matrixK acquired
in Theorem 4.1. The following control law:

u(t) = Kx(t)−∇(t)sign(s(t)), (7)

causes the state of the system (1) to reach the sliding surface from a random initial point
within a finite time tr, and subsequently remains on it, where

∇(t) = (GB)−1(β + ∥GM1∥∥N1∥∥x(t)∥+ ∥GM2∥∥N2∥∥x(t− h(t))∥+ ∥G∥∥f∥+G∥x∥)
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and β is a positive scalar.

P r o o f . Let

s(t) = Gx(t)−
∫ t

0

G(A+BK)x(s) ds−
∫ t

0

GAdx(s− h(s)) ds.

So

ṡ(t) = Gẋ(t)−G(A+BK)x(t)−GAdx(t− h(t))

= G[(A+ δA)x(t) + (Ad + δAd)x(t− h(t)) + (f + δf) +Bu]

−G(A+BK)x(t)−GAdx(t− h(t))

= −G(BK)x(t) +GδAx(t) +GδAdx(t− h(t)) +Gf +Gδf +GBu.

Consider now the Lyapunov function candidate:

Vs(t) =
1

2
sT (t)s(t).

Using the control law (7), V̇s(t) is given by

V̇s(t) = sT (t)[GδAx(t) +GδAdx(t− h(t)) +Gf +Gδf

+ (−β − ∥GM0∥∥N0∥∥x(t)∥ − ∥GM1∥∥N1∥∥x(t− h(t))∥
− ∥G∥∥f∥ −G∥x∥)sign(s(t))].

Since for all x, y ∈ Rn, we have xT y ≤ ∥x∥y.sign(y) where sign(y) =

 sign(y1)
...

sign(yn)

.

It can be deduced that:

V̇s(t) ≤ −βsT (t)sign(s(t)) = −β

n∑
j=1

|sj(t)|.

Furthermore we have sT (t)sign(s(t)) ≥ ∥s(t)∥ and Vs(t) =
1
2s

T (t)s(t) = 1
2∥s(t)∥

2 .
So the following holds:

V̇s(t) ≤ −
√
2β

√
Vs(t). (8)

Integrating both sides of (8) from 0 to t > 0, this yields the following results:√
Vs(t) ≤

√
Vs(0)−

√
2

2
βt.

Under the condition Vs(t) ≥ 0 and when it takes the value 0 we reach the sliding surface
s(t) = 0 and it is deduced that:

tr ≤ 2√
2

√
Vs(0).

□
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6. ILLUSTRATIVE EXAMPLE

In this section, an example is given to show the effectiveness of our results.

Consider the uncertain nonlinear systems (1) with the following parameters:

A =

[
0.1 −1
0.1 −0.1

]
, δA =

[
0.02 −0.04
0.01 0.03

]
, Ad =

[
0.2 0.1
0.6 0

]
, δAd =

[
−0.02 0.01
0.02 −0.03

]
,

B =

[
1
0

]
, M0 =

[
0.1
0.1

]
, M1 =

[
0.1
1

]
, N0 =

[
1 1

]
,

N1 =
[
0.1 1

]
, f(t, x(t), x(t−h(t))) =

[
x1(t)

(
x2
1(t) + x2

2(t)
)

x2(t)
(
x2
1(t) + x2

2(t)
)
− 1.33 sin(x2(t− h(t)))

]
.

Moreover, set

a1 = 0, a2 = 1.33, b1 = −48, b2 = 1.7689, c1 = −16, c2 = 0, α = 0.001,

h(t) = 0.1 sin(t), h = 0.2, ḣ = 0.1.

Using MATLAB LMI Toolbox to solve the inequality (5), one obtains

P =

[
0.2609 0.0737
0.0737 0.1034

]
, Y =

[
−8.1362 −12.5033
11.1496 −7.6350

]
,

Q =

[
0.8462 −0.0000
−0.0000 0.8462

]
, Q1 =

[
4.5450 0.2500
0.2500 7.0861

]
and

ε1 = 0.2777, ε2 = 0.0717, ρ0 = 3.9859, ρ1 = 2.8844, K =
[
−77.1987 −33.8802

]
.

Hence, the sliding variable (3) and the SMC law (7) are designed as

s(t) = [−0.2 1]x(t)−
∫ t

0

[15.5197 6.8760]x(s) ds−
∫ t

0

[0.5600 − 0.0200]x(s− h(s)) ds,

u(t) = [−77.1987 − 33.8802]x(t)−∇(t)sign(s(t)).

Take β = 0.15, and x0 =
[
−0.2 0.1

]T
, the above curves are obtained: Figure 1, 2

and 3 depict the response of the state x(t) for the open-loop and the closed-loop systems,
respectively. It is clear that the open-loop system is unstable, while the closed-loop sys-
tem stabilizes rapidly. Figure 4 shows the evolution responses of sliding variable s(t) and
Figure 5 displays the control signal u(t). It is clear that the system is β-exponentially
stable.

The proposed method is compared with that of L. Huang et al. [8], in which the
authors addressed the robust control problem for a class of one-sided Lipschitz systems
with time-varying delay and parameter uncertainties using a state observer. For com-
parison purposes, since the nonlinear uncertainty function δf was not considered in [8],
the simulations in the previous section are carried out with

C =

[
1 0
0 0

]
, and D =

[
0 0.1
0 0

]
.
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Fig. 5: SMC law u(t)

For h = 0.2 and x(0) = [−0.2 0.1]⊤, by applying both the proposed method and
the method in [8], the simulation results are presented in Figs. 2–3. In these figures, the
behaviors of x1(t) and x2(t) for the closed-loop systems (under both control methods)
are compared. It can be observed that x1(t) and x2(t) under the proposed method
exhibit better convergence characteristics than those obtained with the method in [8].
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7. CONCLUSION

A new sliding mode control strategy is proposed to establish β-exponential stability for
time-delay systems satisfying one-sided Lipschitz condition on the nonlinear part. The
proposed control framework is based on an integral sliding surface specifically designed to
incorporate time-delay effects, and it integrates a gain matrix derived using linear matrix
inequality techniques, which are formulated through Lyapunov–Krasovskii functionals.
The effectiveness and advantages of the proposed control method are demonstrated via
a comparative numerical example. Finally, extending the approach to quasi-one-sided
Lipschitz nonlinear systems could represent a promising direction for future research.
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