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OPTIMALITY CONDITIONS FOR AN INTERVAL-VALUED
VECTOR PROBLEM

AsHIsSH KUMAR PRASAD, JULIE KHATRI AND IZHAR AHMAD

The present article considers a nonsmooth interval-valued vector optimization problem with
inequality constraints. We first figure out Fritz John and Karush—-Kuhn—Tucker type necessary
optimality conditions for the interval-valued problem designed in the paper under quasidifferen-
tiable §-convexity in connection with compact convex sets. Subsequently, sufficient optimality
conditions are extrapolated under aforesaid quasidifferentiability supported by a suitable nu-
merical example.
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1. INTRODUCTION

The problems where we simultaneously optimize two or more objective functions are
categorized as vector optimization problems. In vector optimization, the concept of
optimality has a significant impact on statistical decision theory, game theory, economics,
and all noncomparable criteria in optimal decision problems. Our intention in such
problems is to extract the best leading solutions, or, more precisely, nondominated
solutions, from the set of all feasible solutions.

There are several tools to handle uncertainty arising in mathematical programming
problems. Various approaches like stochastic processes, fuzzy numbers, etc. emerged as
mathematical devices to handle uncertainty in recent years. Uncertainty in real-world
scenarios can also be sculptured by means of interval-valued programming problems.
In linear and nonlinear interval-valued optimization problems, either at least one of
the constraints or the objective function or both the objective function and constraints
are considered interval-valued. The present paper intends to study interval-valued op-
timization programming problems assuming components incurred in objective values
vary over some fixed intervals. Several authors had put their efforts into preparing the
groundwork to develop sufficiency results along with duality criteria for interval-valued
problems. In 2007, Wu [33] succeeded in deriving the KKT optimality conditions for
the interval-valued optimization problem. Later on, Zhou and Wang [36] formulated
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sufficient optimality conditions and derived duality theorems for interval-valued prob-
lems under convexity, whereas Jayswal et al. [I9] studied duality results and sufficiency
conditions for interval-valued problems under generalized convexity. Bhurjee and Panda
[4] proposed an innovative approach to determine whether or not an efficient solution to
the interval-valued optimization problem exists. Zhang [35] formulated the KKT con-
ditions of optimality in a class of nonconvex interval-valued problems. Optimality and
duality issues related to nondifferentiable interval-valued programming problems were
addressed by Sun and Wang [29]. The nonsmooth vector optimization problem having
each component locally Lipschitz produces outstanding results in optimality as discussed
in Clarke [9], Craven [I1], and Luc [23].

Abdouni and Thibault [14] intensively studied Lagrange multipliers for multiobjec-
tive nonsmooth problems. Brandao et al. [6] set up conditions of optimality for nons-
mooth and nonconvex problems, whereas Coladas et al. [10] studied the same for nons-
mooth multiobjective minimization problems. The work is further extended by Minami
[26], who generalized it for nondifferentiable multiobjective problems. Jeyakumar and
Yang [20] studied a class of problems where both the objective function and constraints
are designed by taking functions that are not only convex but also locally Lipschitz
and Gateaux differentiable. A number of authors like Kanniappan [21], Wang [31],
Bolintinéanu [5], Miettinen [25], Chinchuluun and Pardalos [§], Huang et al. [I§], and
Bhatia and Jain [3] worked on nonsmooth optimization problems and derived optimality
conditions and other results.

The concept of quasidifferentiability was introduced by Demyanov and Rubinov [12]
in the 1980’s. Demyanov and Rubinov [I3] worked on some approaches in order to
deal with the nonsmooth optimization problem. Optimality and duality results for
quasidifferentiable optimization problems can be found in many works (e.g., Luderer
and Rosiger [24], Eppler and Luderer [15], Gao([16, 17]), Uderzo[30], Kuntz and Scholtes
[22], Ward [32], Polyakova [27], Xia et al. [34], Shapiro [28§]).

The objective of the present article is to establish optimality conditions for interval-
valued vector optimization problems under quasidifferentiability. In this article, we
introduced the Fritz John and KKT-type necessary optimality criteria for nonsmooth
multiobjective interval-valued vector optimization problems with the help of §-convexity
in connection with the compact convex set. Moreover, sufficient optimality criteria have
been derived for the designed nonsmooth multiobjective interval-valued problem assum-
ing the functions quasidifferentiable §-convex that satisfy compactness and convexity in
the required domain.

This article is shaped up as follows: Section 2 recalls notations and definitions to set
up the results derived in the continuation of the article. In Section 3, we established the
Fritz John and the KKT-type necessary optimality results under quasidifferentiability.
Finally, Section 4 deals with sufficiency optimality criteria for the (weak) LU-Pareto
solution. An appropriate example of a non-convex quasidifferentiable interval-valued
vector problem is engineered to get a better insight into the work.

2. PRELIMINARIES

In this section, we begin with the following convention for inequalities and equalities,
which is utilized in the later part of this paper. For any p = (p1,p2,...,Pn), ¢ =



Optimality conditions for an interval-valued vector problem 223

(q1,92,---,qn) in R™, we have

(i) p=qepi=qVi=1,...,m
(i) p>qepi>q, Vi=1,...,n;
(i) pZ2qepi Zq, Vi=1,...,n;
(iv) p>qep2¢,p#q

In the sequel of the paper, Z denotes the set of bounded and closed intervals of ®. For

any two intervals A; = [af,aV], Ay = [ak,a¥] € Z, the usual operations are defined as
follows:

(i) A1+ Ay ={a1 +az:a; € Ay and ap € Ay} = [aF + al aV +dY],

(i) —Ar ={-a1: a1 € A1} = [~af, —af],
(iii) Ay — Az = {A1 + (—A2)} = [af —af ,af —ag],
(iv) a+ A ={a+a;:a; € A1} = [a+al a+dl],

[aal aadV], a >0,

Al = : cA =
(v) ad; ={aay : aq 1} {[aa?,aaﬂ, a <o,

where « is any real number. If we take al = a¥ = ay, then the interval A; reduces to a

real number.

Let ) # X C R", where R" symbolizes Euclidean space of n-dimension. If the
function ¢ is interval-valued, then it can be represented more appropriately by ¢(7) =
[¢L(7), ¢V ()], where ¢L(m) : R* — R and ¢Y(7) : R® — R have the components
satisfying conditions ¢ (m) < ¢Y(7), V 7 € R". Shortly, in place of [¢(7)]* and [¢(7)]Y
we write ¢=(7) and ¢U (), respectively.

Symbolically, we write A; <ry Az to denote al < af and a¥ < a¥. For notational
convenience, we use <y as partial ordering defined on 7. Moreover, Al <puv Ay &
Ay Spu Ag, Ay # Ay,

Identically, A; <y A means

ab <al, d¥ <dY,

or,
L L U U
a7 L ay, af <as,

or,

al <al, oV <dY.

Definition 2.1. (Antczak [I]) A mapping f : R* — R is termed as directionally
differentiable at a point o € R™ along the direction d € R" provided the limit

flo+~d) — f(o)
fo;d) == = lim S
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exists and is finite.

A function F = (f1,..., fr) : R* — R* where each component f;, i = {1,...,k}, is
directionally differentiable at a point o is called directionally differentiable at o € "™ in
the specified direction d € R".

Definition 2.2. (Demyanov and Rubinov [12]) A directionally differentiable function
[ R — R is known as quasidifferentiable at a point o € R" if there exists a pair of
ordered compact convex sets Dy(o) = [0f(c),df(0)] corresponding to the function f
satisfying
"(o;d) := max (A, d)+ min (p,d).

f(o3d) AEQf(U)< ) gegf(g)@ )
Here, 0f (o) is subdifferential, and df (o) is superdifferential of f at a point o. Moreover,
the pair of ordered sets Ds (o) = [0f(0),0f(0)] is quasidifferential of f at a point o.

Example 2.3. Let us consider a nonsmooth function f : 2 — R defined by f(7) =
72 + |m| + |m2], and o = (0,0). Our aim is to find the quasidifferential of f at o.
Using the definition of directional differentiable function at o along d € R?, we obtain
f'(o3d) = |di] + |dz|. Hence,
"(o;d) := A d) + i ,d).

f (0 ) )\EConv{I(I%%})(,(—l,O)}< > gEconv{%}S,(O,—l)}<g >
Therefore, by Definition [ is quasidifferentiable at o, the subdifferential being
9f(o)= conv{(1,0),(—1,0)} and superdifferential 0f(c) = conv{(0,1), (0,—1)}. More-
over, D¢(o) = [conv{(1,0),(—1,0)}, conv{(0,1),(0,—1)}] is a pair of quasidifferential
ordered sets of the function f at a point o.

Note: The uniqueness of a quasidifferential function f may fail at some point o € R".
Consequently, if D¢(o) = [0f(0),0f(0)] is a quasidifferential of f at a point o € %",
then the ordered sets [0f (o) +V,df(c) — V] is also its quasidifferential for any compact
set V.

Definition 2.4. (Antczak [1]) A vector-valued function F = (fy,..., fx) : R* — RF
where each of its component f; is quasidifferentiable at a point o having quasidifferential
Dy, (o) =[0fi(0),0fi(0)] is termed as quasidifferentiable at a point o € R™.

3. NECESSARY OPTIMALITY CONDITIONS
Let us examine the following nonsmooth interval-valued vector optimization problem:
(IVOP)  minimize  N(r) = ([Nf(w), XY ()], [RE (), RY (w)])
subject to ¢;(m) = 0; jeJ={1,...,m}; m e R".

where, X, : ®* — Z, i = {1,...,k} are interval-valued functions, whereas on the other
hand, RF(7), RV (7) and ¢;(7) : R = R, j € J = {1,...,m}, are quasidifferentiable
functions on R".

For convenience, we will use & = (Ry,...,N) : R — Z, where 8; = [RE RV] and
RERV - R — RE and ¢ = (¥1,...,0m) : R® - R™. Let @ = {m € R" : ¢;(7) <



Optimality conditions for an interval-valued vector problem 225

0; j € J} represent the set of all feasible solutions to the problem (IVOP). Moreover,
J(m) :=={j € J: ¢;(7) = 0} denotes the set of active constraints at a point 7.

Note: If we confine the objective function to be vector-valued instead of interval-valued,
then the above problem reduces to the problem considered in Antczak [I].

Definition 3.1. (Antczak [2]) A feasible point 7 € Q is known as an LU-Pareto (LU-
efficient) solution to (IVOP) if there does not exist any point 7 € Q satisfying

R;(m) Spw Ni(7), for each i € {1,...,k}

and
N, (m) <pu N;(7), for at least one i € {1,...,k}.

Definition 3.2. (Antczak [2]) A feasible point 7 € € is known as a weak LU-Pareto
(weak LU-efficient) solution to (IVOP) if there does not exist any point = € € satisfying

N;(m) <pw Ni(7), for each i € {1,...,k}.

Definition 3.3. (Antczak [I]) A function § : X x X x R"™ — R is sublinear with respect
to the third component, if for all 7,0 € X C R", we have

(i) F(m, 051+ p2) S F(m,0501) + (7,05 p2), Y p1,p2 € R™,
(11) S(W,o;ap) = aS(W,a;pL Vace §R+, v pE R

Taking o = 0 in (ii), we get,
(m,0;0) =0. (1)

Now, we recall the definition of §-convex function. Let o be chosen from R™ arbitrarily,
and Sy¢(co) be a nonempty, compact, and convex subset of R".

Definition 3.4. (Antczak [I]) The function f : £ — R is known as F-convex at
a point o on R in connection with the compact convex set Sy(o), if there exists a
sublinear function § satisfying

f(m) = f(o) 2 §(m,0;0), forall g Sy(o), 7€ R". (2)

Remark 3.5. If the function f : ®" — R is locally Lipschitz at every point o of R"
and Sy(o) is the same as that of Clarke subdifferential [9] of the function f at a point
o, then we arrive at the definition of locally Lipschitz §-convex function defined on
R™ as reflected in [3]. If the function f is differentiable at each point o € R" and
Si(o) = {Vf(o)}, then the Definition reduces to the definition of differentiable
§-convex function (see [7]).

Definition 3.6. (Antczak [1]) Let F = (f1,...,fx) : R* — R* be a vector valued
function, and each Sy, (c), ¢ = 1,...,k be a nonempty, compact, as well as convex
subset of R™. The function f; is known as §-convex at a point o of R™ in connection
with Sy, (o) if each component f; of F satisfies (2). Furthermore, the function F is
known as §-convex at a point o of ®” in connection with Sp(c) = S, (o) x -+ - x Sy, (0).
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Definition 3.7. The interval-valued function N : ®"* — 7 is known as the §-convex
function at a point o on R in connection with the compact convex set Sx(o), if all
components of R = (RF ... RE) and RV = (RY, .../ RY) are F-convex at a point o on
R™ in connection with compact convex sets Sy (o) and Syu (o), respectively. That is,

§(m,0;07), for all of € Syr (o), (3)
F(m, 0;0Y), for all g¥ € Syv (o), me R". (4)

1AV

Note: Every convex and quasidifferentiable function is a §-convex quasidifferentiable
function in connection with the convex compact set, but the converse is not true.

Now, in order to substantiate the necessary Fritz John-type optimality results for
constructed quasidifferentiable interval-valued vector optimization problem (IVOP), we
apply the e-constraint technique in which one of the objectives is optimized (let it be
rth component), and the remaining are shielded by setting an upper bound. Therefore,
the coupled scalar initial value problem assumes the following form:

(P,): minimize R, () = [RF (7), R} ()]
subject to  [RE(7), RV (7)] <pp [, €Y, i={1,...,k}, i
bi(m) =0, (j €3), rew.

Theorem 3.8. The feasible point @ € Q becomes an LU-Pareto solution to (IVOP) iff
it is a minimal solution to the e-constraint problem (P,)., where r can take any value
from 1 to k, e¥ = RE(7),and eV =XV (7), Vi={1,...,k}, i £

In the light of the above theorem, we can rewrite our problem as

(P,(7)) minimize R,.(m) = [RE (), RY (7))
subject to [RE (), RV (1)] <oy RE(R), RV (7)), i ={1,... .k}, i #r
Yi(m) £0, (j€J), meR™

Theorem 3.9. (Necessary criteria of Fritz John-type) Let the feasible point # € Q
be a weak LU-Pareto solution to (IVOP). Further, assume that each RF RV i =
{1,...,k}, is quasidifferentiable at a point 7 together with the qua81d1fferent1al DNiL( ) =
[6NL( ), ORE(7)] and Dyv(7) = [ORY (71), ONY (7)] respectively. Moreover, v; (j €
J), are quasidifferentiable at a point 7 together with the quasidifferential Dy (7) =
[0 (), 00 (7)]. Then, for any sets of of € INE(7), oV € NV (7) (i = {1,...,k}),
and ¥, € 01;(7) (j € J), there exist Lagrange multipliers pX(d) € ®*, uY(9) € R* and
5(0) € R™ so that

k m

0 Y [aE@)@RER) + oF) + i @)@XY (7) + o¥)| + D 8(0)(@y(7) +95),  (5)

i=1 j=1
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8;(@);(7) =0 (j €3), (6)

(7" (9), 17 (9),6(3)) > 0, (7)

where as, Lagrange multipliers i=(0) = (p£(9),..., 1L (9)), 1Y (@) = (Y (9), ..., ad (9)

and 6(0 éél )) rely on the particularly selected 0 = (QL, oV, 9) =
(Q%a"wgk? Qla"'agk7191a"'a19m)'

Proof. It is given that the feasible point 7 € Q is a weak LU-Pareto solution to
(IVOP). In view of Theorem 3.8} 7 is a minimal solution to (P, (7)), which due to Propo-
sition (2.1) (Gao [17]) guarantees the existence of > (d) = 0, p¥ () =2 0 (i = {1,...,k}),
and §; = 0 (j € J), all not being zero simultaneously for all of € ORE(7), oV € IRV (7),
and ¥, € 0Y;(7) (j € J), satisfying

k
0€ af@ERH® +of) + il @@ (@) + o)+ D [aFEENH® +ob)
i=1,i#r
+ i @@ (%) + o) + DA O@ )+ 9y, ®)
5;(@) <>=o jed. ©)
(" (0). 1" (2),4(e)) = 0, (10)

where as, Lagrange multipliers i (0) = (af(9),..., gk (9)), iV (0) = (&Y (D), ...,z (9)),
6(d) = (61(9),...,6m(0)) rely on the particular choice of d = (o, 0%, 9) = (of, ..., 0F,
v, ..., gg, Y1,y ...,0m). Using 7 we can easily establish . Moreover, equation (9)
is same as that of equation @, whereas inequality is same as that of inequality (7).

N~

Now, in order to prove the KKT-type necessary optimality criteria for the formulated
interval-valued problem, we impose appropriate constraint qualifications. The constraint
qualifications are satisfied for the studied quasidifferentiable problem (IVOP) at a point
7, if there exists d € R™ so that

max (o;,d)+ max (J;,d) < 0, € J(7). 11
Ujegwj(ﬁ)h ) ﬁje%(ﬁ)h ) jeJ) (11)

Hence, constraint qualifications are satisfied at 7 (V j € J(7)), if there exists a quasid-
ifferential Dy, (7) = [0v;(7), 0¢;(7)] so that

0¢ conv | (9u;(7),00;(x)). (12)
JEeI(®)
Theorem 3.10. (Necessary criteria of KKT-type) Let the feasible point 7 € Q be a

weak LU-Pareto solution to the problem (IVOP). Suppose the functions N{:and RV are
quasidifferentiable at a point 7 having quasidifferential Dyz (7) = [ONF(7), ORF(7)] and

Dy () = [ORY(7), ORY ()] respectively. Moreover, ¢; (j € J) are quasidifferentiable
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at 7, having quasidifferential Dy, (7) = [04;(7),0¢;(7)] and constraint qualifications
fulfilled at a point 7 to (IVOP). Then for the sets o~ € INF(7), of € ONV(7), and
¥ € OY;(7) (j € J), there exist vectors il (9), pV (0) € R* and §(d) € R™ so that

k m
0N Ak @)@ONF() + of )+l (B)(@RY (7) + o )] + 28,004, () +0,). (13
i=1 =
3;(@);(7) =0, j €3 (14)
7 (8) > 0, 7¥(9) > 0, 5(3) 20 (15)
where as, Lagrange multipliers i=(0) = (p£(9),..., 1L (9)), 1Y (@) = (Y (9), ..., ad (9)
and (0 %51 )) rely on the particular selection of d = (g%, oV, ¢9) =
(Q%a"wgk? Ql a"'anvﬂla"'aﬁm)'

Proof. Let the feasible point & € Q be a weak LU-Pareto solution to (IVOP), and the
necessary conditions ([5]) — @ of optimality are satisfied at 7. It is sufficient to show that
@ (0), 1Y (9) # 0 for all 8. Let us assume that there exists 3* for which i (9*) = 0, and
@Y (9*) = 0. Then, it is clear from that there exists 07 € i (7) (j € J) such that

€Y 5;(0°)(@;(7) + ). (16)
j=1
With the help of Fritz John-type necessary criteria 7 one can get 6(3*) > 0, and
hence, summing up from j = {1,...,m}, we get
> 6;(@%) > 0. (17)
j=1

On dividing by S°i%, 6:(0%), we obtain

0¢c Z Zt 3 awj( )+ 95). (18)
Next, we define
o; (0%) = ) € 3(7) (19)
D VT TCO N

which reveals that 0=« (5*) S 1oand 3o oy 0(07) = 1.
On combining (18] and , we get

0e Z a; (3%)(9v;(7) + 9%). (20)



Optimality conditions for an interval-valued vector problem 229

The relation together with implies that
0€ conv | J (@v;(7)+97). (21)
je3(7)
Using and the fact that 7 satisfies the constraint qualifications, it reveals that
0¢ conv | J (@v;(7)+9;), V;€de), jed. (22)
JEI(R)
In particular, J; = 97} € 9Y;j(7) (j € J). Therefore, using it can be seen that
0¢ conv U (O;(7) +97)
JEI(R)
which contradicts (2I). This means that u”(9), 2 (9) # 0 for all choices of . This
completes the proof. a
4. SUFFICIENCY RESULTS

In the present section, we formulate sufficient optimality criteria for a weak LU-Pareto
solution and a LU-Pareto solution.

Theorem 4.1. (Sufficiency optimality criteria for weak LU-Pareto solution) A feasi-
ble point & becomes a weak LU-Pareto solution to (IVOP) if it satisfies the following
sufficient optimality conditions:

(i) 7 satisfies KKT-type necessary conditions given by - with the quasidiffer-
entials Dy (7) = [ORE (7), ORE(7)], Dyo (7) = [NV (7), ORC ()] (i = {L,...,k}),

and Dy, () = [04;(7), 0v;(7)] (j € J), respectively;

(ii) functions XX RV (i = {1,...,k}), are §-convex quasidifferentiable at a point 7 €
in connection with SN_L(_) = ONL(7) + ORE(7) and Syu (7) = IRV (7) + ORY (7)
respectively;

(iii) ¢; (j € J(7)) are F-convex quasidifferentiable at any point 7 in Q in connection

(w
with Sy, (7) = 0v; (%) + Ot (7).

Proof. Since the feasible solution 7 € ) satisfies conditions (i) — (ii), then there exist
pE(0) € R*, GY(9) € R* and 6(0) € R™ satisfying the conditions (13)-(15). On the
other hand, if the point 7 is not a weak LU-Pareto solution in (IVOP), then there exist
7 € Q) satisfying

R(7) <po Wi(7) (= {1,.... k), (23)

that is,

RP(7) < RP(7) or RP() S RE(T) or  NP(7) < NP(7)
RY () < W/ (7)  RY(7) < WP(7)  RP(T) S N(7).
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By assumption, each function RF RV (i = {1,... k}) is F-convex quasidifferentiable at
a point 7 in € in connection with Syr (7) = aNL( ) + ORE(7) and Syu (7) = ONY (7) +
ORY (7) respectively; each v; (j € J(7)) is a F-convex quasidifferentiable function at a
point 7 on € in connection with Sy, (7) = 0v;(7)+0v; (7). With the help of F-convexity,
we can show that

NP (m) = R[(7) 2 §(m,7, of), Yor € Swe(m), i={1,....k}, (24)
Y (m) =R (1) 2 §F(m.7, 87 ), Vo € Syv (), i ={1.....k}, (25)
() = (%) 2 F(m 7 0;), V0; € Sy, (%), j € I(7) (26)

are satisfied for all points 7 belonging to € and, in particular, for 7 = 7. Therefore, the

inequalities , 7 and yield

R (7) = R[(7) 2 §(7,7, of), Vor € Swe(7), i={L,....k} (27)
R (7) =R/ (7) 2 §(7.7, o), Yoy € Sy (@), i={1,... Kk}, (28)
V(7)) = ;(7) 2 §(7,m0;), VU € Sy, (%), j € I(7). (29)

On combining , , and , we get
§(7,m07) <0, Yoy € Sy(7),
§(7,7507) <0, Vi € Syu (7).

or '
L) 0, VoY € Sy (7),
g) <0, VQI S SNU(ﬁ')

>11

S(

rDI

,

(30)

=R
>-]z
fbl

§(7, 7 07) <0, Yoy € Syr(7),
(7, m;0) 0, Vol € Syu ().

The above inequalities with the KKT condition give
k
> [ @5 (77 oF) +il ©)F (7.7 07)| <o, (31)
i=1

for all gF € ONE(7) + oF, and gV € ONY(7) + oY.
Due to sublinearity of §, we get

k
&(fr,w;zﬂf( )(a! +Zm o ) <0, (32)
=1

for all gF € ORE(7) + oF, oY € ONV (7) + oY
Since 7 and 7 € ) satisfy . ) and . therefore, we have

0;(0)¢;(7) = 0;(0)¢p;(7) =0, Vj € J(7)- (33)
Using inequality and condition , we get

05(0)1h;(7) — 0; (D) (7) 2 6;(B) (7, 7:9;), W € Sy, (7), Vi € I(7). (34)
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In view of inequalities and , we get
0;(B)F(7,39;) S0, VI, € Sy, (7), Vj € J(7). (35)
By definition of Sy, (7), Vj € J(7), and . 35) yield
Z 85;(0)F (7,73 0;) £ 0; VU, € O (7) +19;, (36)
JEI(7)
which, due to sublinearity of §, produces
<7m > 50 )<o V0, € 9 (T) +9;. (37)
JEI(R)
With the help of and , we obtain
k k
JEEDWACERS WACEE SOT) I (38)
i=1 i=1 JEeI(7)

for each ol € ONE(7) + oF, oV € ONV(7) + oV, (i = {1,...,k}), and ¥, € I;(7) +
¥;, j € J(7). Eventually, it is clear from (38) that

k m
0¢ > [F@)@RER) + of) + i @) (O8] (7) + o )| + Z 5(3)(@4; (7) + ;).
i=1 &30%)
which opposes the KKT condition . Hence, the proof is complete. O

Theorem 4.2. (Sufficiency optimality criteria for LU-Pareto solution) A feasible point
7 becomes an LU-Pareto solution to (IVOP) if it satisfies the following sufficiency opti-
mality conditions:

(i) 7 satisfies the KKT-type necessary conditions of optimality given by (13)-(L5]) with
the quasidifferentials Dyr(7) = [ORE(7),ONE(7)], Dyu () = [ORY (7), ONY (7)];

i={1,...,k} and Dy, (7) = [0v;(7), 0v;(7)] (j € J), respectively;

(ii) functions RE RV (i = {1,...,k}), are strictly F-convex quasidifferentiable at a

point 7 on  in connection with Syr(7) = ONE(7) + ORE(7) and Syu (7)) =
INY (71) 4+ ORY (7) respectively;

(iii) ¥; (j € J(7)) are F-convex quasidifferentiable functions at a point 7 on € in
connection with Sy, (7) = 0, (7) + O;(7).

Proof. The proof of the present theorem runs on the lines parallel to the proof of
Theorem [.1] Hence, the proof is omitted. O
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Example 4.3. Consider the following nonsmooth interval-valued multiobjective pro-
gramming problem:

(IVOP;)  minimize N(r) = ([Nf(w), RY ()], [RE (), RY (w)])
= (Im 4+ 73 + Imi| = Imal, 578 + 373 + w2 + [m ]
[71 + |m1| + 72| — 71 — o, 47F + 75 + |my| + 270 + 5]),
subject to ¢ (1) = 7} 4+ w5 + |1 + mo| +2m L0, e N2

Here, the set Q = {7 = (71, m2) € R? : 7f + 75 + |71 + 72| + 27 < 0} and 7 = (0,0)
represents the feasible solution to the interval-valued problem (IVOP;). Moreover, it
can be justified that the functions RN (), XY (7), RE(7), RY(7) and +;(7) are qua-
sidifferentiable at a point 7. By the definition of the directional derivative, we obtain
RY((0,0):d) = da| — |dal, RY((0,0):d) = [dz +[da|, RE'((0,0): d) = |da | +|da| ~ da — d
and NY'((0,0);d) = |dy| + 2ds. Hence,

R ((0,0);d) = max A g+ min nry
! (( ) ) Afeconv{(l,o),(fl,O)}( 1) o¥ €conv{(0,1),(0,—1)} Ql)
where,
ONY(0,0) = conv{(1,0), (~1,0)}, IR{(0,0) = conv{(0,1), (0, ~1)}
and
xU’ 0,0);d) = max AV Td+ min o Td.
! (( ) ) )\YEconv{(0,0)7(72,2),(2,2)}( 1) gﬁ’e{(71,71),(1,71)}( 2)

It is clear that ONY(0,0) = conv{(0,0), (=2,2),(2,2)}, ORY(0,0) = {(-1,-1), (1,-1)}.
Moreover

RL 0,0);d) = max A\ Td+ min o% Td,
2 (( ) ) A%Gconv{(l,l),(fl,fl)}( 2) 956{(71771)}( 2)
where QN%(0,0) = conv{(1,1),(-1,-1)}, 52\2%(0,0) ={(-1,-1)}
and / T T
RY((0,0);d) = max Myd+ min ¥y d,
2 (( ) ) AY €conv{(1,0),(—1,0)} ( 2 ) oY €conv{(0,2)} (Q2 )
where,

ANY(0,0) = conv{(1,0),(—1,0)}, ORY(0,0) = conv{(0,2)}.

Therefore, by Deﬁnition we can conclude that the functions XY, RV REand RY are
quasidifferentiable at a point 7 = (0,0). Similarly, we have 1] ((0,0),d) = |d1 + da| + 2d;
and hence

/ 0,0 ;d — max wTd+ min 19 Td,
wl(( ) ) wy€conv{(1,1),(—1,—-1)} ! 91€{(2,0)} '

where, 991 (0,0) = conv{(1,1), (1, —1)}, d¢1(0,0) = {(2,0)}.
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Now, we will show that the necessary optimality criteria of KKT-type are satisfied
at a point 7 in which the Lagrange multipliers are not constant. Evidently, it can be
proved that, for any sets of of € ORI (7), of € NV (%), of € ONE(7), oF € ONY (%),
and ¥ € Oy (%), there exist Lagrange multipliers gk (d) > 0, ¥ (d) > 0, i = {1,2},
and 61(9) = 0 satisfying the KKT-type necessary optimality criteria. Let us consider
the following example for the particular choice of & = (oF, 0¥, 0%, 0¥ ,9;) :

(@) if of = (0.1). of = (1,-1), of = (-1,-1), of = (0.2), 91 = (2,0), then we
substitute il 71 V=1, 08 =1, 5y =1, and §; = 1;

(b) if of = (07—1), of
substitute g =1, gt

(1, —1) 0f = (—1,—-1), 0§ = (0,2), ¥, = (2,0), then we
=L pk=173Y=1and 6, = 1.

q||

We observe that necessary KKT-type optimality criteria are satisfied for both cases (a)
and (b) for the particular selected Lagrange multipliers. Furthermore, if we consider
different Lagrange multipliers, then the KKT-type necessary conditions may or may not
be satisfied. Let the right side of the KKT-type necessary criteria of be denoted
by Wg. Therefore, we have

)+ Q({Huz(f‘?)(@NL( )+ 03)
+i3 (0) (9N (7) + of ) + 61.(0)(@en (7) + V1),

for the particular choice of 0= (91 , 0V, 0%, 05 ,791) and it depends on the Lagrange
multipliers gt, a¥, g%, a¥ and 4;.

(1) for 8" = (91791 792792 7191) = ((0,1)7(17_1)7(—1,_1),(0,2),(2,0)) and /j'lL =1,
W=1ak=1p=106=1

Wa = ji (0) (R} () + or ) + g (0)(QRY (7) +
)

then Wy = conv{( ) (—2,-1),(-2,1),(-2,3),(0,-1),(0,1), (0,3), (0, 5),
(2,-1), (2.1), (2.3), (2.5), (4, 1), (4.3), (4,5). (6.3). (6.5). (8.5)}
Y
W

Fig. 1. Here 0 € Wy, that is, the KKT-type necessary optimality
criteria are satisfied.
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(2) fOI‘ 0" = (Ql ’ Ql 7@2 ) 02 ,191) ((Oa _1)’ (la _1)’ (_17 —1)5 (07 2)7 (25 0)) and /_l‘f =1,

py =1, 55 =1, 45 =1, 6, =1
then Wzsu = conv{( -1),(-2,-3),(-2,-1),(-2,1),(0,—-3
(073)’ (2’ 3) (2’ 1) (2 1)> (2’3)’ (47 _1)’ (47 1 ’(

Y

A

WE;//

Fig. 2. Here 0 € Wy, that is, the KKT-type necessary optimality
criteria are satisfied.

(3) for &’ = (91,91,@27927191) = ((0,1),(1,-1),(~1,-1),(0,2).(2,0)) and fiy = 2,
py =1, py =1, if =2, 51—1

then Wél - Conv{( ) ( b )7( 4’ 2)7( 2’8)7(72’4)7(07 2)7(07 6)’ (274)7
(218)»(4 2),(4,6),(6,4),(6,8),(8,6),(10,8)}
y
W )

Fig. 3. Here 0 ¢ Wy, that is, the KKT-type necessary optimality
criteria are not satisfied.
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Therefore, we can conclude that the Lagrange multipliers depend on the particular choice
of 0. Furthermore, in order to prove that KKT-type sufficiency criteria are applicable to
the considered interval-valued problem (IVOP, ), it is sufficient to show that the functions
RE RV RE and RY are F-convex quasidifferentiable at a point 7 on {2 in connection
with 7 as well as in connection with convex compact set Syr(7) = ONL(7) + OnE(7),
SNg(’) IRV (7) +oNY (%), Sy (T) = ORE(7)+ORE(7) and SNg( 7) = ONY (7) +onY (7)
respectively. Moreover, the function 11 is §-convex quasidifferentiable at a point 7 on Q2
in connection with 7 as well as in connection with convex compact set Sy, (7) = 01 (7)+
0 (7). Let us define § as §(m, T; p) = (p1+p2)[(|71]|+|m2|)—(|71|+]|72])]. Then, using the
definition of §-convexity, we can conclude that the functions R, RV RZ and NY are §-
convex quasidifferentiable at a point 7 on {2 in connection with 7 as well as in connection
with convex compact set Sy (7) = IRE(7) + onE(7), Syu () = ONY (7)) + oY (7),
Spr () = O () + INg () and Sy (7) = ORY (7) + IR (7) respectively. Furthermore,
the function 1 is §-convex qua51d1fferentlable at a point 7 on £ in connection with 7
as well as in connection with the convex compact set Sy, (&) = 91 (7) + 91 (7).

As all the assumptions of Theorem are satisfied at a point 7, therefore, we can
conclude that the feasible point T becomes a weak LU-Pareto solution to the problem
(IVOP;) under the quasidifferentiable §-convex functions in connection with compact
convex sets, which are equivalent to the Minkowski sum of their subdifferentials and
superdifferentials at a point 7.

5. CONCLUSIONS

The present article envisaged the class of nonsmooth interval-valued programming prob-
lems. We have framed Fritz John and KKT-type necessary optimality criteria. Further,
sufficiency results for feasible solutions are accustomed for nonsmooth multiobjective
interval-valued programming problems, assuming functions to be F-convex quasidiffer-
entiable in connection with a suitably defined set that is compact as well as convex. Fi-
nally, an example of a nonsmooth interval-valued programming problem was constructed
consisting of §-convex quasidifferential function in connection with convex compact sets
and extracted sufficient optimality conditions.

(Received October 26, 2024)
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