KYBERNETIKA — VOLUME 59 (2023), NUMBER 3, PAGES 342-364

FIXED-TIME SAFE TRACKING CONTROL OF
UNCERTAIN HIGH-ORDER NONLINEAR PURE-FEEDBACK
SYSTEMS VIA UNIFIED TRANSFORMATION FUNCTIONS

CHAOQUN GUO, JIANGPING Hu, JIASHENG HAO, SERGEJ CELIKOVSKY, AND
X1AoMING Hu

In this paper, a fixed-time safe control problem is investigated for an uncertain high-order
nonlinear pure-feedback system with state constraints. A new nonlinear transformation function
is firstly proposed to handle both the constrained and unconstrained cases in a unified way.
Further, a radial basis function neural network is constructed to approximate the unknown
dynamics in the system and a fixed-time dynamic surface control (FDSC) technique is developed
to facilitate the fixed-time control design for the uncertain high-order pure-feedback system.
Combined with the proposed unified transformation function and the FDSC technique, an
adaptive fixed-time control strategy is proposed to guarantee the fixed-time tracking. The
novel original results of the paper allow to design the independent unified flexible fixed-time
control strategy taking into account the actual possible constraints, either present or missing.
Numerical examples are presented to demonstrate the proposed fixed-time tracking control
strategy.
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namic surface control, unified transformation function
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1. INTRODUCTION

Convergence rate has been an important performance index of control systems. Finite-
time control can ensure that the system state reaches the desired equilibrium in finite
time [2,[12}/14] and it has become widely employed in many practical scenarios, such
as variable length pendulum swing [4], vehicle tracking [624] and finite-time consensus
in dynamic networks [10]. However, the so-called settling time, needed to reach the
equilibrium, is generally dependent on initial states and no finite bound of settling times
is guaranteed for noncompact sets of initial conditions. To overcome this drawback, the
concept of homogeneity in bi-limit was introduced in [1] to provide conditions for the
so-called fixed-time stability, i.e. the existence of a finite bound of the settling time.
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Unfortunately, homogeneous approach does not allow to adjust or even estimate the
settling time. To overcome this problem, [25] introduced a special modification of the
so-called nested (terminal) second order sliding mode control algorithm that provided
fixed-time stability of the origin and allowed to adjust the global settling time of the
closed-loop system. An indirect method based on a comparison principle was developed
in [13] to compute the upper bound of the settling time of uncertain integrator systems.

In this paper, the so-called pure-feedback systems will be considered. Pure-
feedback systems were introduced and thoroughly studied in [17] along with their more
specific version — the so-called strict feedback system. Alternatively, the terminology
“triangular form system” was used in the literature, see e.g [5] and references within
there. Note that, the references [5],[17] provided “classical” asymptotical stabilization
only, though [5] used nonsmooth homogeneous approximation, yet with a positive degree,
unlike the negative degree homogeneity used for finite-time stability.

Up to now, only a few studies were presented for the fixed-time control of pure-
feedback systems having nonaffine connections between cascades, unlike less general
strict-feedback systems where the cascade connection is affine and therefore easier to
handle. In particular, [27)/28] provided the design of the fixed-time controllers for high-
order integrator systems and strict-feedback systems only. At the same time, as correctly
noted already in [17], many practical systems are commonly modelled as pure-feedback
systems.

Besides the fast convergence rate, safety is also a crucial requirement for control
systems. In recent years, safe controls have attracted much attention with the develop-
ment of practical safety-critical systems, such as robotic systems, chemical plants, and
autonomous vehicles |11/23]. The output or state variables in safety-critical systems
are usually constrained to ensure safeties [15]. In order to address safe control prob-
lems, barrier Lyapunov function (BLF) methods were commonly applied in the control
design. For example, log-type BLF [1§|, tan-type BLF [8] and log-type integral BLF
(IBLF) [20] methods were proposed to deal with static output/full-state constraints.
Moreover, reference |7] employed BLF method to tackle a dynamic full-state constraint
problem. However, BLF-based controls often depend on some feasibility conditions [26],
which need extra complex offline calculations and even have no solution due to small
thresholds of output/state constraints. In order to overcome such drawbacks, a nonlinear
transformation function (NTF) technique was developed in [30], which can transform
the original system with state constraints into an unconstrained system. Then, the
boundedness of the transformed system can ensure that the constraints of the original
system were satisfied. Moreover, NTF methods do not need additional feasibility con-
ditions. Therefore, NTF methods have been widely concerned so far. In [31], a new
NTF structure was proposed to solve a tracking control problem for state-constrained
strict-feedback systems.

It is worthy of noting that in some scenarios, control systems have constrained and
unconstrained states, simultaneously. Unfortunately, most of the existing safe control
strategies are just proposed for control systems with state constraints. Reference [16]
introduced a barrier function to tackle this situation, which relied on some complex fea-
sibility conditions. Recently, reference [3] proposed a nonlinear transformation function
to deal with the constrained and unconstrained cases in a unified way. Additionally,
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another unified nonlinear transformation function was proposed in [21] for stochastic
systems. However, the safety-critical methods presented in the references mentioned
above can only achieve asymptotic convergence or finite-time convergence. At the same
time, the existing fixed-time controls established for state constrained systems fail in the
cases with both constrained and unconstrained states. Although reference [22] designed
a unified fixed-time controller for robotic systems with state constraints, it was only
applicable to second-order systems.

As far as we know, fixed-time control of pure-feedback nonlinear systems with both
constrained and unconstrained states has not been studied and suffers from the fol-
lowing two difficulties: construction of nonlinear transformation functions and design
of fixed-time controllers. Motivated by the above discussions, this paper attempts to
study the fixed-time control of uncertain high-order pure-feedback nonlinear systems
with or without state constraints. To overcome the first difficulty, we construct a unified
nonlinear transformation function to handle both constrained and unconstrained cases.
For the second difficulty, we develop a new fixed-time dynamic surface control (FDSC)
technique to facilitate fixed-time control design and reduce computational complexity.

In view of the previous exposition, the contributions of this paper are as follows:

1. A unified nonlinear transformation function is proposed to transform the original
constrained system into an unconstrained one. The proposed nonlinear transfor-
mation can ensure that an unconstrained system is a special case of the constrained
system. At the same time, the safe fixed-time control problem of the constrained
system can be transformed to a fixed-time control problem of an unconstrained
system.

2. A new FDSC technique is developed to facilitate fixed-time control design for
the high-order pure-feedback nonlinear system. In contrast to dynamic surface
control (DSC) technique proposed in [30], the new FDSC technique developed
in this paper not only reduces computational cost, but also achieves fixed-time
convergence. Compared to the DSC technique proposed in [19], the new FDSC
technique can simplify the fixed-time convergence analysis.

3. Based on the proposed unified nonlinear transformation function and FDSC tech-
nique, an adaptive neural network based fixed-time control strategy is proposed
for the high-order pure-feedback nonlinear system with unknown dynamics. Thus,
the proposed control strategy, in addition to handling the constrained and un-
constrained cases in a unified way, even ensures practical fixed-time tracking for
uncertain systems.

The rest of the paper is organized as follows. Section [2] presents some preliminaries
and problem formulation. In Section [3] the construction of a unified nonlinear trans-
formation function and the design of an adaptive fixed-time control strategy are given.
Simultaneously, practical fixed-time convergence is analyzed for the closed-loop system
under the proposed control strategy. Simulation examples are given to validate the
proposed fixed-time safe control strategy in Section @] Conclusions are presented in
Section
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2. PRELIMINARIES AND PROBLEM FORMULATION
2.1. Preliminaries

Throughout the paper, the following dynamical system having the equilibrium at the
origin will be considered

= f(t,x), f(¢t,0) = 0,2 € D C R", (1)

where the right hand side f(¢t,z) : Ry x D — R” satisfies the assumptions for the
existence of the solution in the Fillipov’s sense [9]. More specifically, f(¢, ) is piecewise
continuous with respect to t > 0 for any fixed x € D and for any fixed ¢ > 0 it
is continuous with respect to z € D except some smooth submanifolds of D where
it is discontinous and has a finite collection of limit points when x approaches that
discontinuity manifold. Here, D is a domain (open simply connected subset) in R™
containing its origin. Further, denote by z(¢, x¢) the solution of (1) such that z(tp, z) =
xg, where tg > 0 is the initial time. Unless stated otherwise, in the sequel ty = 0 and
D =R"™

Definition 2.1. (Polyakov [25]) The origin of system (1) is said to be globally finite-
time stable on R”, if it is globally asymptotically stable and Vzy € R" there exists a
positive constant T'(zg) such that (¢, z9) = 0,Vt > T(xg). The function T'(zp) : R™
R is further referred to as the settling function.

Definition 2.2. (Polyakov [25]) The origin of system (1)) is said to be fixed-time stable
if it is globally finite-time stable and the settling time function T'(x¢) is globally bounded
on R™, i.e., ITnax > 0: T(x0) < Trax, Vo € R™.

Definition 2.3. The origin of system is said to be practically fixed-time stable on
R™, if it is stable and Ve > 0 there exists a positive constant Tiax(€) such that Vag € R™
there exists T'(zo), Tmax(€) > T'(zo) > 0 and V¢ > T'(x() it holds that [|z(t,zo)| < e.
The function T'(z) is further referred as the practical settling time.

Lemma 2.4. (Liu et al. [22]) The system is practically fixed-time stable if V§ > 0
there exist a positive definite function Vj(¢, z) and parameters k; > 0, ks > 0,0 < v < 1,
B8 >1,and 0 < @ < 1 such that

Vs(t,z) < =k Vs(t, ) — ko Vs (t, 2)P + 6.

Furthermore, there exists a settling time 7" such that

1% < 0 3 (0 \3

ta = i { 7 '\7. n }a

s(t2) < ming (75)7 (75)

when t > T', and the upper bound of the settling time 7T is given by:

1 1

TS —00 - ka0 -1

The following Lemmas are straightforward and were used e.g. in [29].
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Lemma 2.5. (Yang and Ye [29]) For arbitrary constants x; > 0, 1 > x9, and p > 1,
it holds:
(w1 — x2)? > ab — af.

Lemma 2.6. (Yang and Ye [29]) For arbitrary constants p > 0, z; > 0, and x5 > 0, it
holds:

Lo 1+
(™" =2y 7).

Lemma 2.7. (Yang and Ye [29]) For arbitrary constants z; € R and p > 0, it holds:

n n

O i) < max(nP1,1) Y [P

i=1 =1

Radial basis function neural networks are widely employed to approximate the un-
known continuous nonlinear functions in the fields of adaptive control and machine
learning. A linearly parameterized model can be used to approximate an unknown
continuous function F'(z) € R as follows:

F(z) =W'S(z) +e(x), z € R", (2)
where W € RV is the weight vector of a radial basis function neural network and
S(z) = [Si(z),...,Sn(x)]T € RY is the basis function vector. More specifically,

(z — )" (

?

where ¥; € R, 7, € R” are the so-called width and the so-called center of the basis
function, respectively. Finally, € € R is the estimation error.

.T—Ti)]

Si(x)zexp[— , i=1,...,N, (3)

Assumption 2.8. In the linearly parameterized model @, W) <w, [ < 1, where
W and e; are unknown positive constants. In the sequel, denote w = max{W,e; }.

2.2. Problem formulation

Consider the following pure-feedback system [5]:

i‘i = fi(fi,xi_,_l),i = 1,...,717 1
i’n:fn(i'n;u)v (4)
Yy =,
where = [z1,...,2,]T € R" is the state; z; denotes [z1,...,2;]7 € R; y € R is the
scalar output; u € R is the the scalar control input and f;(-) (i =1,...,n) are unknown

continuous nonlinear functions. The system is required to satisfy the following state
constraints:
—hil(t) <l‘i(t) <hi2(t), 1=1,....,n, (5)

where the time-varying bounds h;;(¢) and h;o(t) are strictly positive functions.
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Assumption 2.9. The functions h; (), hi2(t) and their derivatives are uniformly bounded
on R, .

Assumption 2.10. The initial states satisfy —h;1(0) < 2;(0) < hi2(0) for i =1,...,n.

Assumption 2.11. f;(Z;,x;41) (i =1,...,n—1) and f,(Z,,u) are continuously differ-
entiable for all x € R™.

Assumption 2.12. Let g, (Z,,u) := M It holds that g =< gn() <3, where g,
g,, are unknown positive constants.

Further, assume that the reference output ¥y, is given to be followed by the output of
the nonlinear system (4).

Assumption 2.13. The reference output y4(t) satisfies the constraint (f)), i. e., —h11(t) <
ya(t) < hi2(t). Moreover, the reference output y4(t), its first and its second derivatives
are uniformly bounded on R .

The aim of this paper is to design a practical fixed-time controller for the system
providing the given reference output tracking, that is,

ly(t) —ya@®)| < ¢, VE>T,

where T, ( are some positive constants and at the same time the designed controller
guarantees that the state constraints are not violated at any time.

3. MAIN RESULTS

This section is divided into two parts. Subsection [3.]] introduces a unified nonlinear
transformation function to transform the original constrained system to a new un-
constrained system. Subsection gives the practical fixed-time controller to achieve
the previously formulated tracking goal.

3.1. Unified nonlinear transformation function

Consider the system and the constraint . A unified nonlinear transformation
function is proposed as follows:

hia(t) + hia(t) | haa(t) + 2i(1)
4 hz? (t) (t) .

The nonlinear transformation @ has the following property. For any ¢ > 0 it holds:

&i(t) = (6)

ZT;
ZT;

(i)  lim i:l( ) = —o;

(t)*) hzl

(ii) fz( ) = (7)

T (t)%hlz (t)

(iii) lim &i(t) = x;(b).

hi1 (t):hiQ (t)*)JrOO
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The properties (i) and (ii) can be easily obtained. When h;;(t) = hi2(t) — 400, by
straightforward computations, we can also verify that the property (iii) holds.

According to the properties (1) and (2), one can obtain that if &;(¢) is bounded,
then the condition —h;1(t) < z;(t) < hi2(t) holds for any —h;1(0) < z;(0) < h;2(0).
Therefore, in order to ensure that the constraints are not violated, just ensure that &;(t)
is bounded. For the property (3), h;1(t) = hi2(t) = +00 means that there is no state
constraint and thus &;(t) = x;(t). Consequently, the proposed transformation @ can
deal with the cases with and without state constraints in a unified manner.

Remark 3.1. The proposed transformation function @ is different from the existing
transformation functions given in [30,/31], which can only deal with the case with state
constraints. In this paper, the proposed transformation function @ can be applied to
safe control problems in the following situations: 1) All states are constrained; 2) All
states are not constrained; 3) Partial state variables are constrained while the remaning
state variables are not constrained. From this perspective, the proposed NTF @ can
deal with the case with constrained and unconstrained states in a unified way.

Using , @, and differentiating & = [¢1, ..., &,]7 yields:

{fz— @il Fi(Zit1, &iv1) + &) + i, i=1,...,n =1, ®)
En = SOn[Fn(jn) + gnu] + Y,
where
oo i (har(£) + hia ()’
Y0z A(ha(t) + 2(1) (haa(t) — 24(2)
. hi1(t) + hia(t) ilil (t) ilig (t) ilﬂ(t) + ilig (t) . hi(t) + z;i(t)
Vi = 4 <h () +2i(t)  hio(t) — xz(t)) - 4 n hia(t) — ai(t)’

Fi(Zit1,&iv1) = fi(@iszig1) — &ipr, i=1,...,m =1,

and f,,(Zn) = fn(Tn,0).

Obviously, the original system with the state constraint (b)) is transformed to an
unconstrained system . The constraints on the state x can be guaranteed by ensuring
the boundedness of the variable £. In sequel, based on the transformed system , we
need to design a fixed-time controller to not only ensure that the state constraints are
not violated, but also realize the practical fixed-time output tracking.

3.2. Control design and convergence analysis

According to the unified nonlinear transformation function (6) and Assumption
a nonlinear transformation function is given for the reference output y, as follows:

hil(t) + hig (t)

a(t) = 1

(In(hi1 (t) + ya) — In(hiz(t) — ya)]- (9)
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Define an error system as follows:

G =& —&a, 10)
G=6&—ap, 1=2,...,n,

where a; is a dynamic variable designed by the following fixed-time dynamic surface
control (FDSC) technique:

/\i(jéif = (Ozi_l —Oéif)rl +(Oéi_1 —Oéif)T2 + ;1 — ayf, 1=2,...,n, (11)
where r; = 7ty = %, and m < n, p > q are positive odd numbers, A; is a positive
constant, and a;_1, ¢ = 2,...,n, are the virtual controllers to be designed latter.

Remark 3.2. Obviously, the equilibrium point of is a;—1, thus the state oy will
converge to «;_1. Then we can regard c;y in (11) as an estimation of o;_1, and its
derivative ¢;; as an estimation of ¢v;_;. Here, the FDSC technique is used to generate the
derivative ¢;yand replace ¢;_1 appearing in the backstepping design process. Thus there
is no need to calculate the derivative of the virtual controller ;1. In contrast to the
dynamic surface control (DSC) method proposed in [29], the fixed-time dynamic surface
control (FDSC) (11) not only reduces computational cost in the control design, but
also ensures the fixed-time convergence. Moreover, compared with the DSC technique
proposed in [30], the FDSC had an additional term c;_1 — ay¢, which can bring a
faster estimation speed and improve the fixed-time convergence rate of the closed-loop
system.

According to the error system and backstepping-like design method, we design
the controller u as follows:

R P2 GngG
U= - pn@nanﬂign SRR

Pn Pn (12)
_ ngflCELflC" o @Crl _ @ To
Pn Pn " n "

&n = pn@iﬂi@% - O'nl&:ll - o'n2&:12; (13)

where p,, 0,1, and 0,2 are positive constants, pu,, is a positive variable defined in con-
troller design process. The design process of the controller u is shown in Appendix [A]
Under the controller , the main control results are shown in Theorem

Theorem 3.3. Consider the uncertain high-order pure-feedback system with the
state constraints given by . Under the Assumptions f the proposed controller
(12) can achieve the following objectives:

(1) The closed-loop system is practically fixed-time stable.
(2) The output tracking error e = y — yq is bounded in fixed time.

(3) The state constraints are satisfied all the time.

Proof. See the Appendix [B] O
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4. SIMULATION EXAMPLE

In this section, two examples are presented to demonstrate the proposed fixed-time safe
control strategy. Example verifies the effectiveness of the fixed-time control strategy
for the system with full state constraints. Example shows that the proposed control
strategy can still work for the system with partial state constraints.

Example 4.1. Consider the following pure-feedback nonlinear system:

x'l = +I2+SE%,
o = 129 + u + 0.1sin(u), (14)

Yy=ax.

The state constraint functions are given by hi1(t) = 0.5 + 0.3sin(t), h12(t) = 0.6 —
0.2sin(t), ha1(t) = 0.5+ 0.2cos(t), and hea(t) = 0.5 + 0.2 cos(t). The reference output
is given by y4 = 0.1sin(0.5¢).

The initial states are given as z(0) = [0.2, —0.2]7. The parameters in the controller
are selected as follows: k11 = k1o = ko1 = koo = 2, 011 = 0.2, 012 = 0.5, 091 = 0.3,
o922 = 0.4, p1 = pa = 0.0005, Ay = 0.1, 71 = 97/99, and ro = 99/97. The parameters
of the neural network approximation of F;(X;) are choosen as follows: ¢; = 3, 7; =
[~7ii,0,7)7 (i = 1,...,5). The parameters of the neural network approximation of
Fy(Xs) are choosen as follows: 9; = 3, 7, = [~7i, 7] (i = 1,...,5). Here, 7; are
selected as 1,2,3,4 and 5, respectively.

15
n
0sh_— N N T
Om

o5 T T

At 1

‘—xl *?‘Jd —hu *hm‘

states

_15 I I I
0

Fig. 1. The trajectories of the state x1 and the reference output y4.

Figure [1] illustrates the trajectories of the state x; and the desired output yg. In
Figure we can see that state x; can track the reference output y4 at about 7' = 5s under
the proposed safe controller . Moreover, the state z; satisfies the given constraint
all the time. Figure [2]illustrates the trajectory of the state xzo. From Figure 2] we can
see that x5 is always within the constraint. Figure [3[shows the trajectory of the tracking
error and demonstrates that the output tracking error is bounded in fixed time, that is,
le] < 0.05 for t > 5s. Additionally, the evolution of the controller u is shown in Figure
which shows that the controller changes smoothly.
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Fig. 2. The trajectory of the state 2.
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Fig. 4. The trajectory of controller u.
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Fig. 5. The trajectories of the state x1 and the reference output yq.
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Fig. 6. The trajectory of the state 2.
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Fig

. 7. The trajectory of the output racking error e.
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20

Fig. 8. The trajectory of the control input w.

Example 4.2. For the pure-feedback nonlinear system , we assume that the state
x1 is constrained by hq1(t) = 0.5 + 0.3sin(¢) and hi(t) = 0.6 — 0.2sin(¢), while the
state xo has no constraint, that is ho1(t) = haa(t) = 400. The initial state is given by
2(0) = [0.2,—0.3]7. Set ki1 = 2, k1o = 1, ko1 = koz = 2. Other parameters are similar
with those in Example

The trajectories of the states z1 and x5 are shown in Figure [5 and Figure [6] respec-
tively. From Figure [5] and Figure[6] it can be found that z; and zo are bounded while
x1 does not violate its constraint all the time. Moreover, the output tracking error
le] < 0.05 for t > 4.3s, which is illustrated in Figure Figure [§| shows the smooth
trajectory of the controller w.

The above simulation results show that the proposed fixed-time safe controller can
deal with the output tracking problem for the uncertain pure-feedback nonlinear system
with and without state constraints while keeping one control structure.

5. CONCLUSIONS

This paper has solved the fixed-time output tracking problem for uncertain high-order
pure-feedback systems with and without state constraints in a unified way. A non-
linear transformation function method has been proposed to deal with the cases with
and without state constraints. With the help of the unified nonlinear transformation,
the fixed-time safe control problem has been transformed to just a fixed-time control
problem. At the same time, a fixed-time dynamic surface control technique has been de-
veloped to facilitate the fixed-time controller design. Thus, an adaptive neural network
based fixed-time control strategy has been proposed for the uncertain pure-feedback
nonlinear system. Theoretical results have shown that the fixed-time convergence of the
output tracking error can be achieved and all the state constraints can always be sat-
isfied under the proposed control strategy. Moreover, the effectiveness of the proposed
control strategy has been validated by numerical simulations.
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APPENDIX

A. DESIGN PROCESS OF THE CONTROLLER U

In this subsection, we present the design process of the controller u by backstepping-like
design method. First, define

Yi = Of — Qi—1, i:2,...,n, (15)

where o ¢ is generated by the FDSC technique in , ai—1 is the virtual controller designed
latter. Next, we design the virtual controller a;—1 at the (¢ — 1)th step, and the controller u at
the nth step.

Step 1: Differentiating (i yields:
G = p1[F1(x1,22,&2) + &2] + 1 —&q. (16)
According to and , it follows that & = (2 + y2 + a1. Then, we have
(=R, w2,6) + G+ yo + aa] + 1 — &a- (17)

Using the neural network based approximation , Fi(z1,22,&) = F1(X1) can be approx-
imated as follows:
Fi(X1) = W{S(X1) +e1(X1), (18)

where X1 = [z1,22,&]%, Wi € RY and S(X1) € RY are the ideal weight vector and basis
function vector respectively, and €1(X1) is the estimation error. According to Assumption
we have ||[W1]] < Wi, le1] < e11, where W1 and €11 are unknown positive constants.

Let w1 = max{Wi,¢11}, then one has

Fi(X1) <wipr (X1),

where p1(X1) = ||S(X1)]| + 1.
Next, the virtual controller «; is designed as follows:

o) = — p1d1<,01u§C1 — 11 + & _ W1
oo (19)
_ku e k2,
1 1 01 1

where k11, k12, and p1 are positive constants, r1 and 72 are defined in (11). Let @1 be the
estimation of a1 = w?, which is determined by the following adaptive law:

Py 2 2.2 AT] ATQ
a1 = p1p1pi G — o118y — 012d4?, (20)

where 011 and 12 are positive constants.
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According to Young’s inequality, we have the following inequalities:

1

P10 1 < |p1Giwip] < prwieipidt + e (21)

Y2
P1¢1y2 < QICE + f, (22)

where p; is defined in .
Then, we construct a Lyapunov function as follows:

1 1. 1

Vi= §C12 + ia% + in, (23)

where a1 = a1 — as.
Calculating the derivative of Vi and employing the virtual controller , and inequalities

, , we have

2
Vi Sp1dltp§/ﬁ€12 + v1¢1C2 — k11C11+T1 — k12C11+T2 + ¥

4
1 I .
+ Ior + a1a1 + Y292
P1 , (24)
=p1a1p1piCL + 16162 — kG T — ko T 4 %2

1 _ o .
+ — —a1a1 + Y292.
4p1

Using the adaptive law (20)), we have
—6~l1él1 = —plﬁltp%/ﬁﬁ + o11a1a7* + 01261472,

Since &1 = ai —&1, thus 0’11&1&71'1 and 012&1&71'2 can be written as 0'11d7n1 (a1 —dl) and ledIZ (a1 —
d1), respectively. By analyzing the adaptive law , it can be verified that for any given
initial value G1(0) > 0, one has ai(¢t) > 0 if a1 (t) > 0. It is noted that 011 and o12 are positive
constants. If G1(t) < 0, then a, (¢) will decrease until a1 (t) = 0 at a certain time t4. Due to the
fact that p13ui¢? > 0, it can be found that Gi(¢) > 0 when a1 (t) = 0. Therefore, a1 (t) > 0
after ¢t > tq. Thus, if we choose an initial value a1(0) > 0, then we have a1 (t) > 0.

According to Lemma[2:6] we have

AT ~ — ~AT1 ~
01107 A1 = 01104 (a1 — al)

1+ A1t
§0_111+T1(a1 rl_al 71)

1+ - 1+
:Ulll+7’1 (al m 7[0117&1] Tl).

When ai(t) > 0, we have a1 (¢) > a@1(t). From Lemma [2.5) we have

(a%+T1 + ai-‘rh _ a&-‘-n)

AT~
J11a¢" a1 <o

1+7r (25)
_ 20n1 gl _ o a2x1+%
1+7r L 1+m !
Similarly, we also have
2012 14r, 012 L2xitr2

Ulgdr2(~11< a
! 14 ! T+7rg !
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Thus we have

Y o11 ~2><1+% 012 ~2><1+#
—ai1a1 < — a, — a,
1+7r 147
2011 14 2012 QT
1 1
1+7r 14172
-~ 2 2.2
— p1a1p1 G-

From equations and (15), we have

yzg-f—yzm

:y?g—kyz—)\i 1—%23122—/\%242—@1]
A P L Y R
<8 Ly Ly Lz U
= el = el = (o - )+
<L) - ) 4

for 0 < A2 < 2, where vo = &1 = aqlc +g$i¢1+aii¢l+ gzial—&—

Then, applying the inequalities (26f) and . to (24) yields:

Vi <p1G1Ge — ki (GR) 2 — kia(() 2
s
S L) A

where A = fj'rlrll alt 4 lzilrz a T 3+ 4p1
Step i (i=2,...,n-1): Differentiating (; results in:

G = PilFi(Tit1,&it1) + &ip1] + s — dug.
Since & = (; + yi + ai—1, thus Q can be rewritten as follows:

(i = il

aal
a H

(xH—l’g'H-l) + CH—I + Yi+1 + az} + wz - a1f~
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(26)
(27)
Al
(28)
(29)
(30)

According to the neural network approximation , we approximate F;(Zit1,&+1) as fol-

lows:

Fi(X3) = WS(X,) +ei(Xa),
where X; = [Tiy1,&i11]7,

(31)

W; € RY, S(X;) € RY, &(X;) € R. From Assumption [2.8 it

follows that_||Wi|| < Wi, |ei| < €i1, where W; and €;1 are unknown positive constants. Define

w; = max{W;, €1}, then the following inequality holds:
Fi(X5) < wipi(Xs),
where p;(

Xi) = [[S(X)[l + 1.

(32)
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Design the ith virtual controller «; as follows:

~ 7 az T
o == pidipipiCi — piCi — — + —f —kiG!

P
L (33)

— kiaCl? = Pl
2

[

where ki1, ki2, and p; are positive constants, 1 and 72 are defined in . a; is employed to
estimate a; = w? and determined by the following adaptive law:

A 2 2.2 Ty Ao
a; = pip; i G — 0i1Q;" — 0i2a;", (34)

where 0;1 and 0,2 are positive constants.
Using the Young’s inequation, the following inequalities can be obtained:

1
QiCiFy < |piCwipi| < piwioipiCl + —,

4
) " (35)
PiCiyirr < 0iC7 + %,
where p; is defined in (33).
Next, we construct the Lyapunov function V; as follows:
1 1. 1
Vi = 5@2 + 50%2 + §yi2+17 (36)

where a; = a; — a;.
Using the virtual controller «; , the adaptive law , and inequalities ([35]), and calcu-
lating the derivative of V;, we have

Vi <pidapi ;G + @iCiCint — ic1Gim1Gi — kG
1
<piCiCit1 — Pim1Gim1Gi — ka ¢} T — ko

2
Yit1
4 + 4p¢

2
— kT + y%l + + @G + Yit19it1

(37)

+

R = ary .
+ oi1a:a; + 0i20i01" + Yit+1Yi+1-

For the adaptive law (34)), it follows that a;(t) > 0, V¢ > 0 for a positive initial value a;(0).
Thus a; > @; when @;(0) > 0. According to Lemma [2.5] and Lemma we have

AT1~ _ A'rl ~
051G, Gy = 0414, (a; — @)

1 1 1
<oy — av+7“1 _ d_+7"1
—= Y 1+’I"1( (3 7 )
1 147 1
. 1 . ~ 11471
=oug @ S le—alt (38)
1 1+7r 1+r ~1+47r
§U¢11+T1(ai tta, "t —a;)
_ 200 14rm  Oil d2xl+%
14+7r7 ° 14+7r ¢
Similarly, we also have
o~ 202 iz .2xtr2
(71'2@:204' < _eYe }-&-rz _ Y 2 (39)

~14+ry 1+T2ai
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Furthermore, from the definitions of y; in and the dynamic variable a;y in , we
have
Ly Lo 1
Yi = " Y; X Yi X Yi iy

where v; = ¢&;—1. Then we have

2
Yit1 .
1 + Yi+1Yi+1

1 T T
= (I PP el 4 )
1+1

2
Yit1

+ 1 Yi+1Vit1
. ) (40)
< — i 1+7ry _ i 1+r2
S [Yit1] ot [Yi+1]
1 1, o 2
- (>\i+1 - 5)2/z‘+1 +Vip1
1 1+7‘1 1 1+7‘2
< —Wh) T - —Wh) T +vin
Aig1 Ait1
when 0 < )\i+1 < 2.
Applying the inequalities— to , we have
’ 14r lgry
Vi <iCiCit1 — pi—1Ci—1G — kzl(cf) 7 — ki2(§¢2) 2
LIRS Pap
1+, (az 1+ 1 (az) (41)
1 2 1+7ry 1 2 1+ry

- —(y; 2 — ; 2 4+ Ay,
)\Z_H(yﬂ) )\i+l(y+1)

L 2041 147 20,0 1472 2 1
Where AZ = Tir ai + mai —+ ’/i+l + Tﬂi'

Step n: In this step, a fixed-time safe controller will be given. Differentiating ¢, yields:
Cn = onlFa(@n) + gntu] + 9 — Gins. (42)
It is noted that F,(Z,) can be approximated by:
Fo(Zn) = Wil S(Zn) + en(@n) < wnfin(Zn),

where ||[W,|| < Wi, len] < €n1, wn = max{Wn,snl}, and W, en,1 are unknown positive
constants. According to Young’s inequality, we have the following inequalities:

1
4png ’

PnCnFn < g pnpnwnpinGn +

1
Ynln < g YA+ —,

1
_ Y p < .2 .92 b
Cna > gnanan + 4gn7
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where p, > 0, g, > 0 is the lower bound of g,,. Define a,, = wi, then we have
CnCn = PnCnFn + Onlngnt + GuPn — Culiny
1 .
S%mﬁ%ﬁd+@M7+%%d+%ﬁﬂﬁ
+ ol b pnC
a nGngnU.
29 Pning
It is time to design the controller u as follows:
2 dQ "
°w=— p'nsﬁn&n,u/iCn _ ¢'n<n _ nfc
s o oo (43)
_ @n—lCn—lC’n _ @ 1 @ T2
©On ©n n On n
where a,, is the estimation of a,, and determined by the following adaptive law:
é'\1/'n = pn‘piﬂigfz — Onl d:zl - UnZd:L?, (44)

and o1, op2 are positive constants.
When we choose an(0) > 0, we have G, > 0. Then, according to Assumption we have
Pnlngnt
= —gnpuPnintinGn — gnnin — gndinsGn
~ gnPn-1Ga-1Gn = gnkn1 G = gnknaCy
< =g prninpinGn — g, Vnn — g, GnsCh

2 2 2 1+r 147
_gntpn—1<n—1Cn _gnknl n ! _gnan 2.

n

Substituting the above inequality to CnCn yields:

CnCn S gnpndn@i,uiCEL - gnknl 717,+T1 - gnk’nZ 717,+T2

2 .2 L2 1 1 (45)
gn@n—ICn—1Cn + 4pngn + 2gn .

Now we construct a Lyapunov function V;, as follows:
1 2 1,_2
Vo ==Cr + =an. 46
St a (46)
Using the inequality (45) and the adaptive law (44)), we have

Vi <—g kmGn™ =g kn2Gt =g on1GioiCa
4pngn 2gn
1 (47)
2,1t 2, 1tr2 2 2 2
S - gnknl(Cn) 2 = gnan(Cn) 2 - gn@n—1<‘n—1€n

~ AT1 ~ ATQ
gnanlanan _gnanZG/nan

Onl -2 1+ry On2 ~2 147y
-9 an) 2 —g an) 2 +An
g, 7@ g, (7@ ,
_ 20p1 1471 20p2 1479 1 1
where Ap =g $ta,™™ +g T72a, " + Tmg. + 5,

Zn
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Define
V:V1+---7Vn~

Using the inequalities , , and , we have

+7‘ 1+7‘
< S - S ey
i=1
= g o 2
_ il 2 _ i2 ,_. 27“
=1 14 Tl Z 1+ 7”2 z
1 4 - 1 14y EE
—Zy(yz‘g) 2 —Z;(y?) T2 g k()72
i=2 " i=2 7
147y g Oni 147y g On2 1+rg
g Q) DT ) a7 gy
g2 Trr @ L7, )
n
- Qn@ifldfléﬁ + ©n-1Cn-1Cn + ZAi'
i=1

It is noted that

1
2 2 2
‘Pn71<n71Cn S g Pn— <n—1Cn + V)
In 1 4gn
then we have
. n-1 +r1 1+7‘2
V<= kalcd) —Z/m
i=1
n—1
Oil - ﬂ gi2 . 1+T2
— N — . 2
; 1+ 1"1 Z 1+ 7"2 @)
n n
1 147y 1 14ry 1+r1
—Z;(yf) z —Zy(y?) 2 —g kn(Gn)
i=2 7" i=2 7"
1479 g Oni 1+7q g On2 147o
— g kna(C3) 2 — 2 a2y T —=n a2) "z
g, ha(¢)TT - 2 @) T - 2 @)
+ A,
where A = é +> A
B. PROOF OF THEOREM 1
Proof. Define g o 1
- 1+m . i1 nl
=1 =2 2 ki, kn7 37’” N I
! i:llzl}g}l—l{ 1,9, 1 1+r’' 14+r )\i}
- 14ro . o2 9,9n2 1
=, = 2 . _—c =
Ze=22  min | hieg, ka2 750 TS D

where parameters ki1, ki2, 0i1, 02, and \; are all positive constants. r, = %, ro =

m < n, p > q are positive odd numbers.

(48)

(49)

(50)

o where
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From the inequality , we have

1]

n—1
. 1 o 4 1 o5 1m0 1 Lory
V<-m Y G T 4 Ga) F o+ i) |
=1

[(% B i) F |

(1]

1+7‘2 1 1 1+rg
2 Z [ (2“3) + (5y1‘2+1) 2 ]

1 2 1+72 1,,2 147rg

—:2[<2<n> + (a0 ] 4

Furthermore, according to Lemma [2.7, we have:

e () E ()

=1
1—7g )
—52(2 2V, 2 >+A
147 1—7o 1—rg 147y
<—-gE,VzT -3z 52(n T2 >+A

147 _ 147o

<-—=1V2 —EV 2 —}—A7

(51)

2 -

_ 1—
where Z = (3n) "2 Ea.
Finally, from Lemma there exists a settling time 7" such that

VL<R= mln{( AH) ey , (%)ﬁ}
=1 =2

when ¢t > T, where
2

Eg(l — 9)(7"2 - 1)7

2
= Z1(1-0)(1—mr1) +

and 0 < 6 < 1 is a constant.
Therefore, the closed-loop system is practically fixed-time stable. Since V € L, then
all the states of the closed-loop system are bounded, that is, (; € Lo, @i € Loo, and y; € Loo
Furthermore, it is noted that V' < R when ¢t > T, thus we have \§1| < \/ﬁ when ¢t > T.
Recalling the transformation functions @ and @ and applying the mean value theorem, there
exists a constant § such that

_|hn®) thia®) oy (26
|z1 — yal *‘ 9 tanh (hn(t) + h12(t))

_ hu() ‘12' haa(t) tanh (hn(t)zidhm(t))‘

_hu@the@ 1 2(6 — &) ’

2 coshZ(é) ha1(t) + hi2(t)
hll(t) + h12(t) 2
< 2 % hi1(t) +h t)‘€1_€d|
=& — &l

:Ch
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where £ € (hu(t)Qilhlz(t)’ hll(tin;le(t)). Thus the output tracking error satisfies |e| = |21 —ya| <
|G| < V2R when t > T, which means that the tracking error is bounded in fixed time.

Finally, we verify that all the state constraints are satisfied all the time. According to
Assumption 213} we know that &; is bounded. It is noted that ¢; € Lo, thus (3 is also
bounded. Therefore, & = (1 + &4 is bounded, which implies that —h11(¢) < z1(t) < h12(t) is
satisfied when —h11(0) < z1(0) < hi12(0). Additionally, according to the fact that y2 € Lo,
o2f = Y2 + a1 is bounded, and d&ay is bounded. Then, the boundedness of (2 and a2f ensures
that &2 = (2 + aay is bounded, which implies that the constraint —ha1(t) < x2(t) < haa(t) is
satisfied when —ha1(0) < 22(0) < h22(0). Using similar analysis, it can be shown that all the
state constraints are satisfied all the time.

The proof is thus complete. O
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