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ALGEBRAIC SOLUTION TO BOX-CONSTRAINED
BI-CRITERIA PROBLEM OF RATING ALTERNATIVES
THROUGH PAIRWISE COMPARISONS

Nikolai Krivulin

We consider a decision-making problem to evaluate absolute ratings of alternatives that
are compared in pairs according to two criteria, subject to box constraints on the ratings. The
problem is formulated as the log-Chebyshev approximation of two pairwise comparison matrices
by a common consistent matrix (a symmetrically reciprocal matrix of unit rank), to minimize
the approximation errors for both matrices simultaneously. We rearrange the approximation
problem as a constrained bi-objective optimization problem of finding a vector that determines
the approximating consistent matrix, and then represent the problem in terms of tropical alge-
bra. We apply methods and results of tropical optimization to derive an analytical solution of
the constrained problem. The solution consists in introducing two new variables that describe
the values of the objective functions and allow reducing the problem to the solution of a system
of parameterized inequalities constructed for the unknown vector, where the new variables play
the role of parameters. We exploit the existence condition for solutions of the system to derive
those values of the parameters that belong to the Pareto front inherent to the problem. Then,
we solve the system for the unknown vector and take all solutions that correspond to the Pareto
front, as a complete solution of the bi-objective problem. We apply the result obtained to the
bi-criteria decision problem under consideration and present illustrative examples.

Keywords: idempotent semifield, tropical optimization, constrained bi-criteria decision
problem, Pareto-optimal solution, box constraints, pairwise comparisons
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1. INTRODUCTION

The problem of evaluating alternatives based on their pairwise comparisons under mul-
tiple criteria (the multicriteria pairwise comparison problem) is one of the most common
and demanded decision-making tasks in practice [9, 29, 30, 32]. Although there are a
number of methods proposed to solve the problem, they may not be quite effective due
to some drawbacks, which are widely discussed in the literature [1, 2]. As a result, the
development of new solution techniques that can complement and supplement existing
methods continues to be of theoretical interest and practical value. Of particular impor-
tance are solutions to new problems under additional assumptions, which are difficult
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to solve by existing methods, including constrained pairwise comparison problems.

1.1. One criterion pairwise comparison problems

First, consider an unconstrained pairwise comparison problem with a set of alternatives
and one criterion. The alternatives are compared in pairs, which results in a matrix
A = (aij) where aij shows the relative preference (priority, weight) of alternative i
over j. Given a matrix A of pairwise comparisons, the problem is to evaluate a vector
x = (xi) of absolute ratings (scores, weights) of the alternatives under examination.

The entries of a pairwise comparison matrix A must satisfy the condition aij = 1/aji
for all i and j, and hence the matrix A is symmetrically reciprocal. According to this
condition (which is assumed to hold in practice), if alternative i is aij times preferred
to j, than alternative j has to be 1/aij times preferred to i.

A symmetrically reciprocal matrix A is consistent if its entries satisfy the transitivity
condition aij = aikakj for all i, j and k. This condition (which is commonly violated
in real-world problems) suggests that if alternative i is aik times preferred to k whereas
alternative k is akj times preferred to j, then alternative i should be aikakj times pre-
ferred to j. If the pairwise comparison matrix A is consistent, then there exists a positive
vector x = (xi) defined up to a positive factor, that determines the matrix A by the
condition aij = xi/xj and thus directly solves the pairwise comparison problem. As a
solution vector x in this case, one can take any column of the matrix A.

Since the pairwise comparison matrices encountered in practice are usually not con-
sistent, the solution is to find a consistent matrix that is as much as possible close to
(approximates) the given inconsistent matrix. Then, the positive vector corresponding
to this consistent matrix is taken as an approximate solution of the problem.

The methods available to solve the one criterion pairwise comparison problem include
both heuristic procedures and approximation techniques [4, 34]. The heuristic proce-
dures mainly offer various schemes of aggregating columns in the pairwise comparison
matrix A, such as the weighted column sum methods that derive the solution vector by
calculating a weighted sum of columns in the matrix A. In the case when the column
weights are set proportional to the solution vector, the technique is known as the prin-
cipal eigenvector method [32, 33]. This method takes the principal (Perron) eigenvector
of A as a vector x of absolute ratings, and finds wide application in practice.

The approximation techniques are based on minimizing an error function that mea-
sures the distance between matrices when a pairwise comparison matrix A is approxi-
mated by a consistent matrix [34]. The most common approach involves approximation
with the Euclidean distance in logarithmic scale (the log-Euclidean approximation),
which leads to the geometric mean method [1, 5]. This method yields an analytical solu-
tion where the elements of the vector x of ratings are calculated as the geometric means
of the corresponding rows in the matrix A. Both methods of principal eigenvector and
geometric mean provide a unique (up to a positive factor) vector x. They, however, do
not allow to account for in a simple way additional constraints, such as box constraints
on x, which can arise as an essential condition in real-world problems.

Another approximation technique [7, 8] to solve the pairwise comparison problem,
employs minimization of Chebyshev distance between matrices, taken in logarithmic
scale (the log-Chebyshev approximation). In contrast to the principal eigenvector and
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geometric mean methods, the solution provided by the log-Chebyshev approximation
can be nonunique. This may complicate the choice of one optimal solution in practice,
but at the same time, can expand the possibilities of making decisions by taking into
account additional conditions. Complete analytical solutions that describe in compact
algebraic form all solutions for both unconstrained and constrained problems of pairwise
comparisons are derived based on methods and results of tropical algebra in [19, 20].

The tropical (idempotent) mathematics, which is concerned with the theory and
application of algebraic systems with idempotent operations [10, 11, 14, 15, 26], finds
increasing use in various areas including operations research and management science. A
binary operation is idempotent if performing the operation on two operands of the same
value gives this value as the result (one can consider the operations max and min as the
most relevant examples). Application of methods and results of tropical mathematics
often allows one to find new effective solutions to old and novel problems in location
analysis, project scheduling, decision making and other areas (see e. g., [7, 8, 12, 13]). In
many cases, tropical algebra can offer direct complete analytical solutions for problems
that has only numerical algorithmic solutions available in the literature.

1.2. Multicriteria pairwise comparison problems

The problem of evaluating alternatives from pairwise comparisons under multiple criteria
corresponds to a more realistic scenario in the decision making process, while becomes
more difficult to solve. The most commonly used solution is based on the heuristic
technique known as the analytical hierarchy process method [31, 32, 33]. The method
assumes that for given matrices A1, . . . ,Ak of pairwise comparisons of alternatives ac-
cording to k criteria, and a matrix C of pairwise comparisons of criteria, one needs to
find a common vector x, which shows the absolute ratings of alternatives. The method
calculates normalized (with respect to the sum of components) principal eigenvectors of
the pairwise comparison matrices for alternatives and criteria. The solution vector x
is then obtained as the sum of the eigenvectors of the matrices A1, . . . ,Ak, taken with
weights equal to corresponding components of the eigenvector of the matrix C.

Another widely adopted solution technique is the weighted geometric mean method
[1, 5]. The method involves calculating the vectors of geometric means for each matrix
of pairwise comparisons involved in the problem. Furthermore, the components of the
solution vector x are obtained as weighted products of corresponding components in
the geometric mean vectors for matrices A1, . . . ,Ak, where the weights are given by the
components of the normalized geometric mean vector for the matrix C.

The most general approach to solve the multicriteria pairwise comparison problem
under consideration is to handle this problem within the framework of multiobjective
optimization [3, 6, 25, 27]. The solution of multiobjective optimization problems, where
competing and conflicting objectives have to be satisfied, is usually given in the form of
a set of Pareto-optimal (non-dominated) solutions, which are defined as solutions that
cannot be improved in one objective without getting worse in another.

The derivation of all Pareto-optimal solutions in problems with many objectives is
generally a rather difficult task. In this case, the solution is focused on finding one
of these solutions, which is often obtained by reduction to an ordinary optimization
problem with one objective by using scalarization techniques. The weighted geometric
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mean method presents an example of this approach, where the multiobjective problem
is reduced to minimizing a weighted sum of the errors of simultaneous log-Euclidean
approximation of the pairwise comparison matrices for criteria. As another example,
one can consider the solution in terms of tropical algebra in [20, 24], which is based on
the minimization of a weighted maximum of errors in log-Chebyshev approximation.

If the number of objectives is small, say two or three, then a complete solution can
sometimes be obtained through an analytical description of the Pareto front defined as
the image of the set of Pareto-optimal solutions in the objective space. The description
of the front is then used to derive all Pareto-optimal solutions in a parametric form.
Specifically, this approach is applied in [22] to derive all these solutions in a bi-criteria
problem with two pairwise comparison matrices, which is formulated as simultaneous
log-Chebyshev approximation of both matrices and then solved as a bi-objective opti-
mization problem in the framework of tropical optimization. This result is extended in
[23] to a bi-criteria problem where the solution vector of ratings of alternatives is sub-
jected to relative constraints in the form of bounds on the ratios between the ratings.

Constrained multicriteria problems of rating alternatives from pairwise comparisons
arise in different applications, where prior information about absolute or relative bounds
on the ratings must be taken into account. Enabling constraints in the pairwise com-
parison problems reflects the increasing complexity of contemporary decision-making
processes and may prove to be a very difficult task to attack with existing methods,
including the analytical hierarchy process and weighted geometric mean methods.

In this paper, we present an analytical solution to a constrained bi-criteria pairwise
comparison problem that accommodates box constraints on the vector x of ratings of
alternatives. The problem is formulated as simultaneous log-Chebyshev approximation
of two pairwise comparison matrices A and B by a common consistent matrix, to min-
imize approximation errors for the matrices as a vector objective function. We apply
and further develop the tropical algebraic approach, which is implemented in [22, 23]
to solve both bi-objective pairwise comparison problems without constraints and with
tropical linear inequality constraints.

We rearrange the approximation problem as a constrained bi-objective optimization
problem of finding a vector that determines the approximating consistent matrix, and
then represent the problem in terms of tropical algebra. The solution consists in intro-
ducing two new variables that describe the values of the objective functions and allow
reducing the problem to the solution of a system of parameterized inequalities con-
structed for the unknown vector, where the new variables play the role of parameters.
We exploit the existence condition for solutions of the system to derive those values of
the parameters that belong to the Pareto front inherent to the problem. Then, we solve
the system for the unknown vector and take all solutions that correspond to the Pareto
front, as a complete solution of the bi-objective optimization problem.

The paper is arranged as follows. In Section 2, we outline the use of log-Chebyshev
approximation to evaluate alternatives from pairwise comparisons. Section 3 includes
preliminary notation, definitions and results of tropical algebra needed to represent and
solve the optimization problem below. Section 4 presents a complete solution of a bi-
objective tropical optimization problem with box constraints, given in terms of a linearly
ordered, radicable tropical semifield. In Section 5, we apply the obtained result to solve
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a bi-criteria pairwise comparison problem and give an illustrative example. Section 6
offers some concluding remarks on the results obtained.

2. LOG-CHEBYSHEV APPROXIMATION BASED SOLUTIONS

Suppose that, given a positive symmetrically reciprocal matrix A = (aij) of pairwise
comparisons of n alternatives, the problem is to find the vector x = (xj) of absolute
ratings by means of approximation of the matrix A by a consistent matrix X = (xi/xj).
Approximation in the log-Chebyshev sense with a logarithm to a base greater than 1
naturally leads us to solving the following optimization problem:

min
x1,...,xn

max
1≤i,j≤n

∣∣∣∣log aij − log
xi
xj

∣∣∣∣ .
Let us verify that this problem reduces to minimizing a function without logarithms

(see also [22, 24]). First, we apply the monotonicity of the logarithmic function to write∣∣∣∣log aij − log
xi
xj

∣∣∣∣ = max

{
log

aijxj
xi

, log
xi

aijxj

}
= log max

{
aijxj
xi

,
xi

aijxj

}
.

Then, with the condition aij = 1/aji, the objective function in the problem becomes

max
1≤i,j≤n

∣∣∣∣log aij − log
xi
xj

∣∣∣∣ = log max
1≤i,j≤n

max

{
aijxj
xi

,
xi

aijxj

}
= log max

1≤i,j≤n

aijxj
xi

.

Finally, due to the monotonicity, the minimization of the logarithm is equivalent to
minimizing its argument, which turns the approximation problem into the problem

min
x1,...,xn

max
1≤i,j≤n

aijxj
xi

.

Note that any solution of the last problem also minimizes the maximum absolute
relative error [7, 22, 28], which is given by

max
1≤i,j≤n

|aij − xi/xj |
aij

.

Furthermore, we assume that n alternatives are compared in pairs according to two
criteria, which yields two matrices A = (aij) and B = (bij) of pairwise comparisons.
The problem of evaluating the absolute ratings of alternatives takes the form of the
approximation of these matrices by a common consistent matrix X = (xi/xj). With the
application of the log-Chebyshev approximation, we arrive at a bi-objective optimization
problem to minimize the vector function(

max
1≤i,j≤n

aijxj
xi

, max
1≤i,j≤n

bijxj
xi

)
.

Now, assume that there are box constraints imposed on the ratings of alternatives,
given in the form of lower and upper bounds and written as the double inequalities

gi ≤ xi ≤ hi, i = 1, . . . , n.
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By combining the objective function with the constraints, we obtain the following
constrained bi-objective optimization problem: given positive matrices A = (aij) and
B = (bij), and vectors g = (gj) and h = (hj), find positive vectors x = (xj) that achieve

min
x1,...,xn

(
max

1≤i,j≤n
x−1
i aijxj , max

1≤i,j≤n
x−1
i bijxj

)
;

s.t. gj ≤ xj ≤ hj , j = 1, . . . , n.

(1)

In the next sections, we show how problem (1) can be represented in terms of tropical
algebra and then completely solved in the Pareto-optimal sense by using methods and
results of tropical optimization.

3. PRELIMINARY ALGEBRAIC DEFINITIONS AND RESULTS

We start with an overview of basic notation, definitions and results of tropical (idem-
potent) algebra, which underlie the solution of the bi-objective optimization problem in
the subsequent sections. For further detail on the theory and applications of tropical
mathematics, one can consult, e. g. [10, 11, 14, 15, 26].

3.1. Idempotent semifield

Consider a nonempty set X equipped with the operations ⊕ (addition) and ⊗ (multi-
plication) together with their respective neutral elements 0 (zero) and 1 (one). Both
operations ⊕ and ⊗ are associative and commutative, and multiplication distributes
over addition. Addition has the idempotent property x⊕ x = x for all x ∈ X, and there
are multiplicative inverses x−1 such that xx−1 = 1 for all nonzero x ∈ X (here and
henceforth, the multiplication sign ⊗ is omitted for the brevity sake). The algebraic
system (X,⊕,⊗,0,1) is commonly referred to as the idempotent (tropical) semifield.

The operation of exponentiation to integer powers is given by xp = xxp−1, x−p =
(x−1)p, 0p = 0 and x0 = 1 for any nonzero x ∈ X and integer p > 0. Moreover, the
semifield is considered radicable, which means that each x has pth root for any integer
p > 0, and thus rational exponents are defined as well.

Idempotent addition provides a partial order that x ≤ y if and only if x ⊕ y = y,
which is extended to a total order on X. The operations of addition and multiplication
are monotonic in both arguments, which means that the inequality x ≤ y yields the
inequalities x⊕ z ≤ y ⊕ z and xz ≤ yz. Exponentiation is monotonic in the sense that
for nonzero x, y and rational q, the inequality x ≤ y leads to xq ≥ yq if q ≤ 0 and to
xq ≤ yq if q > 0. Furthermore, addition satisfies an extremal property (the majority
law) that the inequalities x ≤ x ⊕ y and y ≤ x ⊕ y hold for any x, y. Finally, the
inequality x⊕ y ≤ x is equivalent to the system of two inequalities x ≤ z and y ≤ z.

An example of the algebraic system under consideration is the idempotent semifield
Rmax = (R+,max,×, 0, 1) (also called the max-algebra), where R+ is the set of nonneg-
ative reals. In the semifield, addition ⊕ is defined as taking maximum, multiplication is
as usual, 0 = 0 and 1 = 1. The operation of exponentiation has the usual meaning, the
order provided by idempotent addition corresponds to the natural linear order on R+.

Another example is the semifield Rmin,+ = (R ∪ {+∞},min,+,+∞, 0) (the min-plus
algebra), where R is the set of reals, which has ⊕ = min, ⊗ = +, 0 = +∞ and 1 = 0.
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For each x 6= 0, there is the inverse x−1, which is equal to the opposite number −x in
the usual arithmetic. The power xy coincides with the arithmetic product xy and hence
well-defined for any x, y ∈ R. The order induced by the addition ⊕ is opposite to the
standard linear order on R.

3.2. Matrices and vectors

The algebra of matrices and vectors over X is introduced in the usual way with the set
of matrices with m rows and n columns denoted by Xm×n, and the set of column vectors
with n components by Xn. A matrix (vector) with all entries equal to 0 is the zero
matrix (vector), which is denoted by 0. A matrix is called column-regular if it has no
zero columns. A vector without zero components is called regular.

The matrix and vector operations follow the standard entrywise formulas, where the
ordinary scalar addition and multiplication are replaced by the operations ⊕ and ⊗. The
monotonicity properties of the scalar operations ⊕ and ⊗ are routinely extended to the
matrix and vector operations, where the order relation is understood componentwise.

In the set of square matrices Xn×n, a matrix that has all diagonal entries equal to
1 and the other entries to 0 is the identity matrix denoted I. Nonnegative integer
powers of a square matrix A 6= 0 indicate repeated multiplication given by A0 = I and
Ap = AAp−1 for any integer p > 0. The trace of a matrix A = (aij) is defined as

trA = a11 ⊕ · · · ⊕ ann =

n⊕
i=1

aii.

For any conforming matrices A and B, and scalar x, the trace satisfies the equalities

tr(A⊕B) = trA⊕ trB, tr(AB) = tr(BA), tr(xA) = x trA.

For any matrix A ∈ Xn×n, a trace function is defined that takes the matrix to

Tr(A) = trA⊕ · · · ⊕ trAn =

n⊕
k=1

trAk.

Provided that Tr(A) ≤ 1, the Kleene star operator maps the matrix A to the matrix

A∗ = I ⊕A⊕ · · · ⊕An−1 =

n−1⊕
k=0

Ak.

For any nonzero column vector x = (xj), the multiplicative inverse transpose (con-
jugate) is a row vector x− = (x−j ) where x−j = x−1

j if xj 6= 0 and x−j = 0 otherwise.

The spectral radius of any matrix A ∈ Xn×n is given by

λ = trA⊕ · · · ⊕ tr1/n(Am) =

n⊕
k=1

tr1/k(Ak).
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3.3. Vector inequalities

We turn to solutions of vector inequalities that provide a basis to handle the tropical
optimization problems below. First assume that, given a matrix A ∈ Xm×n and a vector
d ∈ Xm, the problem is to find all vectors x ∈ Xn that satisfy the inequality

Ax ≤ d. (2)

The solution of (2) is known under different assumptions in various forms. We use a
solution described by the following statement (see, e. g. [17]).

Lemma 3.1. For any column-regular matrix A and regular vector d, all solutions of
(2) are given by the inequality x ≤ (d−A)−.

Suppose that for a given square matrix A ∈ Xn×n and vector c ∈ Xn, we find regular
vectors x ∈ Xn to solve the inequality

Ax⊕ c ≤ x. (3)

A complete solution of the inequality is provided by the next result [18].

Theorem 3.2. For any square matrix A, the following statements are true.

1. If Tr(A) ≤ 1, then all regular solutions of (3) are given in parametric form by
x = A∗u where u is a vector of parameters such that u ≥ c.

2. If Tr(A) > 1, then there is no regular solution.

Note that the parametric representation offered by the theorem describes all regular
solutions as a subset of the linear span of the columns in the Kleene star matrix A∗.

Consider the problem to solve for regular vectors x both inequalities (2) and (3)
simultaneously, which couple together to form one double inequality

Ax⊕ c ≤ x ≤ d. (4)

By combining the results of Lemma 3.1 and Theorem 3.2, we immediately obtain a
complete solution of (4) (which can also be derived from a more general result in [16]).

Lemma 3.3. For any matrix A such that Tr(A) ≤ 1 and regular vector d, the following
statements are true.

1. If d−A∗c ≤ 1, then all regular solutions of inequality (4) are given in parametric
form by x = A∗u where u is a vector of parameters such that c ≤ u ≤ (d−A∗)−.

2. If d−A∗c > 1, then there is no regular solution.

P r o o f . Under the condition Tr(A) ≤ 1, application of Theorem 3.2 to the left in-
equality at (4) yields the solution x = A∗u where u ≥ c. Substitution into the right
inequality leads to an inequality for u in the form A∗u ≤ d. Observing that A∗ ≥ I,
and thus A∗ is column-regular, we apply Lemma 3.1 to obtain u ≤ (d−A∗)−.

By combining both lower and upper bounds obtained for the vector u, we arrive at
the double inequality c ≤ u ≤ (d−A∗)−. The last inequality determines a nonempty
set of vectors u if and only if the condition c ≤ (d−A∗)− holds, which is equivalent by
Lemma 3.1 to the inequality d−A∗c ≤ 1. �
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3.4. Binomial identities

We now present binomial identities for matrices (see also [21, 22]), which are used to
develop and represent further results. First, we note that for any square matrices A,B ∈
Xn×n, straightforward algebra yields the following expansion formula:

(A⊕B)m = Am ⊕
m−1⊕
k=1

⊕
i0+i1+···+ik=m−k

i0,i1,...,ik≥0

Ai0(BAi1 · · ·BAik)⊕Bm. (5)

Consider the second term of the form of the double sum on the right-hand side. After
summation of this term over all m = 2, . . . , n, we rearrange the summands in increasing
order of k to obtain the equality

n⊕
m=2

m−1⊕
k=1

⊕
i0+i1+···+ik=m−k

i0,i1,...,ik≥0

Ai0(BAi1 · · ·BAik)

=

n−1⊕
k=1

n−k⊕
m=1

⊕
i0+i1+···+ik=m
i0,i1,...,ik≥0

Ai0(BAi1 · · ·BAik).

Summing both sides of the expansion formula at (5) for all m = 1, . . . , n, using the
last equality and taking trace result in the binomial identity

Tr(A⊕B) = Tr(A)⊕ tr

n−1⊕
k=1

n−k⊕
m=1

⊕
i0+i1+···+ik=m
i0,i1,...,ik≥0

Ai0(BAi1 · · ·BAik)⊕ Tr(B). (6)

As a direct consequence of the identity, the following two inequalities are valid:

Tr(A⊕B) ≥ Tr(A), Tr(A⊕B) ≥ Tr(B).

Suppose the condition Tr(A⊕B) ≤ 1 holds, and note that the inequalities Tr(A) ≤ 1
and Tr(B) ≤ 1 are then satisfied as well. In a similar way as before, we sum the second
term on the right-hand side of (5) over all m = 2, . . . , n − 1, and rearrange the terms.
As a result, we obtain the same equality as above with n replaced by n − 1. Finally,
application of the Kleene star operator to (5) leads to another binomial identity

(A⊕B)∗ = A∗ ⊕
n−2⊕
k=1

n−k−1⊕
m=1

⊕
i0+i1+···+ik=m
i0,i1,...,ik≥0

Ai0(BAi1 · · ·BAik)⊕B∗. (7)

3.5. Polynomial functions

We conclude with remarks about polynomial functions involved in the derivation of
solutions presented below (see also [23]). Suppose that akm ∈ X for all k = 1, . . . , n− 1
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and m = 1, . . . , n − k, and consider tropical polynomial functions on X with rational
exponents (tropical Puiseux polynomials), which take any s, t > 0 to

G(s) =

n−1⊕
k=1

n−k⊕
m=1

a
1/k
km s

−m/k, H(t) =

n−1⊕
k=1

n−k⊕
m=1

a
1/m
km t−k/m.

First, we note that both functions G andH monotonically decrease as their arguments
increase. We now verify that these functions are inverse to each other. Indeed, if the
equality G(s) = t holds, then the following inequalities are valid as well:

a
1/k
km s

−m/k ≤ t, k = 1, . . . , n− 1; m = 1, . . . , n− k;

where at least one inequality holds as an equality.
Furthermore, we solve these inequalities for s to obtain the inequalities

a
1/m
km t−k/m ≤ s, k = 1, . . . , n− 1; m = 1, . . . , n− k.

After combining these inequalities, one of which is an equality, we get H(t) = s.
As a consequence, the inequalities G(s) ≤ t and H(t) ≤ s are equivalent since the

solution of one of them is given by the other and vice versa.

4. BI-OBJECTIVE OPTIMIZATION PROBLEM WITH BOX CONSTRAINTS

In this section, we examine a bi-objective tropical optimization problem where two
multiplicative conjugate quadratic (pseudo-quadratic) forms are to be minimized subject
to box constraints. We present a result that complements and extends solutions to the
problems without constraints and with two-sided linear constraints, obtained in [22, 23].

Given matrices A,B ∈ Xn×n and vectors g,h ∈ Xn, the problem is to find regular
vectors x ∈ Xn that achieve

min
x

(x−Ax, x−Bx);

s.t. g ≤ x ≤ h.
(8)

To solve the bi-objective problem, we introduce two auxiliary variables that represent
the values of the objective functions, and then determine the Pareto front for the ob-
jectives. Furthermore, we reduce the problem to a bi-objective problem of minimizing
the auxiliary variables subject to a parametrized system of inequality constraints on
the vector x with these variables serving as parameters. The solution of the problem
obtained involves two stages: first, the existence conditions for solutions of the system of
constraints are used to evaluate the optimal values of the variables in the Pareto front,
and second, all solutions x that correspond to the parameters given by the Pareto front
are taken as a complete Pareto-optimal solution of the original problem.

4.1. Solution of bi-objective problem

We now formulate and prove the next result, which offers a complete direct Pareto-
optimal solution to the constrained bi-objective optimization problem at (8).
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Theorem 4.1. Let A and B be nonzero matrices, g be a vector and h a regular vector
such that g ≤ h. Denote the spectral radii of A and B by

λ =

n⊕
k=1

tr1/k(Ak), µ =

n⊕
k=1

tr1/k(Bk),

and introduce the scalars

γ =
n−1⊕
k=1

(h−Akg)1/k, δ =
n−1⊕
k=1

(h−Bkg)1/k.

For all s, t > 0, define the functions

G(s) =

n−1⊕
k=1

n−k⊕
m=1

s−m/k tr1/k(Fkm)⊕
n−2⊕
k=1

n−k−1⊕
m=1

s−m/k(h−Fkmg)1/k,

H(t) =

n−1⊕
k=1

n−k⊕
m=1

t−k/m tr1/m(Fkm)⊕
n−2⊕
k=1

n−k−1⊕
m=1

t−k/m(h−Fkmg)1/m,

where, for m = 1, . . . , n− k and k = 1, . . . , n− 1, the following notation is used:

Fkm =
⊕

i0+i1+···+ik=m
i0,i1,...,ik≥0

Ai0(BAi1 · · ·BAik).

Then, the following statements hold.

1. If H(µ⊕ δ) ≤ λ⊕ γ, then the Pareto front of problem (8) reduces to a single point
(α, β) with the coordinates

α = λ⊕ γ, β = µ⊕ δ.

2. If H(µ⊕δ) > λ⊕γ, then the Pareto front forms a segment of points (α, β) defined
by the conditions

λ⊕ γ ≤ α ≤ H(µ⊕ δ), β = G(α).

3. All Pareto-optimal solutions of problem (8) are given in parametric form by

x = (α−1A⊕ β−1B)∗u,

where u is a vector of parameters that satisfies the condition

g ≤ u ≤ (h−(α−1A⊕ β−1B)∗)−.

P r o o f . We begin with the introduction of auxiliary scalar variables α and β to rewrite
problem (8) as the constrained bi-objective problem

min
x,α,β

(α, β);

s.t. x−Ax ≤ α, x−Bx ≤ β, g ≤ x ≤ h.
(9)
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We solve the problem for the variables α and β in the sense of Pareto optimality to
determine the Pareto front in the objective space of α and β. Let us consider the system
of inequality constraints in problem (9)

x−Ax ≤ α, x−Bx ≤ β, g ≤ x ≤ h.

Since the matrices A and B are nonzero, and the vector x is regular, we see that
α ≥ x−Ax > 0 and β ≥ x−Bx > 0.

We apply Lemma 3.1 to solve the first inequality in the system with respect to Ax
and the second with respect to Bx, and then rearrange the system as

α−1Ax ≤ x, β−1Bx ≤ x, g ≤ x ≤ h.

After combining all inequalities in the system obtained, problem (9) turns into

min
x,α,β

(α, β);

s.t. (α−1A⊕ β−1B)x⊕ g ≤ x ≤ h.
(10)

We now examine the double inequality constraint in (10) by applying Lemma 3.3.
We use the assumption and condition of the lemma to derive the Pareto front as a set
of points (α, β), and then take the corresponding set of solution vectors x offered by the
lemma as the Pareto-optimal solution of problem (8).

First, observe that under the assumption and condition of the lemma, all solutions
of the double inequality are given by

x = (α−1A⊕ β−1B)∗u, g ≤ u ≤ (h−(α−1A⊕ β−1B)∗)−.

We begin with the assumption of the lemma, which takes the form of the inequality

Tr(α−1A⊕ β−1B) ≤ 1.

We rearrange the left-hand side by using (6) with A replaced by α−1A and B by
β−1B, and then apply the linearity of trace to write

n⊕
k=1

α−k trAk ⊕
n−1⊕
k=1

n−k⊕
m=1

α−mβ−k trFkm ⊕
n⊕
k=1

β−k trBk ≤ 1,

where we use the notation

Fkm =
⊕

i0+i1+···+ik=m
i0,i1,...,ik≥0

Ai0(BAi1 · · ·BAik).

It follows from properties of idempotent addition that the inequality can be separated
into three inequalities, which yields the system

n⊕
k=1

α−k trAk ≤ 1,
n⊕
k=1

β−k trBk ≤ 1,

n−1⊕
k=1

n−k⊕
m=1

α−mβ−k trFkm ≤ 1.
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The system obtained is equivalent to the system of inequalities

α−k trAk ≤ 1, β−k trBk ≤ 1, k = 1, . . . , n;

n−k⊕
m=1

α−mβ−k trFkm ≤ 1, k = 1, . . . , n− 1.

By solving the first inequality for α and the other two for β, we have the inequalities

α ≥ tr1/k(Ak), β ≥ tr1/k(Bk), k = 1, . . . , n;

β ≥
n−k⊕
m=1

α−m/k tr1/k(Fkm), k = 1, . . . , n− 1.

With properties of idempotent addition, we combine these inequalities into the system

α ≥
n⊕
k=1

tr1/k(Ak), β ≥
n⊕
k=1

tr1/k(Bk),

β ≥
n−1⊕
k=1

n−k⊕
m=1

α−m/k tr1/k(Fkm).

(11)

Furthermore, we examine the existence condition of Lemma 3.3, which is represented
in terms of the problem under consideration as follows:

h−(α−1A⊕ β−1B)∗g ≤ 1.

Application of the expansion formula at (7) yields

n−1⊕
k=0

α−kh−Akg ⊕
n−2⊕
k=1

n−k−1⊕
m=1

α−mβ−kh−Fkmg ⊕
n−1⊕
k=0

β−kh−Bkg ≤ 1.

Taking into account that g ≤ h by assumption and hence h−g ≤ 1, we replace the
inequality by the system of inequalities

n−1⊕
k=1

α−kh−Akg ≤ 1,
n−1⊕
k=1

β−kh−Bkg ≤ 1,

n−2⊕
k=1

n−k−1⊕
m=1

α−mβ−kh−Fkmg ≤ 1.

Similarly as above, we solve the first inequality for α and the other two for β to write

α ≥
n−1⊕
k=1

(h−Akg)1/k, β ≥
n−1⊕
k=1

(h−Bkg)1/k,

β ≥
n−2⊕
k=1

n−k−1⊕
m=1

α−m/k(h−Fkmg)1/k.

(12)
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By combining all lower bounds for α and β at (11) and (12), we obtain the inequalities

α ≥
n⊕
k=1

tr1/k(Ak)⊕
n−1⊕
k=1

(h−Akg)1/k = λ⊕ γ,

β ≥
n⊕
k=1

tr1/k(Bk)⊕
n−1⊕
k=1

(h−Bkg)1/k = µ⊕ δ,

β ≥
n−1⊕
k=1

n−k⊕
m=1

α−m/k tr1/k(Fkm)⊕
n−2⊕
k=1

n−k−1⊕
m=1

α−m/k(h−Fkmg)1/k = G(α).

We couple the last two inequalities to define the feasible domain for the variables α
and β by the system of inequalities

α ≥ λ⊕ γ, β ≥ µ⊕ δ ⊕G(α).

Finally, as a result of the application of Lemma 3.3, problem (10) decomposes into
the bi-objective optimization problem

min
α,β

(α, β);

s.t. α ≥ λ⊕ γ, β ≥ µ⊕ δ ⊕G(α);
(13)

together with a parametric description of solution vectors in the form

x = (α−1A⊕ β−1B)∗u, g ≤ u ≤ (h−(α−1A⊕ β−1B)∗)−,

where α and β are solutions of problem (13).
It remains to solve the minimization problem at (13) in the Pareto-optimal sense.

The solution involves the derivation of the Pareto front defined in the feasible domain as
the pairs (α, β) in which no one variable can be decreased without increasing the other.

First, we observe that the function G(α) monotonically decreases as α increases. As
a result, the feasible domain given by the constraints in (13) is the part of the αβ-plane,
which is bounded from the left by the vertical line α = λ ⊕ γ, and from below by the
horizontal line β = µ⊕ δ and the curve β = G(α) (see Fig. 1 for an illustration).

To represent the Pareto front, we first consider the inequality G(α) < µ ⊕ δ, which
determines those α where the graph of the function G(α) lies below the line β = µ⊕ δ.
With the inverse function of G, denoted by H, the solution of the inequality for α takes
the form H(µ⊕ δ) < α.

Suppose that the condition λ⊕ γ ≥ H(µ⊕ δ) is satisfied. Then, for all α > λ⊕ γ, we
have α > H(µ⊕ δ), which means that for all feasible α, the inequality G(α) < µ⊕ δ is
valid. As a result, the Pareto front reduces to a single point with

α = λ⊕ γ, β = µ⊕ δ.

If the condition λ ⊕ γ < H(µ ⊕ δ) holds, then G(α) ≥ µ ⊕ δ for all α such that
λ⊕ γ ≤ α ≤ H(µ⊕ δ). In this case, the Pareto front takes the form of a segment, where

λ⊕ γ ≤ α ≤ H(µ⊕ δ), β = G(α).

The derivation of the Pareto front completes the proof. �
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H(µ⊕ δ) λ⊕ γ

µ⊕ δ

α

β

β
=
G

(α
)

λ⊕ γ H(µ⊕ δ)

µ⊕ δ

α

β

β
=
G

(α
)

Fig. 1. Examples of Pareto front given by a single point (left) and a

segment (right).

4.2. Solution of two-dimensional problems

To illustrate application of Theorem 4.1, we first derive a Pareto-optimal solution of
a two-dimensional problem with arbitrary matrices, and then exploit this solution to
handle a problem with symmetrically reciprocal matrices.

Example 4.2. Consider problem (8) with n = 2, where the matrices and vectors are
given by

A =

(
a11 a12
a21 a22

)
, B =

(
b11 b12
b21 b22

)
, g =

(
g1
g2

)
, h =

(
h1
h2

)
.

To find all regular vectors x = (x1, x2)T that solve the problem, we find the spectral
radii of the matrices A and B. Specifically, after calculating the matrix

A2 =

(
a211 ⊕ a12a21 a12(a11 ⊕ a22)
a21(a11 ⊕ a22) a12a21 ⊕ a222

)
,

the spectral radius of A is found as

λ = trA⊕ tr1/2(A2) = a11 ⊕ a22 ⊕ a1/212 a
1/2
21 .

In a similar way, we obtain

µ = trB ⊕ tr1/2(B2) = b11 ⊕ b22 ⊕ b1/212 b
1/2
21 .

Next, we calculate the scalars

γ = h−Ag = h−1
1 a11g1 ⊕ h−1

1 a12g2 ⊕ h−1
2 a21g1 ⊕ h−1

2 a22g2,

δ = h−Bg = h−1
1 b11g1 ⊕ h−1

1 b12g2 ⊕ h−1
2 b21g1 ⊕ h−1

2 b22g2.
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To derive the functions G and H, we first evaluate

F11 = AB ⊕BA, trF11 = tr(AB),

where

tr(AB) = a11b11 ⊕ a12b21 ⊕ a21b12 ⊕ a22b22.

With n = 2, the functions reduce to

G(s) = s−1 tr(AB), H(t) = t−1 tr(AB).

Finally, we consider the Kleene star matrix, which generates the solutions of the
problem and takes the form

(α−1A⊕ β−1B)∗ = I ⊕ α−1A⊕ β−1B.

Since α ≥ λ ⊕ γ ≥ aii and β ≥ µ ⊕ δ ≥ bii, we have α−1aii ≤ 1 and β−1bii ≤ 1 for
i = 1, 2. As a result, the Kleene matrix becomes

(α−1A⊕ β−1B)∗ =

(
1 α−1a12 ⊕ β−1b12

α−1a21 ⊕ β−1b21 1

)
.

We now describe all Pareto-optimal solutions of the problem according to Theo-
rem 4.1. Suppose that the condition tr(AB) < (λ ⊕ γ)(µ ⊕ δ) holds. In this case, the
Pareto front of the problem contracts to the point (α, β) with

α = λ⊕ γ, β = µ⊕ δ.

If tr(AB) ≥ (λ⊕ γ)(µ⊕ δ), then the Pareto front is the segment given by

λ⊕ γ ≤ α ≤ (µ⊕ δ)−1 tr(AB), β = α−1 tr(AB).

The Pareto-optimal solutions are represented in parametric form as

x =

(
1 α−1a12 ⊕ β−1b12

α−1a21 ⊕ β−1b21 1

)
u,

where the vector of parameters u = (u1, u2)T satisfies the conditions(
g1
g2

)
≤ u ≤

(
(h−1

1 ⊕ h
−1
2 (α−1a21 ⊕ β−1b21))−1

(h−1
1 (α−1a12 ⊕ β−1b12)⊕ h−1

2 )−1

)
.
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Example 4.3. Consider the previous example in the framework of the max-algebra
Rmax, where the matrices A and B are symmetrically reciprocal. Let us define

A =

(
1 2

1/2 1

)
, B =

(
1 1/3
3 1

)
, g =

(
1/3
1/3

)
, h =

(
1/2
1/2

)
.

First, we observe that the assumptions of Theorem 4.1 are fulfilled. We calculate the
matrices and vectors

A2 = A, B2 = B, AB =

(
6 2
3 1

)
, Ag =

(
2/3
1/3

)
, Bg =

(
1

3/2

)
,

and then evaluate the traces

trA = trA2 = 1, trB = trB2 = 1, tr(AB) = 6.

With the above results, we obtain

λ = 1, µ = 1, γ = 4/3, δ = 2, λ⊕ γ = 4/3, µ⊕ δ = 2.

Since the condition tr(AB) = 6 > (λ⊕ γ)(µ⊕ δ) = 8/3 holds, the Pareto front takes
the form of the segment

4/3 ≤ α ≤ 3, β = 6α−1,

whereas all Pareto-optimal solutions are given by

x =

(
1 2α−1 ⊕ 3−1β−1

2−1α−1 ⊕ 3β−1 1

)
u, u > 0.

Let us verify that 2α−1 ⊕ 3−1β−1 = 2α−1. Indeed, after substitution of β = 6α−1,
we can write 3−1β−1 = 18−1α ≤ 6−1 < 2/3 ≤ 2α−1. In a similar way, we find that
2−1α−1 ⊕ 3β−1 = 3β−1 = 2−1α. As a result, the Kleene star matrix reduces to(

1 2α−1

2−1α 1

)
.

Since both columns in this matrix are collinear, one of them can be eliminated to
represent all solution as

x =

(
1

2−1α

)
u, u > 0, 4/3 ≤ α ≤ 3.

An illustration is given in Fig. 2, where the Pareto front appears as a thick seg-
ment (left), whereas the Pareto-optimal solutions x form a cone spanned by the vectors
(1, 2/3)T and (1, 3/2)T , which correspond to the limiting points of the front (right).
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4/3 3

2

α

β

β
=

6α −
1

x2

x11

2/3

3/2 x

Fig. 2. Pareto front (left) and Pareto-optimal solution (right).

5. APPLICATION TO BI-CRITERIA DECISION PROBLEM

We are now in a position to solve the box-constrained bi-criteria decision problem at
(1). In the framework of the max-algebra Rmax, the problem becomes

min
x1,...,xn

 ⊕
1≤i,j≤n

x−1
i aijxj ,

⊕
1≤i,j≤n

x−1
i bijxj

 ;

s.t. gj ≤ xj ≤ hj , j = 1, . . . , n.

Furthermore, we introduce the matrix-vector notation

A = (aij), B = (bij), g = (gj), h = (hj), x = (xj)

to represent the vector objective function as

(x−Ax, x−Bx),

and the inequality constraints as
g ≤ x ≤ h.

We combine the objective function and inequality constraint, which yields a con-
strained bi-objective optimization problem in the form of (8). We observe that in the
context of decision making, the matrices A and B are indeed nonzero and the vector h
is regular. In this case, the solution of the problem is given by Theorem 4.1, which is
applied in the max-algebra setting.

As an illustration of the computational technique used in the solution, we present
a numerical example of the solution of a problem with four alternatives. To see how
the constraints may affect the solution, we take as the starting point the unconstrained
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problem examined in [22], and then add box constraints on the solution vector to form
a new constrained problem.

Example 5.1. Suppose one needs to evaluate the absolute ratings of n = 4 alternatives
that are compared in pairs with respect to two criteria, subject to box constraints
imposed on the ratings. The matrices of pairwise comparisons and bound vectors of
constraints are given by

A =


1 3 4 2

1/3 1 1/2 1/3
1/4 2 1 4
1/2 3 1/4 1

 , B =


1 2 4 2

1/2 1 1/3 1/2
1/4 3 1 4
1/2 2 1/4 1

 , g =


1
0
0
0

 , h =


1

1/6
1
1

 .

A complete solution to the problem when the box constraint g ≤ x ≤ h is not taken
into account is given in [22], where the Pareto front in the αβ plane forms the segment

2 ≤ α ≤ 3, β = 24α−3 ⊕ 241/3α−1/3,

and the set of Pareto-optimal solutions x is described using a vector of parameters u as

x = (α−1A⊕ β−1B)∗u, u > 0.

Specifically, at the limiting points of the front with α1 = 2 and α2 = 3, the solution
reduces to the vectors

x1 =


1

1/6
1/2
1/4

u, u > 0; x2 =


1

1/4
1/2
1/4

 v, v > 0.

We now turn to the box-constrained problem in complete form (8). We exploit the
results obtained in [22] to write the matrices and spectral radius

A2 =


1 8 4 16

1/3 1 4/3 2
2 12 1 4
1 3 2 1

 , A3 =


8 48 4 16
1 6 4/3 16/3
4 12 8 4
1 4 4 8

 ,

A4 =


16 48 32 16
8/3 16 4 16/3
4 16 16 32
4 24 4 16

 , λ = 2.

Similarly, we have the matrices and spectral radius

B2 =


1 12 4 16

1/2 1 2 4/3
2 8 1 4
1 2 2 1

 , B3 =


8 32 4 16

2/3 6 2 8
4 8 8 4
1 6 4 8

 ,

B4 =


16 32 32 16
4 16 8/3 8
4 24 16 32
4 16 4 16

 , µ = 2.
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Next, we calculate the vectors

Ag =


1

1/3
1/4
1/2

 , A2g =


1

1/3
2
1

 , A3g =


8
1
4
1

 ,

and then find

h−Ag = 2, (h−A2g)1/2 = 21/2, (h−A3g)1/3 = 2.

Combining these results yields

γ = h−Ag ⊕ (h−A2g)1/2 ⊕ (h−A3g)1/3 = 2.

A similar computation gives

δ = h−Bg ⊕ (h−B2g)1/2 ⊕ (h−B3g)1/3 = 3.

We now examine which condition H(µ ⊕ δ) ≤ λ ⊕ γ and H(µ ⊕ δ) > λ ⊕ γ in
Theorem 4.1 is satisfied. First, we write the function

H(t) = t−1 tr(F11)⊕ t−1/2 tr1/2(F12)⊕ t−1/3 tr1/3(F13)

⊕ t−2 tr(F21)⊕ t−1 tr1/2(F22)⊕ t−3 tr(F31)

⊕ t−1h−F11g ⊕ t−1/2(h−F12g)1/2 ⊕ t−2h−F21g.

Furthermore, we define the matrices

F11 = AB ⊕BA, F12 = A2B ⊕ABA⊕BA2,

F13 = A3B ⊕A2BA⊕ABA2 ⊕BA3, F21 = AB2 ⊕BAB ⊕B2A,

F22 = A2B2 ⊕ (AB)2 ⊕BA2B ⊕ (BA)2 ⊕B2A2,

F31 = AB3 ⊕BAB2 ⊕B2AB ⊕B3A.
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Then, we need to calculate the matrix products

AB =


3/2 12 4 16
1/2 3/2 4/3 2
2 8 1 4

3/2 3 2 3/2

 , BA =


1 8 4 16

1/2 3/2 2 4/3
2 12 3/2 4

2/3 3 2 1

 ,

A2B =


8 32 4 16
1 4 4/3 16/3
6 12 8 6

3/2 6 4 8

 , ABA =


8 48 6 16
1 6 2 16/3

8/3 12 8 4
3/2 9/2 6 8

 ,

BA2 =


8 48 4 16

2/3 4 2 8
4 12 8 6
1 4 8/3 8

 , A3B =


24 48 32 24
3 32/3 4 16/3
6 24 16 32
4 16 4 16

 ,

AB2 =


8 32 6 16
1 4 2 16/3
4 8 8 4

3/2 6 6 8

 , BAB =


8 32 4 16

3/4 6 2 8
6 12 8 6

3/2 6 8/3 8

 ,

B2A =


8 48 6 16

2/3 4 2 8
8/3 12 8 4
1 4 4 8

 , A2B2 =


16 32 32 16
8/3 32/3 4 16/3
6 24 24 32
4 16 6 16

 ,

(AB)2 =


24 48 32 24
3 32/3 4 8
6 24 32/3 32
4 18 6 24

 , AB3 =


16 32 32 24
8/3 32/3 4 8
4 24 16 32
4 18 6 24

 .

We apply the additive and cyclic properties of trace to find

trF11 = tr(AB) = 3/2, trF12 = tr(A2B) = 8, trF13 = tr(A3B) = 24,

trF21 = tr(AB2) = 8, trF22 = tr(A2B2)⊕ tr(AB)2 = 24,

trF31 = tr(AB3) = 24.

Finally, we calculate the matrices

F11 =


3/2 12 4 16
1/2 3/2 2 2
2 12 3/2 4

3/2 3 2 3/2

 , F12 =


8 48 6 16
1 6 2 8
6 12 8 6

3/2 6 6 8

 ,

F21 =


8 48 6 16
1 6 2 8
6 12 8 6

3/2 6 6 8

 ,
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and then evaluate the scalars

h−F11g = 3, h−F12g = 8, h−F21g = 8.

After substitution of the obtained results followed by simplification, the function H
takes the form

H(t) = 24t−3 ⊕ 8t−2 ⊕ 241/2t−1 ⊕ 81/2t−1/2 ⊕ 241/3t−1/3.

It remains to calculate λ ⊕ γ = 2, µ ⊕ δ = 3 and H(µ ⊕ δ) = 2, and then conclude
that the equality H(µ⊕ δ) = λ⊕γ is valid. It follows from Theorem 4.1 that the Pareto
front in this case is a single point

α = λ⊕ γ = 2, β = µ⊕ δ = 3.

With α = 2 and β = 3, all Pareto-optimal solutions are given by

x = (2−1A⊕ 3−1B)∗u, g ≤ u ≤ (h−(2−1A⊕ 3−1B)∗)−.

To represent the solution in more detail, we calculate the matrix

2−1A⊕ 3−1B =


1/2 3/2 2 1
1/6 1/2 1/4 1/6
1/8 1 1/2 2
1/4 3/2 1/8 1/2


together with its second and third powers

1/4 2 1 4
1/12 1/4 1/3 1/2
1/2 3 1/4 1
1/4 3/4 1/2 1/4

 ,


1 6 1/2 2

1/8 3/4 1/6 2/3
1/2 3/2 1 1/2
1/8 1/2 1/2 1

 .

We combine these matrices and the identity matrix to from the Kleene star matrix

(2−1A⊕ 3−1B)∗ =


1 6 2 4

1/6 1 1/3 2/3
1/2 3 1 2
1/4 3/2 1/2 1

 .

The vector of parameters u must satisfies the condition

g =


1
0
0
0

 ≤ u ≤ (h−(2−1A⊕ 3−1B)∗)− =


1

1/6
1/2
1/4

 .

It is easy to verify that both the lower and upper bounds on the vector u yield the
same vector

x =


1

1/6
1/2
1/4

 ,

which therefore appears to be a single solution of the problem.
Note that this result corresponds to the limiting solution x1 of the problem in [22].
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6. CONCLUSIONS

In this paper, we considered the following problem: given two matrices of pairwise
comparisons of alternatives evaluated according to two criteria, find a vector of ratings
(priorities, weights) of the alternatives subject to box constraints imposed on the ratings.
Such a constrained bi-criteria pairwise comparison problem can occur in complex decision
tasks, where the ratings are calculated to make decision about which alternative is more
preferable to be chosen under constraints that can reflect prior information available to
the decision maker about the absolute ratings of alternatives.

As the two most common approaches, the methods of analytical hierarchy process and
weighted geometric mean are used to solve multicriteria pairwise comparison problems.
Both methods offer a single solution vector; the first method applies a computational pro-
cedure to find the vector of ratings numerically, whereas the second method derives the
vector analytically by solving a problem of matrix approximation in the log-Euclidean
sense. These methods, which are quite computationally efficient for unconstrained prob-
lems, can hardly incorporate constraints on the ratings without sufficiently altering the
solution mechanism and significantly complicating the calculation procedure.

To handle the constrained bi-criteria pairwise comparison problem, we have applied a
solution technique that combines log-Chebyshev approximation with tropical optimiza-
tion. First, we have represented this problem as a matrix approximation problem that
is to find a common consistent matrix that simultaneously approximates in the log-
Chebyshev sense both pairwise comparison matrices subject to the given constraints.
The approximating matrix, which has the form of a symmetrically reciprocal matrix of
unit rank, is determined by a positive vector that is taken as a solution vector of ratings.

Furthermore, we have formulated the constrained approximation problem in terms of
tropical mathematics (which studies algebraic systems with idempotent operations) as a
tropical bi-objective optimization problem. We have solved the problem by using meth-
ods and results of tropical optimization, which yields all Pareto-optimal solutions given
in an explicit analytical form suitable for further analysis and numerical computations.

The results obtained show that the approach based on log-Chebyshev approximation
combined with tropical optimization offers a good potential to provide analytical solu-
tions to both unconstrained and constrained multicriteria pairwise comparison problems.
As an efficient instrument for solving pairwise comparison problems, this approach can
be used to supplement and complement existing methods of evaluating alternatives in
decision making, in particular for handling constrained problems.

At the same time, the proposed solution deals with only two criteria for comparisons,
which substantially provides that all Pareto-optimal solutions be obtained analytically
in a compact vector form. As one can see, the extension of the solution to problems with
more criteria will lead to a considerable increase in the complexity of calculations, which
makes it necessary to modify the technique. Specifically, since finding all Pareto-optimal
solutions in pairwise comparison problems with many criteria may be too difficult, it
seems to be more reasonable to concentrate on deriving a few particular solutions.

We consider the further development and improvement of the solution technique to
handle constrained pairwise comparison problems with three and more criteria as a
promising direction of future research. The evaluation of computational complexity of
the proposed solutions presents another research problem of interest.



688 N. KRIVULIN

ACKNOWLEDGMENTS

The author is very grateful to the Associate Editor and anonymous referee for their constructive
and helpful comments and suggestions.

(Received September 20, 2021)

R E F E R E N C E S

[1] J. Barzilai: Deriving weights from pairwise comparison matrices. J. Oper. Res. Soc. 48
(1997), 12, 1226–1232. DOI:10.2307/3010752

[2] V. Belton and T. Gear: On a short-coming of Saaty’s method of analytic hierarchies.
Omega 11 (1983), 3, 228–230. DOI:10.1016/0305-0483(83)90047-6

[3] H. P. Benson: Multi-objective optimization: Pareto optimal solutions, properties. In:
Encyclopedia of Optimization. Second edition. (C. A. Floudas and P. M. Pardalos, eds),
Springer, Boston 2009, pp. 2478–2481. DOI:10.1007/978-0-387-74759-0 426

[4] E. U. Choo and W. C. Wedley: A common framework for deriving preference val-
ues from pairwise comparison matrices. Comput. Oper. Res. 31 (2004), 6, 893–908.
DOI:10.1016/S0305-0548(03)00042-X

[5] G. Crawford and C. Williams: A note on the analysis of subjective judgment matrices. J.
Math. Psych. 29 (1985), 4, 387–405. DOI:10.1016/0022-2496(85)90002-1

[6] M. Ehrgott: Multicriteria Optimization. Second edition. Springer, Berlin 2005.
DOI:10.1007/3-540-27659-9

[7] L. Elsner and P. van den Driessche: Max-algebra and pairwise comparison matrices. Linear
Algebra Appl. 385 (2004), 1, 47–62. DOI:10.1016/S0024-3795(03)00476-2

[8] L. Elsner and P. van den Driessche: Max-algebra and pairwise comparison matrices, II.
Linear Algebra Appl. 432 (2010), 4, 927–935. DOI:10.1016/j.laa.2009.10.005

[9] M. Gavalec, J. Ramı́k, and K. Zimmermann: Decision Making and Optimization.
Lecture Notes in Economics and Mathematical Systems 677, Springer, Cham 2015.
DOI:10.1007/978-3-319-08323-0

[10] J. S. Golan: Semirings and Affine Equations Over Them. Mathematics and Its Applications
556, Springer, Dordrecht 2003. DOI:10.1007/978-94-017-0383-3

[11] M. Gondran and M. Minoux: Graphs, Dioids and Semirings. Operations Research/
Computer Science Interfaces 41, Springer, Boston 2008. DOI:10.1007/978-0-387-75450-5

[12] H. Goto and S. Wang: Polyad inconsistency measure for pairwise comparisons ma-
trices: max-plus algebraic approach. Oper. Res. Int. J. 22 (2022), 1, 401–422.
DOI:10.1007/s12351-020-00547-9

[13] B. B. Gursoy, O. Mason, and S. Sergeev: The analytic hierarchy process, max alge-
bra and multi-objective optimisation. Linear Algebra Appl. 438 (2013), 7, 2911–2928.
DOI:10.1016/j.laa.2012.11.020

[14] B. Heidergott, G. J. Olsder, and J. van der Woude: Max Plus at Work. Princeton Series
in Applied Mathematics. Princeton University Press, Princeton 2006.

[15] V. N. Kolokoltsov and V. P. Maslov: Idempotent Analysis and Its Applications. Mathemat-
ics and Its Applications 401, Springer, Dordrecht 1997. DOI:10.1007/978-94-015-8901-7

https://doi.org/10.2307/3010752
https://doi.org/10.1016/0305-0483(83)90047-6
https://doi.org/10.1007/978-0-387-74759-0_426
https://doi.org/10.1016/S0305-0548(03)00042-X
https://doi.org/10.1016/0022-2496(85)90002-1
https://doi.org/10.1007/3-540-27659-9
https://doi.org/10.1016/S0024-3795(03)00476-2
https://doi.org/10.1016/j.laa.2009.10.005
https://doi.org/10.1007/978-3-319-08323-0
https://doi.org/10.1007/978-94-017-0383-3
https://doi.org/10.1007/978-0-387-75450-5
https://doi.org/10.1007/s12351-020-00547-9
https://doi.org/10.1016/j.laa.2012.11.020
https://doi.org/10.1007/978-94-015-8901-7


Algebraic solution to constrained bi-criteria problem of rating alternatives 689

[16] N. Krivulin: A constrained tropical optimization problem: Complete solution and applica-
tion example. In: Tropical and Idempotent Mathematics and Applications (G. L. Litvinov
and S. N. Sergeev, eds.), Contemporary Mathematics 616, AMS, Providence 2014, pp. 163–
177. DOI:10.1090/conm/616/12308

[17] N. Krivulin: Extremal properties of tropical eigenvalues and solutions to tropical optimiza-
tion problems. Linear Algebra Appl. 468 (2015), 211–232. DOI:10.1016/j.laa.2014.06.044

[18] N. Krivulin: A multidimensional tropical optimization problem with nonlinear
objective function and linear constraints. Optimization 64 (2015), 5, 1107–1129.
DOI:10.1080/02331934.2013.840624

[19] N. Krivulin: Rating alternatives from pairwise comparisons by solving tropical opti-
mization problems. In: 12th Intern. Conf. on Fuzzy Systems and Knowledge Discov-
ery (FSKD) (Z. Tang, J. Du, S. Yin, L. He, and R. Li, eds.), IEEE, 2015, pp. 162–167.
DOI:10.1109/FSKD.2015.7381933

[20] N. Krivulin: Using tropical optimization techniques to evaluate alternatives via pairwise
comparisons. In: Proc. 7th SIAM Workshop on Combinatorial Scientific Computing (A. H.
Gebremedhin, E. G. Boman, and B. Ucar, eds.), SIAM, Philadelphia 2016, pp. 62–72.
DOI:10.1137/1.9781611974690.ch7

[21] N. Krivulin: Direct solution to constrained tropical optimization problems with application
to project scheduling. Comput. Manag. Sci. 14 (2017), 1, 91–113. DOI:10.1007/s10287-
016-0259-0

[22] N. Krivulin: Using tropical optimization techniques in bi-criteria decision problems. Com-
put. Manag. Sci. 17 (2020), 1, 79–104. DOI:10.1007/s10287-018-0341-x

[23] N. Krivulin: Algebraic solution to constrained bi-criteria decision problem of rat-
ing alternatives through pairwise comparisons. Mathematics 9 (2021), 4, 303.
DOI:10.3390/math9040303

[24] N. Krivulin and S. Sergeev: Tropical implementation of the Analytical Hierarchy Process
decision method. Fuzzy Sets Systems 377 (2019), 31–51. DOI:10.1016/j.fss.2018.10.013

[25] D. T. Luc: Pareto optimality. In: Pareto Optimality, Game Theory and Equilibria
(A. Chinchuluun, P. M. Pardalos, A. Migdalas, and L. Pitsoulis, eds.), Springer, New
York 2008, pp. 481–515. DOI:10.1007/978-0-387-77247-9 18

[26] D. Maclagan and B. Sturmfels: Introduction to Tropical Geometry. Graduate Studies in
Mathematics 161, AMS, Providence 2015. DOI:10.1090/gsm/161

[27] M. Pappalardo: Multiobjective optimization: A brief overview. In: Pareto Optimality,
Game Theory and Equilibria (A. Chinchuluun, P. M. Pardalos, A. Migdalas, and L. Pit-
soulis, eds.), Springer, New York 2008, pp. 517–528. DOI:10.1007/978-0-387-77247-9 19

[28] R. D. Portugal and B. F. Svaiter: Weber–Fechner law and the optimality of the logarithmic
scale. Minds Mach. 21 (2011), 1, 73–81. DOI:10.1007/s11023-010-9221-z

[29] R. Ramesh and S. Zionts: Multiple criteria decision making. In: Encyclopedia of Opera-
tions Research and Management Science (S. I. Gass and M. C. Fu, eds.), Springer, Boston
2013, pp. 1007–1013. DOI:10.1007/978-1-4419-1153-7 653

[30] J. Ramı́k: Pairwise Comparisons Method. Lecture Notes in Economics and Mathematical
Systems 690, Springer, Cham 2020. DOI:10.1007/978-3-030-39891-0

[31] T. L. Saaty: A scaling method for priorities in hierarchical structures. J. Math. Psych. 15
(1977), 3, 234–281. DOI:10.1016/0022-2496(77)90033-5

https://doi.org/10.1090/conm/616/12308
https://doi.org/10.1016/j.laa.2014.06.044
https://doi.org/10.1080/02331934.2013.840624
https://doi.org/10.1109/FSKD.2015.7381933
https://doi.org/10.1137/1.9781611974690.ch7
https://doi.org/10.1007/s10287-016-0259-0
https://doi.org/10.1007/s10287-016-0259-0
https://doi.org/10.1007/s10287-018-0341-x
https://doi.org/10.3390/math9040303
https://doi.org/10.1016/j.fss.2018.10.013
https://doi.org/10.1007/978-0-387-77247-9_18
https://doi.org/10.1090/gsm/161
https://doi.org/10.1007/978-0-387-77247-9_19
https://doi.org/10.1007/s11023-010-9221-z
https://doi.org/10.1007/978-1-4419-1153-7_653
https://doi.org/10.1007/978-3-030-39891-0
https://doi.org/10.1016/0022-2496(77)90033-5


690 N. KRIVULIN

[32] T. L. Saaty: The Analytic Hierarchy Process. Second edition. RWS Publications, Pitts-
burgh 1990.

[33] T. L. Saaty: On the measurement of intangibles: A principal eigenvector approach to
relative measurement derived from paired comparisons. Notices Amer. Math. Soc. 60
(2013), 2, 192–208. DOI:10.1090/noti944

[34] T. L. Saaty and L. G. Vargas: Comparison of eigenvalue, logarithmic least squares and
least squares methods in estimating ratios. Math. Modelling 5 (1984), 5, 309–324.
DOI:10.1016/0270-0255(84)90008-3

Nikolai Krivulin, Faculty of Mathematics and Mechanics, St. Petersburg State Univer-
sity, Universitetskaya Emb. 7/9, St. Petersburg 199034. Russia.

e-mail: nkk@math.spbu.ru

https://doi.org/10.1090/noti944
https://doi.org/10.1016/0270-0255(84)90008-3

	Introduction
	One criterion pairwise comparison problems
	Multicriteria pairwise comparison problems

	Log-Chebyshev approximation based solutions
	Preliminary algebraic definitions and results
	Idempotent semifield
	Matrices and vectors
	Vector inequalities
	Binomial identities
	Polynomial functions

	Bi-objective optimization problem with box constraints
	Solution of bi-objective problem
	Solution of two-dimensional problems

	Application to bi-criteria decision problem
	Conclusions

