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STABILITY ANALYSIS OF THE FIVE-DIMENSIONAL
ENERGY DEMAND-SUPPLY SYSTEM

KUN Y1 YANG AND CHUN XIA AN

In this paper, a five-dimensional energy demand-supply system has been considered. On
the one hand, we analyze the stability for all of the equilibrium points of the system. For each
of equilibrium point, by analyzing the characteristic equation, we show the conditions for the
stability or instability using Routh-Hurwitz criterion. Then numerical simulations have been
given to illustrate all of cases for the theoretical results. On the other hand, by introducing
the phenomenon of time delay, we establish the five-dimensional energy demand-supply model
with time delay. Then we analyze the stability of the equilibrium points for the delayed system
by the stability switching theory. Especially, Hopf bifurcation has been considered by showing
the explicit formulae using the central manifold theorem and Poincare normalization method.
For each cases of the theorems including the Hopf bifurcation, numerical simulations have been
given to illustrate the effectiveness of the main results.
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1. INTRODUCTION

With the development of economy, energy has become an essential part in peoples’ daily
life under which the energy consumption increases greatly. As a result, the pressure in
the supply of energy has been remarkably strengthening. It is practically significant to
maintain the world energy supply and demand balance. It is known that the presented
energy demand-supply system may be originated from the Volterra model which is in-
volved in many ecological or biological applications. The reference [5] shows the stability
delay-set for the Lotka—Volterra systems. Correspondingly, the orginal three-dimensional
energy demand-supply model has been established on the basis of the relationship be-
tween the demand and supply of energy in two regions([16]). The reference [23] considers
the delayed three-dimensional energy demand-supply system subsequently. By introduc-
ing the renewable energy utilization, a four-dimensional energy demand-supply system
has been established in the reference [I5]. The linear feedback control has been shown
to be effective to suppress chaos to unstable equilibrium or periodic orbits for the four-
dimensional energy demand-supply system in the paper [I7]. Further on, with energy
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constraints, a five-dimensional energy demand-supply system has been constructed in
the reference [22].

Stability switching technique has been widely applied in the stability analysis of
ordinary differential equations, especially for the time-delay systems. The reference [14]
considers the stability switching hypersurfaces for the linear time invariant systems with
time delay. In the reference [7], the eigenvalue crossing directions have been shown for the
mechanical systems with time delay. And the reference [2] describes the stability crossing
set for the linear time-delay systems. The reference [3] studies the stability crossing
curves which consist of all the delays such that the characteristic quasipolynomial has
at least one imaginary zero. The paper [I] considers the situations of the spectrum
that lies on the imaginary axis for some delays in order to detect the stability of the
system. Especially, for the high-dimensional dynamic systems involving a time delay and
some unknown parameters, the reference [18] presents a systematic method of stability
analysis.

Furthermore, it is well known techniques of applying D-subdivision and computing
stability-instability regions in the delay parameter space. For example, the paper [9]
analyzes completely the stability of the linear time-invariant systems with two scalar-
delay channels by the idea of D-subdivision method. In the paper [6], the discretized
Lyapunov-krasovskii functional method is proposed to estimate the maximal stable de-
lay interval accurately. The paper [I1] concerns the linear time-invariant systems with
uncertain or time-varying delays, and studies the largest range of delay such that there
exists the feedback controller capable of stabilizing all the plants for delays within the
range. The reference [I2] considers the delay margin of a time-delay system such that
a controller may exist to stabilize an unstable delay plant for a range of delay values.
The paper [10] presents the stability regions in the domain of time delay, and declares
the number of unstable characteristic roots by a simplifying substitution for the tran-
scendental characteristic equation. The paper [4] studies the largest delay just for the
occurrance of instability and the effect of certain graphs on the delay bound.

In this paper we will generalize the stability properties of the five-dimensional energy
demand-supply system, and then obtain the theoretical and numerical results for the
system under arbitrary coefficients. Furthermore, we will further analyze the stability
for the system with time delay by using the stability switching technique. The energy
demand-supply system considered in the paper is seen as following

#(1) = ara(t) (1= 2 ) — s fy(e) + 2(0)] — dyu(t) — kauw(?),
y(t) = =bry(t) — baz(t) + bsx(t) [N — (x(t) — 2(1))],

(t) = er2(t) (caz(t) — cs), (1-1)
u(t) = dlsc(t) — dgu(t),

w(t) = ky(¢) (gfj(ji) — ) + kow(t) (ksz(t) — Ta),

where x(t) is the amount of the energy demand shortage of Region A, y(t) is the amount
of the energy increment supplied from Region B to Region A, z(¢) is the amount of the
energy import of Region A, u(t) represents the amount of the self energy supply, and
w(t) signifies the amount of the utilization of new energy in region A. All of the constant
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coefficients are given in the reference [22] where the stability properties of the equilibrium
points have been shown under certain given coefficients.

The main contribution of this paper is focused on the stability analysis of the five-
dimensional energy demand-supply system. First of all, all of the equilibrium points
of the system have been computed. Then the stability of the equilibrium points has
been analyzed by using Hurwitz criterion. Next the phenomenon of the time delay
has been considered in which the system with the time delay has been established.
By the stability switching technique, the stability analysis of the delayed system have
been given. For the case of Hopf bifurcation, the explicit formula have been obtained
by the center manifold theorem and normal form method. For all of the situations of
the stability and instability, numerical simulations have been given which illustrate the
effectiveness of the main results. The innovation of this paper lies in the complexity
for the stability analysis and the corresponding simulations of the higher dimensional
ordinary differential equations. Based on the results of this paper, our next work may
be generalizing the theoretic and simulating results to the abstract and general ordinary
differential equations with a wide range of applications.

The paper is composed of the following five sections. In the second section we analyze
stability properties of the equilibrium points for the five-dimensional energy demand-
supply system and give the corresponding numerical simulations respectively. In the
third section we construct the system with time delay and analyze stability properties of
the equilibrium points for the delayed system. Especially the fourth section is devoted
to the properties of Hopf bifurcation expressed by explicit formulae, and numerical
simulations illustrating effectiveness of the main results. In the fifth section we take the
conclusion of the paper.

2. STABILIZATION OF FIVE-DIMENSIONAL ENERGY SYSTEM

In this section we consider stability properties of the equilibrium points for the system
(1-1) with arbitrary coefficients established in the reference [22]. And then numerical
simulations are given to show effectiveness of the main results.

2.1. Analysis of equilibrium points
By simple calculations, we compute the equilibrium points as that below
S0 =(0,0,0,0,0), 57 = (21,41, 21, ul, wi), S5 = (3,3, 23, Us, w3), (1)

where x7 satisfies the following polynomial equation

kib3 s koks (a2bs ax kib3NT o k1bs b3 N2
R, T T U =7 R T

kg CLngN d1d3 a2b3 aq
= — - (== -2 H 2
T {k?’ (a1 by da ) 2( by M)]}xl ®
_ k1b3N + k‘QTQ _ Clgng _ d1d3 -0
by ke \"T T A
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and the other variables y, 27, ul, w] are determined in the following equations respec-
tively

. bs . L dyy
:*1 1), ZI_O ulzdffﬂh
1 2 (3)
i _ abs z] (N —z7) — dids x]
1 k bl 1 1 d2 1]
furthermore,
C3 C3d1
* _ 93 * 4
Lo P Ug cody’ (4)
y5 satisfies the following polynomial equation
kik asb kik
= ]{?303 ;2 b?,C32 : B 1 4]€363 +a2 y;
Ty ko (TQ — ) — — by ko (T2 — ) (5)
C2 C2 Co

and
bsc
biyi + 2 kg <;f’ﬁ - )

25 = © wh = (6)
bscz T ksc3
)

Co C2

b kgCg

in the assumption of —= — by # 0 and T, — —— # 0.
Co C2

2.2. Stability of the equilibrium point Sy
The jacobian matrix of the system (1-1)jcan be computed as that

2x
a1 1— M) —a9 —a9 —d3 —k4
b3 [N — (2$ — Z)} —bl bgl‘ — bg 0 0
c1Ca% 0 c1(coxr—ec3) 0O 0 . (7)
dy 0 0 —ds 0
2
k‘g/ﬂgw k‘l (fy — 1) 0 0 k‘g (kigl‘ — TQ)
1

From (@, the jacobian matrix of the equilibrium point Sy can be naturally given as
that

ay —a9 —asg —d3 —/{4
bs N —b; —ba 0 0

0 0 —C1C3 0 0 . (8)
dq 0 0 —ds 0

0 —ky 0 0 —koTo
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Its characteristic equation can be computed as that

(A+cic3) [—kikabsN (A4 d2) + (A + ko To) (dids (A + by) )
+ (A +da) (A= a1) (A +b1) + azbzN))] = 0.

Obviously, A = —cjc3 is a negative real root of the equation @D Thus we only need
to consider the roots of following equation

—k1kabsN (A + da) + (A + k2T5) [dids (A + b1) +

1
()\+d2) (()\—al) (>\+b1)+a2b3N)] =0. ( O)
The equivalent form of the equation above is
A AN £ AN A+ Ay =0, (11)

where

Ay =by —ay +ds + koTo,

Ao = dids — a1b1 +bsNas + bids — a1ds + (bl —ay + dg) koTs,

Az = —k1ksbsN + didsby — a1b1ds + b3 Nasda+ (12)
(dvds — arby 4 bzagN + bidy — ayds) koTo,

A4 = —k1k4b3Nd2 + (bldldg — a1b1d2 + bgagng) k2T2.

Now define the equation
f(z) =2 + Aja® + Aga® + Asx + Ay, (13)
then from the reference [8], we take the assumption H (1) as follows

A4 Zoaml 207
)\1 >Oaf()‘1) <07

or A4 > O,m1 < O,
I\ € {1, Ao, Az}, such that A; > 0, fF(A) <0, i = 1,2,3,

H(1): Ay <0, or {

where

1 3 g\3  /p\3 1 V3.
T S AT A Ao+ A - (f) (7) S
P 542 = 7540 16 142 + A3z, mq 9 + 3) wy 3 + 5 (2

V1=§/—q+\/m71+ (/=5 — v, \/'gzwli/—q+\/n71+w%3 ~4— v,

3A

and A;(j = 1,2,3,4) are the coefficients of the equation ([L1).

Theorem 2.1. (i) If the coefficients of the system ([1-1)) satisfy the following inequalities
Al > 0, A4 > 0, A1A2 — A3 > 0, A1A2A3 — A?;) — A%A4 > 0,

the equilibrium point Sy is stable.

(ii) If the characteristic equation satisfies the assumption H(1), the equilibrium
point Sy is unstable.
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Proof. (i) According to the Routh-Hurwitz criterion [20], the sufficient and necessary
conditions for the equation that the real parts of all of characteristic roots are
negative are as following

11 A, 10

Ay >0, A, >0, ! = A1 Ay—A3 >0, |A3 Ay Ay = AjAyA3—AZ-A2A, >0,
As A 0 A, A
4 3

where A;(j =1,2,3,4) are the coefficients of the equation .

(ii) According to the lemma in the 12th page of the reference [§], if the coefficients
of the equation satisfy the assumption H(1), there exist positive roots for the
characteristic equation. O

2.3. Stability of the equilibrium points S} and 53

From ([7)), the jacobian matrix of the equilibrium points S} and S5 can be shown as that

2x*
ai (1 i > —as —as —d3 —ky
bs3 [N — (21’* — Z*)] —b; —by + bgz* 0 0
cicazt 0 c1 (e —c3) O 0 , (14)
dy 0 0 —do 0
2 *
k‘gk‘gw* k‘l < 1?{ — 1) 0 0 k‘2 (]{1333‘* — Tg)
1

where (z*,y*, 2", u*, w*) signifies the equilibrium points S or S3.

Then we compute the corresponding characteristic equation for the equilibrium points

S7 and S5 as follows

AP+ CiIA + Cod® + O30 + CyA + C5 = 0, (15)
where

Ci=by+dy — Py —Tp — W,

Co = a280 + a2Qo + ToPy — b1 Py — biTy + da (by — Po — Tp)
+d1d3 - VO (bl + d2 — PO — TO) + k4E0,

C3 = az (SoRo + b150 — QoTo + d2So + d2Qo) + do (ToPo — b1 Py — b1Th)
+didz (by — To) — Vo(a2S0 + a2Qo + ToPo — b1 Po — b1 Ty + daby — da2 Py
—doTy + d1d3) + ks (Eo (b1 + da — To) + FoQo) + 01 To P,

Cy = dy (a2SoRo + azb1So + bi1To Py — a2Q0Ty) — didsbiTo — Vo(azSoRo 4 azb1 Sy
+b1To Py — a2QoTo + daazSo + d2axQo + da2To Py — d2by Po — dab1Tp + d1d3by
—d1d3Ty) + ks (Eo(bidz — To (b + d2)) + FoQo (d2 — To) + FoSoRo),

Cs = =V (da (SoRoag + azb1So + b1 To Py — a2Q0To) — didsbiTy) — bidaks EgTo
—daks FoQoTy + daks FoSo Ry,

(16)
and

2+
PQ = Qi (1 — ].’EW > s QO = bg [N — (ZSC* — Z*)], RO = bgl'* — bQ, SO = 01622*,
2y*

TQ = C1 (CQ.’II* — 03) N EQ = kgk‘gw*, Fo = k‘l ( T
1

—1), %:kg(kgl‘*—Tg).
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According to the Routh-Hurwitz criterion ([20]), we have the following theorem.
Theorem 2.2. If the coefficients of the equation satisfy the following inequalities

Cy >0, C5>0, C1Cy —C3 >0, —01204 + C1C5 + C1C5C5 — Cg >0,
Cy (*01204 + 0105 + 010205 — Cg) — (5 (C1022 — CQCg — C1Cy + C5) > 0,
(17)

where C;(j = 1,2,3,4,5) are defined in the equation , all of the equilibrium points
Si and S5 are asymptotically stable.

2.4. Simulations

This section is focused on numerical simulations in order to show effectiveness of the
Theorem 2.1 and Theorem 2.2. All of the situations for both of the theorems will be
simulated in this section.

First of all, we choose the parameters of the system below

a]; = 001, g = 015, b1 = 006, b2 = 017 b3 = 016, C1 = 02, Co = 05, C3 = 04,
dy =0.1,ds = 0.0616,ds = 0.08, M = 1.85, N = 0.5, k1 = 0.68, ks = 0.5, ks = 0.49,
ks =0.09, T7 = 1.95, Th = 2.8,
(18)
and the initial values as that

2(0) = 0.17, y(0) = 0.11, 2(0) = 0.07, u(0) = 0.37, w(0) = 0.002.

Then we obtain Figure 1 which shows that the equilibrium point Sy is stable to
illustrate the first case of the Theorem 2.1.

005,

Fig 1. The equilibrium point Sy is stable.
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In order to show the effectiveness for the second case of the Theorem 2.1, we choose
the parameters as follows

a; = 0.05, as = 0.5, bl = 0.0067 bg = 0.1, b3 = 0.167 Cc1 = 0.2, Co = 0.5, C3 = 0.47
di = 0.1, dy = 0.06, d5 = 0.08, M = 1.85, N = 1, k1 = 0.68, ko = 1.59, ks = 0.5,
ks = 0.09, Ty = 1.05, T = 2.5,

and initial values below
z(0) = 0.17, y(0) = 0.11, 2(0) = 0.07, «(0) = 0.37, w(0) = 0.002,

then we obtain Figure 2 which means that the equilibrium point Sy is unstable to
illustrate the second case of the Theorem 2.1.

0 -
o0 2000 4000 6000 5000 10000 0 2000 4000 6000 8000 10000
t t

Fig 2. The equilibrium point Sp is unstable.

In order the show the effectiveness of the Theorem 2.2, we choose parameters as
following

dy = 0.06,ds = 0.08, M = 1.85, N = 0.6, k1 = 0.68, ko = 1.4, ks = 0.49, ks = 0.099,
Ty =1.95T, = 2.7,

{ al = 0.097 a2 = 0.077, b1 = 0.087 bz = 5, b3 = 0.167 Cc1 = 0.2, Co = 0.57 C3 = 044, dl = 0.097
and initial values as that
2(0) = 0.016,y(0) = 0.11, 2(0) = 0.07,u(0) = 0.37,w(0) = 0.002,
under which the equilibrium point can be computed as that

(0.8000, —3.7852,0.0569, 1.2000, 2.3429).

Then we have Figure 3 which indicates that the state of the system is stabilized to the
equilibrium point to show the effectiveness of Theorem 2.2.
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) -
] 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 o 1000 2000 3000 4000 5000
t t t

Fig 3. The equilibrium point is stable.

3. STABILIZATION OF FIVE-DIMENSIONAL ENERGY SYSTEM WITH
TIME DELAY

In this section, we consider the phenomenon of time delay. Firstly we establish the five-
dimensional demand-supply system with time delay, and then we analyze the stability
properties of the equilibrium points for the delayed five-dimensional energy demand-
supply system.

3.1. The model of five-dimensional energy system with time delay

The phenomenon of time delay is wide and important in reality. It is natural to consider
the five-dimensional energy demand-supply system with time delay. The delayed system
can be constructed as follows dependent on the actual situations.

% —ay [yt — ) + 2(t — 7)) — dsu(t — 7) — kyw(t — 1),

—b1y(t) — baz(t — 7) + b3z(t) [N — (x(t — 7) — 2(t — 7))],
(t) (cox(t —7) — c3),
12(t) — dau(t),

W(t) = kry(®) <y(tTlT) - 1) + how(#) (ksz(t — 7) — Ty) |

z(t

(o) (1-

t

(t)
y()
(t)
(t)

u(t

(3-1)
where 7 > 0 is the time delay, and all of the variables and coefficients can be seen in the
system .

The process of modeling is given as following. In the first equation, the term
(1— I(LT)) means that the speed of energy demand of A region is positively correlated
with the share of energy consumption demand development potential in the previous
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stage. And the term —as[y(t—7)+2z(t—7)] indicates that the energy increment supplying
from B region to A region and the energy import in region A are negatively correlated
with the speed of energy demand of A region in the previous stage. Furthermore, the
term u(t — 7) and w(t — 7) indicate the self-sustaining energy and the utilization of new
energy in region A are negatively correlated with the speed of energy demand of A region
in the previous stage. In the second equation, the energy import in region A is negatively
correlated with the energy supply speed from region B to region A in the previous period,
which results in the term —bsz(t — 7). And the term bsz(¢)[N — (x(t — 7) — 2(t — 7))]
indicates that the energy demand shortage in the previous stage of A region is less than
the critical value. The speed of energy supply from B region to A region increases as
z(t) increases. But when the energy of A region is large enough, The speed of energy
supply from B region to A region decreases as x(t) increases. In the third equation,
the term coz(t — 7) indicates the energy demand shortage of A region is proportion to
the speed of the energy import of A region in a previous period. In the fifth equation,
the term (?’(tTizT) — 1) means that the speed of the utilization of new energy in region A
is proportional to the energy supply rate in region A. And the term (kzz(t — 7) — T5)
indicates the speed of the utilization of new energy in region A is related to the energy
demand shortage of A region and the development cost of new energy in region A in the
previous stage.

Next we will analyze the stability of the delayed five-dimensional energy demand-

supply system (3-1)).
3.2. Stability analysis

Obviously, the equilibrium points of the system (3-1)) are Sy, S7 and S5 which can be
seen in the equation . Then we consider the stability properties of the equilibrium
points respectively.

3.2.1. Stability of the equilibrium point Sy
First of all, the linearization matrix of the system (3-1|) can be calculated as that

2 —AT
a1 [ 1— x]ew —age™ M —age™ M —dze= " —kqe AT
bs [N — (22 — z) e 7] —by (bzr — by) e ™7 0 0
creaze AT 0 c1 (czme_/\T — 03) 0 0
dy 0 0 —ds 0
Y Zye_’\T —A
k2k3w€ T k‘l T -1 0 0 k’g (kjgl‘e T — T2)
1
(19)
then the linearization matrix for the equilibrium point Sy is
ai —age™ —age —dse™ —kge AT
bsN —by —b2€_>‘7— 0 0
0 0 —C1C3 0 0 . (20)
dy 0 0 —dy 0

0 —ky 0 0 —koTo
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Its characteristic equation is

A—aq age= " age™ dse=?" kge A7
—b3N A+ by boe AT 0 0
0 0 A + cic3 0 0 = 0, (21)
—dy 0 0 A+ ds 0
0 ky 0 0 A+ ko5

that is to say,

(—6163 — )\) [—k‘lk‘4b3N (d2 + )\) e AT + (kﬁng + )\) (d1d3 (bl + )\) e~

+(da+ A) (A= a1) (A + by) + bsasNe7))] = 0. (22)

Obviously A = —cjc3 is a negative real root of the equation . Now we only need
to consider the roots of the equation below

[—k1k4b3N(d2 + )\)6_)‘7— + (k‘QTQ + )\)(dldg(bl + )\)6_>‘T+

(da + A (A — a)(A+ b1) + bgaNe=>7))] = 0. (23)
It can be calcuated as that
M+ AN+ BN+ CA+D+e M (EN + FA+G) =0, (24)

where

A=bi —ai +dy + k2T,

B =bidy — a1b1 — a1da + (b1 — a1 + da) ko1,

C = (bldg — a1b1 — a1d2) kQTQ — albldg,

D= —albldgkng, (25)
E = asb3N + dqds,

F = bldldg + a2d2b3N — k1k4ng + (d1d3 + CLngN)k'QTQ,

G = (bldldg + (lgdgng)k‘gTQ - d2k1k4b3N.

Assume that A = £iw(w > 0) are a pair of pure imaginary roots of the equation ,
then substituting it into the equation gives that

w* F Aw®i — Bw? £ Cwi+ D + (cos(wr) Fisin(wr)) (—Ew® + Fwi + G) = 0. (26)

Depart the real and imaginary parts of the equation , then we have the following
two equations

(G — Ew?) cos(wt) + Fwsin(wr) = —w* + Bw? — D, (27)
Fuwcos(wr) — (G — Ew?) sin(wr) = Aw® — Cw,

which indicate that

w® + (A% —2B) w® + (B? + 2D — 2AC — E*) w' + (2EG — F? — 2BD + C?) w®
+D?* -G =0.
(28)
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From the equation , we have that
[(Aw® — Cw) (G — Ew®) — (—w* 4+ Bw® — D) Fw] cos(wr)+ (20)
[(Aw® — Cw) Fw + (—w* + Bw? — D) (G — BEw?)] sin(wr) = 0,

which is equivalent to
[(Aw® — Cw) (G — Ew?) — (—w* + Bw? — D) Fw)| cos(wr) N
(G — Ew?)® + (Fw)? (30)
[(Aw?® — Cw) Fw + (—w* + Bw? — D) (G — Ew?)] sin(wr) _0
(G — Ew?)® + (Fuw)? '

Suppose that(G — Ew?)? + (Fw)? # 0, then the corresponding values of critical time

delay are given by

0
= +m,9€ [0,27),n =0,1,2,...
w

Tn
where
g — (—w4 + Bw? — D) Fw + (C’w — Awg) (G — EwQ)
(G — Ew?)? + (Fu)? | (31)
) (Aw® — Cw) Fw + (—w* 4+ Bw? — D) (G — Ew?)
COSU = .
(G — Ew?)® + (Fw)?

dRe)
Lemma 3.1. sign ( ?e ) [x=+iw p = sign {4w7 +3 (A2 — 2B) w’+
T

2(B*+2D —2AC — E*) w® 4+ (C* —=2BD + 2EG — F*) w} .

Proof. Taking the derivative of the equation with 7 shows the following equation
3 2 —AT —AT 2 dA
[4X% +3AN + 2BA+ C + e M 2EA+ F) — e (EXN* + FA+ G)] (32

=AM (EN 4+ FA+G).
From the equation , it can be obtained that

A+ AN+ BN+ CA+ D
X+ AN+ B+ OM (33)

—AT __
- EX+F)\+G ’

e

which together with give that
Tt AN+ 3AN2 + 2BA + C
dr T MM 4 AN+ BAX 4+ CA+ D) (EN 4+ FA+G) (34)
2EX+ F T

+)\(E)\2 +FAX+G) X
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Hence,

d(Re)) )
ar |/\—iiw} = sign {4w” + 3 (A% — 2B) w°+ (35)

2(B* +2D —2AC — E*) w® + (C* = 2BD + 2EG — F*) w} .

sign

In the equation , define a polynomial function as that
Q\) = EXN + FA+G, (36)

then according to the stability theorem in the reference [18], we get the following main
theorem.

Theorem 3.2. On the assumption that there exists no pure imaginary characteristic
roots +iw(w > 0) such that Q(+iw) = 0, we have the following results.

(i) If there exists no root of the equation and the system (3-1)) when 7 = 0 is
unstable, then the equilibrium point Sy is unstable for any 7 > 0.

(ii) If there exists only one positive root of the equation and the system when
7 = 0 is asymptotically stable, then the equilibrium point Sy is asymptotically
stable when 7 € [0,79) and unstable when 7 € (79, +00) respectively, and Hopf
bifurcation appears when 7 = 7.

(iii) If there exists two roots wy and wy of the equation (without loss of generality
assume that w; > w2), then we obtain the following two situations, where 7
and 7-2(3) (j = 0,1,2,...) represent the time delay corresponding to w; and wsy

respectively, and n signifies a nonnegative integer.

Situation I: When 7{ < 79, the equilibrium point Sy is unstable for any 7 > 0.

Situation II: When 70 > 7, there exists a nonnegative integer [ such that 7'2(” <
Tl(l) < Tl(l+1). Ifr e U;n:O(TQ(]), 71(3)), the equilibrium point Sy is asymptotically stable. If

TE U;’;O(Tl(jfl), TQ(j)) u (Tl(m), +00), the equilibrium point Sy is unstable, where m is the
minimum for all of the values I. Moreover, when 7 = Tl(j) orT = T2(j)(j =0,1,2,...,m),
Hopf bifurcation appears.

Proof. (i) According to Corollary 2.4 in the reference [I3], the sum of the orders of
the zeros of the characteristic equation in the open right half plane can change only if
a zero appears on or crosses in the imaginary axis. Then it is known that, when there
exists no root of the characteristic equation , the number of roots with positive real
parts is equal to the number of that when 7 = 0. Since when 7 = 0 the system
is unstable, there always exists a root with a positive real part for the characteristic
equation . Thus when 7 > 0 there always exists a root with a positive real part for
the equation . Therefore, the equilibrium point .Sj is unstable for any 7 > 0.
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(ii) From the 218th page of the reference [18], when there exists only one positive
root of the equation , the following inequality

d(Re))
dr

|A=tiw>0 (37)

holds. Together with the Corollary 2.4, when the system without time delay is
stable, as the time delay varies from zero to infinity, there always appears a new pair
of conjugate characteristic roots of the characteristic equation of the system
for each crossing of time delay at 7,(k = 0,1,...). This indicates that the system is
asymptotically stable when 7 € [0,79) and unstable when 7 € (79, +00). When 7 = 79,
there exists only one pair of pure imaginary roots of the characteristic equation 7
while there exist other roots with negative real parts. Furthermore, the inequalities

d(Re))
dr

[rx=xiw# 0, (38)

hold. Therefore, Hopf bifurcation appears for the system (3-1)) when 7 = 7.

(iii) If there exists two positive roots w; and ws of the equation , without loss

of generality assume that w; > ws which are corresponding to time delay 7'1(] ) and

Tz(j)(j =0,1,2,...) respectively. From the reference [18] we have that

d(ReA)

d(Re)
T |)\:j:iw1,‘r:71(j) @) < O’ (39)

> 0’ dr |)\:iiw2,7’:7'2

moreover, the period of Tl(j ) is less than that of 72(j ),

Situation I: The case of 70 < 79.

From the two inequalities 7 it is known that, as the time delay varies from zero to
infinity, there always appears a new pair of conjugate characteristic roots with positive
real parts of the characteristic equation of the system , for each crossing of time
delay at 7'1(] )(j = 0,1,...). But there removes such a pair of conjugate characteristic
roots for each crossing of time delay at Tz(j)(j =0,1,...). Furthermore, 70 < 79 and the

period of Tl(j) is less than that of Tz(j)(j = 0,1,...). Therefore, since the system 1'
without time delay is unstable, the system (3-1)) is also unstable for any 7 > 0.

Situation II: The case of 70 > 7J.

When 79 > 79, as the time delay varies from zero to infinity, there always removes
a new pair of conjugate characteristic roots of the characteristic equation of the
system for each crossing of time delay at Tz(j )( j=0,1,...). Thus the system 1)
is asymptotically stable when 7 € (72, 70).

When 7 > 79, as the time delay varies from zero to infinity, there always increases
a new pair of conjugate characteristic roots of the characteristic equation of the
system for each crossing of time delay at Tl(j)(j =0,1,...). Thus the system
is unstable when 7 € (79, 75).
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()

Since the period of 7'(] ) is less than that of To"’, it is seen that there exists a nonnega-

tive integer [ such that . (l) < Tl(l) < T(
[, similar proof as that above can show that, if 7 € U~ (m @ (])) the system 1.)
is asymptotically stable, and if 7 € szo( 1(J b, 2( )) U ( 1(m), —i—oo), the system lj is
unstable.

When 7 = 7'1(]) or T = T( )(] =0,1,...,m), there exists only one pair of pure imag-
inary roots while there exists other roots with negative real parts of the characteristic
equation . Furthermore, the inequalities

d(Re\)
r

=+, Assume that m is the minimum of all values

d(Re))
dr

|a=tiw; 7 0, IA=+iw, 7 0, (40)

hold. Therefore, Hopf bifurcation appears for the system 1) when 7 = Tl(j or 7 =
(J)(
j=0,1,...,m). O

3.2.2. Stability of the equilibrium points S7 and S5

Define Z(t) = z(t)—z*,g(t) = y(t)—y*, 2(t) = 2(t)—2*,u(t) = u(t)—uv*, w(t) = w(t)—w*,
on the assumption that (z*,y*, z*, u*, v*, w*) signifies the equilibrium points S5 or S;.
Then the system (3-1)) can be transformed equivalently as the following system ([3-2))

#(6) = ar (1= ) (e) — (e — 1) — an [t — ) + 506 — )] — d(t — 1)
Z(t) = ay i T % T T)— a2y T)V+Z T 3T T
—k4w( — T),
y(t) = b3 [ — (z* = 2z")e _/\T] T(t) — bsx™T(t — 1) — bry(t) + (bsz™ — ba) Z(t — 7),
Z(t) = c1e22"F(t — 7) + 1 (cx™e ™ — c3) Z(1),
u(t) = dy7(t) — dou(t), .
* ,— AT kay*
W(t) = koksw T(t — 1) + by | o — 1) 5(t) + 250t — 7)
T T
+ko (kgl'*ei T — TQ) E(t)
(3-2)
The jacobian matrix of the system (3-2) can be obtained as that
*  — AT
ai <1 - 22:]\64 ) —ase —ase T —dze —kge
bs [N — (22% —2%) e 7] —by (bzz™ — b)) e 0 0
creazt e T 0 c1 (@x*e_’\T — C3) 0 0
dy 0 0 —ds 0
2* —AT
kgkgw*ef)‘f k1 ( Y ;1 - 1) 0 0 ko (k358*67>\7 - Tz)

Now we choose the coeflicients as following

a; = 1,&2 = 0.57 b1 = 0006, b2 = 0.1, b3 = 018, (G 06, Cy = 0.57 C3 = 0.4, d1 = 0.1,
dy = 0.06,d3 = 0.08, M = 1.8, N = 1, k; = 0.68, ky = 1.59, k3 = 0.5, ks = 0.09,
T, =1.05, T, = 2,

(41)
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and initial values are given as that
x(0) = 0.016, y(0) = 0.11, 2(0) = 0.07, «(0) = 0.37, w(0) = 0.002, (42)
under which the characteristic polynomial for the equilibrium point
(0.8000, —3.7852, 0.0569, 1.2000, 2.3429)
can be computed simply as

F()\) = A° 4+ 3.9100\* + 0.4876)3 — 0.0154A2 — 0.0040\ — 0.0001 + e~**7(0.0024.\
+0.0001) 4 e 7327 (0.0648\% + 0.0100\ + 0.0004) + e~227(0.1355\% — 0.0871\?
—0.0181A — 0.0008) — =27 (0.5510A* + 0.0518\% — 0.1044A2 — 0.0152X — 0.0005).

Obviously, F(\) is a continuous function, by the intermediate value theorem, it is
known that there exists at least a real positive root for the equation above, so the
equilibrium point ST or S5 is unstable.

4. PROPERTIES OF HOPF BIFURCATION

Theorem 3.2 tells us that Hopf bifurcation may appear for the equilibrium point Sy

when 7 = Ti(J)(i =0,1,2,7 =0,1,...,m). In this section we analyze the properties of

Hopf bifurcation by the center manifold theorem and normal form method ([I9} 21]).
For the equilibrium point Sy, after defining functions as follows

s1(t) = x(tr), sa2(t) = y(tr), s3(t) = z(t7), sa(t) = u(tr), s5(t) = w(tr),
the system can be equivalently transformed into the system below
5(t) =Ly, (st) + F(p, ), p €R, (4-1)
where §(t) = (81(¢), 82(t), $3(¢), 84(t), $5(¢)) T, s = s(t +0) = (s1(t +0), s2(t +0), s3(t +

t , S
0),s4(t +0), ss(t+ 0T, ¢:(0) =s;(t+0)(i=1,2,3,4,5) and C = C([-1,0],R%),
6 €[-1,0], L,:C— R> F:RxC— R® are given by

aq 0 0 0 0 ¢1(0) 0 —Qa2 —ag —d3 —k‘4 (bl(—l)
bsN =by 0 0 0 $2(0) 00 —bp 0 0 $2(—1)
Lu@)=7] 0 0 —cie3 0 0 $3(0)|+7]0 0 0 0 0 ¢3(—1)
d 0 0 —dy 0 $4(0) 00 0 0 O© Pa(—1)
0 —k1 0 0 —koTy| | ¢5(0) 00 0 0 0 ¢5(—1)

—2r61(0)¢1(—1)
—b391(0)¢1(—1) + b3¢1(0)p3(—1)

Flu,¢) =1 0102¢3(%)¢1(—1) ,

%052(0)(/)2(—1) + kok3¢5(0)p1(—1)
$(0) = (61(9), 62(8), $3(8), 94(6), d5(0))" .
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According to Riesz Representation Theorem, there exists a bounded variation func-
tion matrix n(0, u), 0 € [—1,0], which satisfies that

L,(6) = / (0. 190(6). 6 € C. (43)

Next in order to be decomposed in the phase space, the system (4-1)) are subsequently
transformed into the ordinary differential equations.

For ¢(0) € C, define

dg(0)
a0 ) 0 S [_17 O)a
Apo(0) =9

[ dn(E)0(6). 0 = 0.

R0 ={ 00020

Then the system (4-1) can be transformed into the abstract differential equation
$¢ = A(p)se + R(p)se, (4-2)

where s; = s(t + 6),0 € [-1,0].
For ¢(x) € C ([—1,0], (RE’)*), define

_ g X € (0,1,

At =4 oM
/_ g (100, x = 0.

where 17 (t,0) is defined in (43).
For ¢ € Cand ¢ € C ([—1, 0], (R5)*) define the bilinear function

0 0
w0 =900~ [ [ SE=aan0.009(6)3c (44)

From the discussions in the section above, we know that iini(j )(i =0,1,2,5 =
0,1,2,...,m) are eigenvalues of A(0), and A*(0) is adjoint operator of A(0). Sup-
pose ¢(0) = q(O)ei‘”i(J)g is an eigenvector of A(0) corresponding to ini(J) and ¢*(x) =

Dq*(())ei“’ﬁwx is the eigenvector of A*(0) corresponding to —ini(j), where ¢(0) =
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1,87, 5]T, q*(0) =[1,p, 9, k,e]. Moreover {¢*(x),q(8)) = 1. Then we obtain that

bsN
a= —,
b1 + iw

B =0,

_ap (iw — kaTo) + kiks

o (iw - bl) (iw — k’QTg) ’

a2 (iw — bl) (iw — k’sz) + boao (iw — k’QTQ) + k1ks
- (iw — 6163) (iw — b1) (iw — szz) ’

dl and k: 3 )
V*dzﬂ'w’ka w7 d2
0=— A _iw—kQTQ

(k2T2 —+ iw) (bl + iw) ’

When p = 0, for any solution of the system (4-2|) define

z(t) =(q",s¢) W (t,0) =5, (0) —2Re{2(t) ¢ (0)} (45)
on the center manifold. We have
W (t,0) = W (z(t) ,z(t),a) ,
where
W (= 0).20.0) = Wao 0) 22 + Wiy (0) 2 (0 7@ + Woa () “L 4. (40

2 (t) and z (t) are local coordinates for center manifold in the directions of ¢* and g*.

Then the flow of the system (4-1)) on the center manifold can be determined by the
following equations

2 (1) = iwr? 2 (t) + ¢ (0)F (0, W (£,0) + 2Re [z (£) ¢ (0)]) .
Denote -
G (z (t),z(t)) =q* (0)F (0,W (¢,0) + 2Re [z (t) ¢ (0)]) .
From
W (t,0) + 2Re |z (t) ¢ (0)] = s¢,
we get that

G (z (t) %) = 79D (1,p,7, k, &)

F(0,W (t,0) 4+ 2Re[z (¢) ¢ (0)]) = F (0, 5¢) ,

—%Slt (0) S1t (—1)

—b381t (0) S1t (—1) + b381t (0) S3¢t (—1)
C1C2S83¢ (O) S1t (—1)
0

(—1) + kokssst (0) S1t (—1)

, (47)

1

_ _ - @]
D= [1 +ap+ kr +26 — Tl-(])((lg()é +dsr + k45)6_ZWT'iJ .
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which can be expressed as power series of z (¢) and z (t)

2 —2
¢ (=0.20) = 00 490207 + o0 D1 (45)
and , .,
F(O,St) :fQOZ(;) +f112(t)2(t)+f02%+"' s (49)
respectively.

From and , we have that

50(0) = (1o, B,7,8)" €702 (1) + (1,@,5,7,8)" —wsz”eer
Wao (0) 8 + Wiy (6) 2 (£) Z () + Woa (0) 20 + -+ |
where s; (0) = [s14 (0) , s2: (0) , 53 (0) , 8 t( ), 55 (0 )]
1 2 3 4

Substituting into (47)) and comparing their coefﬁcwnts with that of and
respectively gives that

(1)9
(50)

—_— — k ()
920 = q* (0) foo = 2D [‘% — pbs + (%oﬁ + koks é} o

[ — (s _ T(J) it (@)
g1 =q 0)fi1 = DTi(]) (_% _ ﬁbs) iw + el +

ﬁanr leaksd ) e 4 ﬁanr leokso ) et Dr9%,
T1 Tl !
o k - o ()
go2 = ¢ (0) for = 2D7% | =S — by + @ + kaksd | 2| €7,
M Ty

Wag (=1) |, Wig(0) wor®
2 2

€2
+W(1)(O) —Zw‘ri] > (51)

€]

— (s . . (d) — (s
Dr? + (WP (0)e T +W§S’)<0)€W"’7)‘”62@#4

Wi (-1 — aor )
(Wfi” -0+ PR Y oppr 1 (Wi -y + w0
__ k= Ciwr@\ _ k1
s Dr? + (WD + WP ) ag?
WD W)

2 2

D(J+

. 4) — .
(W{?(o)e“‘”i] + Wi (-1)8 + > kokseDr,”

where go1 is determined by Wsg and Wi;.
From the paper [18], we obtain that

i ) i ) )
W20 (9) — 920 q(o) ezw-r e + 902 (O)efzwfrij /] + Elezw‘”-i] 0’

U)Tz-(j) 3w7_(3)
1 (3) 7 (3)
Wll (9) _ _ gl(;)q(o) elUJT ) + gbl.)q(o)efzw-r e 4 EQ,
w’Ti OJT,Lv

where
-1

0 ) 0
E [2sz(J)I - / einTf-”gdn (970) f207 E2 = - |:/ d77 (07 0):| fll-
—1
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From goo = ¢* (0) f20 and g11 = ¢* (0) f11, we have that

a1
M
. _bS
f20 = 2Ti(j)€_in'i(J) 0 )
0
kl 2
— koksd
(Tloc + kaks
and
r al ( i@ Ciwr @) T
—— (e
éw ein(J) —in.(j))
—bs B ;
fll _ Ti(j)

kl _ — o (G
L k k ’LLA)Ti
(T1 aa + ko 36) e

0

0
)

4

ki _ )|
k k: Z(A)Ti
(—Tl aa + ko 36) e

In addition, according to the definition of A(u), when u = 0 these two equalities
below hold

ay _aze_inTi(j) _a26—2iw71-(j) —dge_%‘”;j) —k4e_2i“’7i(j)
o ()
L)) | bsN —b; —bye 2T 0 0
PLIRE ]
/ ¢ ' dn (070) = Ti(ﬂ) 0 0 —C1C3 0 0 B
-1
& 0 0 ) 0
0 —k1 0 0 —koT

ay —az —az —dg —k‘4

0 | bsN =bi —b2 O 0
/ dn0,00=7"| 0 0 —cics 0 0 |,
1

di 0 0 —d2 O
0 —k1 O 0 —koTo

—iwr @)
—2e T
1

BV =

s (9) K
(26w + do) (2w + by) [a—l (2iw + koTy) 27" 4 (—1(12 + k2k36> ky
M T

Qiwtky TQ){aZ b3 NQiw + do) + @iw+b1)

o ()
(21w — ar)2iw + dg) T tdydg| b —kqkabg N(2iw + do)

i
2bg (2iw + do)e " “Ti [ag (2iw + koTy) — kqkyl

ioor () ] ’
@QiwtkoTo){ agby N (2iw + dg) + (2iw + by) |:(2iw —a1) (2iw + dg) Q2w dydz| p — k1kgbg N (2iw + dg)

2iwr (D)

ST fdqdg }—k1k4b3N(2iw+d2)

X J a o (9)
—2"Ti " (26w + ko To) {—lng (2iw + dg) + b3 |(2iw — ay) (26w + do) + dydge 2iwT;
M

2
B _

(2iw+k2T2){a2b3N(2iw + do)+ Qiw+by) |:(21'w — ay)(2iw + dg)

iwr k1

_ 7)
2bgkyNe i (2iw + do) <—a2+k2k36)
Ty

i ()
(2im+k2T2){a2b3N (26w + do) + (2iw + by) |:(2iw —aq) (2iw + dg) 2T

+didg } — k1kgbg N (2iw + dg)

B —o,
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iwrd) a s @)
—2d1" 7 2L (Qiw 4 by) (2iw + koTo) + 2dybze T [ag (2iw + koTo) — kq k4]
M

B{® =

)
(2iw+k2T2){n,2b3N(27‘,w + dg)+ @iw+by) |:(27',w — aq)(2iw + {12)627'““'1' +dydg

iwrd) [k
Ty (—1a2 + k2k35> (2iw + by)
Ty

} —k1kygbz N(2iw + do)

2dykge

- ;
2579

(2'iw+k2T2){a2b3N(2iw+d2)+(2iw+b1) (2iw — a1) (2iw + dg) e i 4dydz| g — k1kgbgN (2iw + dg)

)] ’ )
2¢ Wy k1b3N{a—1 (2iw + do) + bgky [(zm —a1) (2iw + dg) + dydge” 2¥7Ti ”
M

5% = @ T +
(2iw+k2T2){a2b3N(2iw + do)+ @iw+bq) [(27:11; ~ap(2iw 4+ de) T 1dy dg }—kl kygbg N(2iw + do)
sor (@) [ [k jor () ’ N E)
2¢"“Ti {(—1012 + k2k35) {d1dge™ 27 (2iw + by) + (20w + do) [(2iw — a)@iw + b)) + agbzNe 2T |}
Ty

s

)
(2iw+lc2T2){a2b3N (2iw + do) + (2iw + by) {(Ziw —ay) (2iw + dg) Q2T d1d3:| } — k1kgb3 N (2iw + dg)

k i) peor (9 PN )] por (9
o (e T 4" + koks [ de T 4 set T bydoky

dobgNkiky + koT2 (a1bydy — agdabzN — bydyds)
i) )] —a
<e Tt T { L bidokoTs + bydo(askaTs — ki k4)]
M

dobgNkiky + kaTp (a1bydy — apdabgN — b1dydg)

»

(e—iwﬂ'i(j) +
B =

dobs Nkiky + kaTo (a1brdy — agdabsz N — bydyds)
k i @) o (3) @) o (3)
[—laa (e T LT ) o kokg (ST 4 50T dokgby N

dob3Nkiky + koTo (a1bydy — agdgbg N — bydydg)

i (3) a
19T [—lebBNszz + bgkoTo(dydg — aldg)}
M

+

»

5 o,

[€2] ior (3 .
(eﬂw—i + "7 ) {bﬂllszzaf1 +b3dy (k1ky — azszz)]
24 _ M
8 —

+
dobgNkiky + koTy (a1bydy — agdobg N — bydyds)

k i) i (3) @) )]
{—laﬁ <e T L T ) okgks [Fe 9T 6™ bydyky
Ty

dob3Nkiky + koTo (a1bydy — agdgbg N — bydydg)

s

k @) i (3) @) i (3)
[—1@5 (e PO LT ) o kgky [T T 4 5™ (b1dgdy — dya1by + bydgas N)
g6 _ LT
() —

dobgNkiky + kogTo (ajbyjdg — agdogbg N — byjdydg)

i@ i () a
(e forTl g T [—lkldgbyv — baki(ards — d1d3)]
M

dobgNkiky + kaTp (a1bydy — apdabg N — b1dydg)

T T
where £y = (B{V, B, ", (" ()" | B> = (ESV, B, B, BV, B

Substitute Fy and Ey into Wy (6) and Wi;(0) respectively, and substitute Waq(6)

and Wi1(0) into go1, then all of gag, g11, go2 and go1 can be obtained from the system
(13-1)).
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. 2
Denote ¢1(0) = 2:7To <g20911 -2 |g11\2 — % +%, then we have the parameters

below which determine the properties of Hopf bifurcation

_ Re fer (0 _ _ Im {c1(0)} + po Im { N (77
uf = -t 59— 2 a0y P - - o e}

According to positiveness or negativeness of the parameters above and the reference
[21], we obtain the properties of Hopf bifurcation stated by the following theorem.
Theorem 4.1. If ug) > O(ug) <0) (i=0,1,2,5 =0,1,2,...,m) then the periodic
solutions of Hopf bifurcation are supercritical (subcritical). If 61.(5) < O(Bg) >0) (i =
0,1,2,j=0,1,2,...,m), then the periodic solutions of Hopf bifurcation are asymptot-
ically stable (unstable). If Tg) > O(Ti(Qj) <0) (:=0,1,2,5 =0,1,2,...,m), then the
period of bifurcating period solutions increases (decreases).

4.1. Simulation

In this section, we will simulate the state of the delayed system ([3-1)) to illustrate the
effectiveness of the Theorem 3.2 and Theorem 4.1. First of all, parameters are selected
as following

a1 = 0.09, as = 0.077, by = 0.08, by = 5, by = 0.16, c; = 0.2, ¢ = 0.5, c3 = 0.4,
dy = 0.01, do = 0.06, d3 = 0.08, M = 1.85, N = 0.6, k1 = 0.68, ko = 1.4, k3 = 0.49,
ky =0.09, Ty = 1.95, T = 2.7,

and initial values have been chosen to be
2(0) = 0.016, y(0) = 0.11, 2(0) = 0.07, u(0) = 0.37, w(0) = 0.002.

Then we obtain Figure 4 which shows that the system (1-1f) is unstable when 7 = 0, and
Figure 5 which shows that the system (3-1)) is chaotic when 7 = 0.2.

B
o0 1000 2000 3000 4000 5000 o 1000 2000 3000 4000 5000
t t

Fig 4. The equilibrium point Sy is unstable when 7 = 0.
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Fig 5. The equilibrium point Sp is unstable when 7 = 0.2.

For the case that there exists only one root of the equation , we choose the

parameters under which the system ([I-1)) without time delay is stable as is shown
in Figure 1. Through simple computations, we attain the following values

w=0.1214 and 7" =3.2974 + 25.8780n,n = 0,1,2, ....

(52)

It is shown in the Theorem 3.2 that the equilibrium point Sy is asymptotically stable
when 7 € [0,3.2974) and unstable when 7 € (3.2974, +00), moreover, Hopf bifurcation

appears when 7 = 3.2974.
Now we set 7 = 2.5 € [0, 3.2974), then we attain Figure 6 which shows that system (3]

1]) is stable and the equilibrium pointSy is asymptotically stable.

(] 1000 2000 3000 4000
'

5000

000

2000
t

3000

3000

5000

o 1000 2000 3000 4000
t

5000

1000

2000
t

3000

4000

5000

(] 1000 2000 3000 2000 5000
t

Fig 6. The equilibrium point Sp is stable when 7 = 2.5 € [0, 3.2974).
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Set 7 = 8 € (3.2974, +00), numerical simulation is given in Figure 7 which shows
that the equilibrium point Sy is unstable.

2000 4000 6000 5000 10000
t

2000 2000 6000 8000 70000 o 2000 000 6000 8000 10000
t t

0 2000 4000 6000 5000 10000 2000 4000 6000 8000 10000
t t

Fig 7. The equilibrium point Sy is unstable when
7 =8 € (3.2974, +00).

When 7 = 79 = 3.2974 , the parameters which determine the properties of Hopf
bifurcation can be obtained as

1~ —5361.8<0, 8 ~ 26.5680>0, T ~ —105.1107<0, (53)

which together with Theorem 4.1 show that the periodic solutions of Hopf bifurcation
are subcritical, unstable and decreases periodically. As we set 7 = 79 = 3.2974, then
we have Figure 8 which shows that the states of the system shock periodically near the
equilibrium point Sy. Obviously Hopf bifurcation appears.
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Fig 8. Hopf bifurcation appears when 7 = 3.2974.
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5. CONCLUSION

In this paper, we consider the five-dimensional energy demand-supply system which is
the high-dimensional ordinary differential equations and applied widely in reality. First
of all, we analyze the stability and obtain the conditions of stability or instability for
all of the equilibrium points. Numerical simulations have then been given in order to
illustrate the effectiveness of all of the cases for the related theorems. Secondly, the
phenomenon of time delay has been introduced in the energy model which results in
the construction of the delayed system. The stability of the equilibrium points of the
delayed system has been analyzed completely by the stability switching technique, which
tells us the stability and instability intervals for the delay. This may be conducted in
the actual process of the energy demand and supply. Especially, for the case that Hopf
bifurcation appears, the explicit formulae of the parameters have been shown to illustrate
the properties of the periodic solutions. Finally, the numerical simulations have been
given to show the effectiveness of the main results. The related future work may be
focused on the form of the controller to stabilize the applied high-dimensional ordinary
differential equations.
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