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GROUP-VALUED K-TRIANGULAR SET FUNCTIONS
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Some versions of Dieudonné-type convergence and uniform boundedness theorems are proved,
for k-triangular and regular lattice group-valued set functions. We use sliding hump techniques
and direct methods. We extend earlier results, proved in the real case. Furthermore, we pose
some open problems.
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1. INTRODUCTION

Dieudonné-type theorems (see [34]) are the object of several studies about convergence
and uniform boundedness theorems for regular set functions and related topics about
(weak) compactness of measures. A historical comprehensive survey can be found in [16].
Among the most important developments existing in the literature about these subjects,
see for instance [2] B B0} BT} [32], B3] B8] 45], and in particular, concerning the setting of
lattice group-valued measures, we quote [6l @, 10, 12, 13]. In [I4, 24] some Dieudonné-
type theorems were proved for lattice group-valued finitely additive regular measures
in the context of filter convergence, while some versions of uniform boundedness the-
orems in this setting are proved in [I1} 25]. In [39, 40], 4T, 47] some Dieudonné-type
theorems were proved for k-triangular and non-additive regular set functions. Some ex-
amples of k-triangular set functions are the M -measures, that is monotone set functions
m with m(()) = 0, continuous from above and from below and compatible with respect
to supremum and infimum, which have several applications in various branches, among
which intuitionistic fuzzy sets and observables (see also [Il 17, 27 [35 42]). Some ex-
amples of non-monotone 1-triangular set functions are the Saeki measuroids (see [43]).
In [I7, 19, 20, 211 22] 23] some limit theorems were proved for lattice group-valued
k-subadditive capacities and k-triangular set functions.

In this paper we prove some Dieudonné convergence theorems and a version of
Nikodym boundedness theorem for regular and k-triangular lattice group-valued set
functions, extending earlier results proved in the real case in [39, [40, [41] using some
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diagonal matrix theorems. Our techniques are direct and inspired by sliding hump-
type methods. We use the tool of (D)-convergence, because we can apply the powerful
Fremlin lemma (see also [37, 42]), which replaces the :-technique and allows to re-
place a sequence of regulators with a single (D)-sequence. Observe that, in the lattice
group context, in the Nikodym boundedness theorem we assume the existence of a single
increasing sequence of positive elements of the involved lattice group, with respect to
which the set functions are supposed to be pointwise bounded on a suitable sublattice,
playing a role similar to that of the class of all open subsets of a topological space. We
see that in general this condition cannot be replaced by a simple setwise boundedness
(see also [111 25, [46]). Finally, some open problems are posed.

2. PRELIMINARIES
We begin with recalling the following basic facts on lattice groups (see also [16] 28]).

Definition 2.1. (a) A lattice group R is said to be Dedekind complete if every nonempty
subset of R, bounded from above, has supremum in R.

(b) A Dedekind complete lattice group R is super Dedekind complete iff for every
nonempty set A C R, bounded from above, there is a countable subset A’, with

VA =V A

(¢) A nonempty subset S of a lattice group R is bounded iff there exists an element
u € R with |z| < wu for each z € S.

(d) Let (ty)n be an increasing sequence of positive elements of R, and let § # S C R.
We say that S is bounded by (t,)n iff for every x € S there is n, € N such that
|z| < tp,.

(e) A sequence (0,), in a lattice group R is called an (O)-sequence iff it is decreasing
and A2, 0, = 0.

(f) A bounded double sequence (a¢ ;)¢ in R is a (D)-sequence or a regulator iff (a; ;)
is an (O)-sequence for any t € N.

(g) A lattice group R is weakly o-distributive if A\ (\/fil aw,(t)) =0 for every
(D)-sequence (ay ;)¢ in R.

(h) A sequence (x,), in R is said to be order convergent (or (O)-convergent ) to x
iff there exists an (O)-sequence (o,), in R such that for every p € N there is a
positive integer ng with |z, — x| < o, for each n > ng, and in this case we write
(0)lim, z, = z.

(i) We say that (z,,), is (O)-Cauchy iff there is an (O)-sequence (7,), in R such that
for every p € N there is a positive integer ng with |z,, —z,| < 7, for each n, ¢ > ny.

(j) A sequence (xy,), in R is (D)-convergent to x iff there is a (D)-sequence (ay,;); in
R such that for every ¢ € N¥ there is ng € N with |2, — 2| < \/;2; at (1) Whenever
n > ng, and we write (D) lim,, z, = x.
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(k) We say that (x,,), is (D)-Cauchy iff there exists a (D)-sequence (b;;):; in R such
that for each ¢ € NV there is ng € N with |z, — 4] < ;2 by o) Whenever n,
q = no.

(1) A lattice group R is said to be (O)-complete (resp. (D)-complete) iff every (O)-
Cauchy (resp. (D)-Cauchy) sequence is (O)-convergent (resp. (D)-convergent).

(m) We call sum of a series >, x,, in R the limit (O)lim,, Y_""_; @, if it exists in R.

(n) If R is a vector lattice, then we say that (x,), (r)-converges to x iff there exists
u € R, u > 0, such that for every & > 0 there is ng € N with |z, — z| < cu
whenever n > ng.

(o) A vector lattice R satisfies property (o) iff for every sequence (uy), of positive
elements of R there are a sequence (a, )y of positive real numbers and an element
u € R with a, u,, < u for each n € N.

(p) A lattice & of subsets of an infinite set G satisfies property (E) iff for each disjoint
sequence (Ch)p in € there is a subsequence (Ch,.),, such that £ contains the o-
algebra generated by the sets Cy,., r € N (see also [44]).

Remark 2.2. Note that every Dedekind complete lattice group is both (O)- and (D)-
complete. Moreover, observe that every (O)-convergent sequence is also (D)-convergent
to the same limit in any lattice group, while the converse is true if and only if the
involved (¢)-group is weakly o-distributive. Furthermore, it is known that every (r)-
convergent sequence in any vector lattice is (O)-convergent too (see also [28| [48]). The
converse, in general, is not true. For example, let B be the o-algebra of all Borel subsets
of [0,1], A be the Lebesgue measure on [0,1], L% := L°([0,1],B,\) be the space of all
measurable real-valued functions defined on [0, 1], with the identification of A-null sets,
and R = {f € L°([0,1],B,)): f is bounded}. If (u,), is any sequence of positive
elements of R, then there exists a sequence (L, ), of positive real numbers such that
u, < L, for every n € N, where L,, denotes the function which assumes the constant
value L,,. Since R fulfils property (o), there are a sequence (ay, ), of positive real numbers
and a positive real number v with a,, L, < v, and hence a, un < anL, < v, for every
n € N. Hence, R satisfies property (o). It is known that in L° order and (r)-convergence
coincide with almost everywhere convergence, while in R, order convergence coincides
with the almost everywhere convergence dominated by a constant function, and (r)-
convergence coincides with uniform convergence (see also [48]). Moreover, since LY is
weakly o-distributive (see also [§]), then in LY (O)- and (D)-convergence coincide in LY,
and so they coincide also in R. Hence, R is weakly o-distributive too. Finally, observe
that, in the space L, order, (D)- and (r)-convergence are equivalent (see also [8, 48]).

We now recall the following property of convergence in lattice groups (see also [22]
Proposition 3.1]).

Proposition 2.3. Let R be a Dedekind complete lattice group, = € R, and (z,), be
a sequence in R, such that
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1) for every subsequence (z,,)q of () there is a sub-subsequence (xy,, ), conver-
gent to x with respect to a single (D)-sequence (a¢,;)¢,;.

Then (D) lim,, z,, = « with respect to (a¢;)e,-

Proof. Suppose by contradiction that there are ¢ € NN and a strictly increasing
sequence (ng)g with |z, — 2| € \/;2, a4 for each ¢ € N. Thus any subsequence of
(%n,)q does not (D)-converge to x with respect to (as;)s,;, obtaining a contradiction

with [2:3]1). 0

Remark 2.4. An analogous of Proposition holds, if (D)-convergence is replaced by
(O)-convergence.

We now recall the Fremlin lemma, by means of which it is possible to replace a se-
quence of regulators with a single (D)-sequence, and which will be fundamental in the

sequel, to prove our main results, because it has the same role as the 5-argument. This

is one of the reasons for which we often prefer to deal with (D)-convergence rather than
(O)-convergence.

Lemma 2.5. (see also Fremlin [37, Lemma 1C], Riecan and Neubrunn [42, Theorem

3.2.3]) Let R be any Dedekind complete (¢)-group and (ag;))t,l, n € N, be a sequence of
regulators in R. Then for every u € R, u > 0 there is a (D)-sequence (a;;)+,; in R with

oo

q o)
u A (Z( aifz(t_‘_n))) < \/ ay o) forevery g € Nand p € N,
=1 t=1

n=1 t

We now deal with the main properties of k-triangular lattice group-valued set func-
tions. Let R be a Dedekind complete and weakly o-distributive lattice group, G be an
infinite set, £ C P(G) be an algebra, m : L — R be a bounded set function and %k be
a fixed positive integer.

Definition 2.6. (a) The semivariation of m is defined by setting

v(m)(A):=\/{Im(B)|: B€L, BC A}, AcL.

If £ C L is a lattice, then we put
ve(m)(A4) == \/{|m(B)| :Be& BCA}, AeclL.

The set function vg(m) is called the semivariation of m with respect to E.

(b) We say that m is
m(A) — km(B) < m(AUB) <m(A)+ km(B) whenever A,BeX, ANB=0 (1)
and

0 =m(0) < m(A) for each A € 3. (2)
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(¢) Let £ C L be a sublattice of £. We say that a set function m : £ — R is £-(s)-
bounded iff there exists a (D)-sequence (a¢,;)¢,; such that, for every disjoint sequence
(Ch)p in &, (D) limp, ve(m)(Ch) = 0 with respect to (ar;)¢;. A set function m is
(s)-bounded iff it is L-(s)-bounded.

(d) We say that the set functions m; : £ — R are £-uniformly (s)-bounded iff there
exists a (D)-sequence (at;)¢,; such that, for every disjoint sequence (C});, in &,

(D)lim(\/ ve(m;)(Cn)) =0

with respect to (a;;)i;. The m;’s are uniformly (s)-bounded iff they are L-
uniformly (s)-bounded.

(e) We say that the set functions m; : £ — R, j € N, are equibounded on L iff there
is u € R with |m;(A)| < u for every j e Nand A C L.

Now we recall the following

Proposition 2.7. (see also Boccuto and Dimitriou [22, Proposition 2.6]) If m: £ — R
is k-triangular, then v(m) is k-triangular too.

Proposition 2.8. (see also Boccuto and Dimitriou [22, Proposition 2.7]) Let m : £ — R
be a k-triangular set function. Then for every n € N, n > 2, and for every pairwise
disjoint sets Fy, Fo, ..., E, € L we have

m(Ey) —kZm <m(UE)<m(E1 +kZm (3)
q=1
and in particular
m(E1) <m (U )—i—kZm (4)
g=1
We now turn to regular lattice group-valued set functions.

Definition 2.9. Let G, H be two sublattices of £, such that G is closed under countable
unions, and the complement of every element of H belongs to G. A set function m :
L — R is said to be regular iff there exists a (D)-sequence (a; )+, such that

1) for every E € L there are two sequences (V,,), in G and (K, ), in H with V;, D
E D K, for each n € N and such that for any ¢ € NV there exists ng € N with

v(m)(Va \ Kp) \/awu)

whenever n > ng, and
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2.912) for every W € H there are two sequences (G,), in G and (Fy,), in H with
W C Fhy1 C G, C F,, for every n € N, and such that for each ¢ € NN there is
n* € N with

v(m) (G \ W) < \/aw(t)

whenever n > n*.
We now prove the following property of regular set functions.

Proposition 2.10. (see also Boccuto and Dimitriou [I7, Theorem 3.10]) If G is a com-
pact Hausdorff topological space, £, G, H are the classes of all Borel, open and compact
subsets of G, respectively, and m : L — R is a k-triangular, increasing and regular set
function, then

(0)limm(I,) =0 (5)
whenever (I,,), is a decreasing sequence in £ with ()2, I,, = (), with respect to a single
regulator independent of the choice of (I,,)y.

Proof. Let (I,), be as in (§). Let (as:):; be a (D)-sequence satisfying [2.9]1). For
every n € N there is K,, € # with K,, C I, and m(I, \ K,) < ;= @t p(t4n)- By virtue
of Lemma [2.5] there is a (D)-sequence (av):,; with

q e o] [e'e]
A (Z (\/ at)@(t_,_n))) < \/ ay (1) for each g € N and ¢ € NN,
n=1 t=1 t=1

Let O, := G\ K,, n € N. Note that O,, € G for every n and G = Uzozl 0,,, since
N, K, =0. As G is compact, thereis ng € Nwith G = |J_; O;, and hence (), K; = 0,
whenever n > ng. For such n’s, taking into account , we have

m(I,) < m(G)/\(m(In\(ﬁKi))

= wiorn (oo ) o
< ( Z (Li \Ki))é k\/ o)
i1 t=1
(see also [39, Lemma 1]). Thus the assertion follows. O

Remark 2.11. Observe that, if £ is an algebra with property (E) and m : £ — R is
positive, increasing and satisfies , then m is also (s)-bounded (with respect to a single
regulator). To prove this, let (A,), be any disjoint sequence in £ and (B ) be any
subsequence of (A,),. By property (F), there is a subsequence (C,,),, of (By)n, such
that |J C,, € L for every P C N. Since m is increasing and m(0) = 0, we get

0<m(Cy) < m(fj c)

neprP
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From and (7) we get (O)lim, m(C,) =0 with respect to a single regulator (in-
dependent of (A,)n, (Bn)n and (Cp),). By arbitrariness of the sequence (B,,), and
Proposition it follows that (D) lim, m(C,) =0 with respect to a single regulator,
and this proves the claim.

The converse, in general, is not true (see also [22] Remark 2.12]). O

Proposition 2.12. (see also Boccuto and Dimitriou [I7, Proposition 3.4]) If m : £ — R
is a k-triangular and increasing set function satisfying 7 then we get

o) o

m(|J Ba) <m(E) + kY m(E,) (7)
n=1 n=2

for every sequence (E.,), in £, such that |J,. 4, En € £ whenever A C N.

The following proposition will be useful in proving our Dieudonné convergence theo-
rem (see also [10, Lemma 3.1]).

Proposition 2.13. With the same notations and assumptions as above, let m: £L - R
be a regular and k-triangular set function. Then for each V € G we get

ve(m)(V) = vg(m)(V). (8)

Proof. Pick arbitrarily V € G, and let (v;1):,; be a (D)-sequence related to regularity
of m. Choose B € £ with B C V, and fix arbitrarily ¢ € NY. By regularity of m, there
is O € G, O D B, with

ve(m)(O\ B) \/ Voo (t)- 9)

Let U:=0nNV, then U D B. From @ and k-triangularity of m we get
m(B) < m(U)+Ekm(U\ B)

; vg(m)(V) + kve(m)(O\ B) (10)
< wg(m)(V) +k\/ e

Taking in the supremum as B € £, B C V, we obtain

ve(m)(V) < vg(m)(V) +k \/ 7e.00)- (11)

From and weak o-distributivity of R we deduce

ve(m)(V) < vg(m)(V) + & A (V 200 = v(m)(V). (12)

@eNN =1

Since the converse inequality is straightforward, then follows from . This ends
the proof. 0
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Definition 2.14. A sequence m; : £L — R, j € N, of set functions is said to be (RD)-
regular on L iff there is a (D)-sequence (ay,;):,; such that

1) for every E € L there are two sequences (V,,), in G and (K, ), in H such that
for every ¢ € N and j € N there is ng € N with v(m;)(V,, \ Kp) < V21 aro0)
for every n > ng, and

2) for every disjoint sequence (H,), in £ there is a sequence (Oy,), in G such that
O, D H, for each n € N and (D) limnv(mj)(uioin Oi> =0 for every j € N with

respect to (ag1)¢,1-
We now recall the following

Proposition 2.15. (see also Boccuto and Candeloro [10, Proposition 2.6]) Let R be any
Dedekind complete and weakly o-distributive lattice group, and m; : £ — R, j € N,
be a sequence of regular equibounded set functions. Then they satisfy 1) and the
following property:

1) there exists a regulator (8;;)¢; such that for every W € H there are two se-
quences (Gp)n in G and (F,), in H, with W C F,1 C G,, C F, for every n € N
and such that for each ¢ € NN and j € N there is n* € N with

ve(my)(Gn \ W) < \/ﬂw(t

for every n > n*.

Definition 2.16. Let £, G, H be as in Definition The set functions m; : £ — R,
J € N, are uniformly regular iff there exists a (D)-sequence (ay,;);,; such that

1) for each E € L there exist two sequences (V,), in G and (K,), in H with
V, D E D K, for every n € N and such that for each ¢ € NN there exists ng € N
with

\/ (m] V \K \/at w(t)
J
for all n > ng, and
2.16]2) for any W € H there are two sequences (G,), in G and (F,), in H with

W C F,41 C G, C F, for each n € N, and such that for every ¢ € NN there exists
n* € N with

\/ (m)(Gp \ W) < \/atcp(t

J

whenever n > n*.
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3. THE MAIN RESULTS

In this section we prove a Dieudonné convergence-type theorem and a Dieudonné-
Nikodym boundedness theorem for regular and k-triangular lattice group-valued set
functions. Let R be a Dedekind complete and weakly o-distributive lattice group. We
begin with recalling the following Brooks—Jewett—type theorem for k-triangular set func-
tions.

Theorem 3.1. (see Boccuto and Dimitriou [22) Theorem 3.3]) Let G be any infinite set,
L C P(G) be an algebra, £ C L be a lattice, satisfying property (E), m; : L - R, j € N,
be a sequence of equibounded, k-triangular and &-(s)-bounded set functions. If the limit
mo(E) := lim; m;(E) exists in R for every E € £ with respect to a single regulator, then
the m;’s are E-uniformly (s)-bounded, and myg is k-triangular and (s)-bounded.

The following technical lemma will be useful in the sequel.

Lemma 3.2. (see Boccuto and Dimitriou [22, Lemma 3.4]) Let £ C P(G) be an algebra,
G and H be two sublattices of L, such that the complement of every element of H belongs
to G, m; : L — R, j € N, be a sequence of k-triangular and G-uniformly (s)-bounded
set functions. Fix W € H and a decreasing sequence (H,), in G, with W C H,, for each
n € N. If

(D) lim( \/ mj(A)) = /\( \/ mj(A)) =0 for every j e N (13)

n
A€G,ACH,\W n  Ae€G,ACH,\W

with respect to a single (D)-sequence (at )¢, then

oV Y m@) AV V) =

AeG,ACH,\W n j A€G,ACH,\W
with respect to (as)e,.

The next step is to prove a Dieudonné-type theorem for k-triangular lattice group-
valued set functions, which extends [10, Lemma 3.2].

Theorem 3.3. Let £ C P(G) be an algebra, G and H be two sublattices of £, such that
G is closed under countable unions and the complement of every element of H belongs
to G, m; : L = R, j € N, be a sequence of equibounded, regular, k-triangular and
G-uniformly (s)-bounded set functions. Then the m;’s are L-uniformly (s)-bounded and
uniformly regular on L.

Proof. Let (H,)y, be a disjoint sequence of elements of £, (a;;):,; be a (D)-sequence,

satisfying 1), u =V en.aec™j(A), and according to Lemma let (beg)ey be a

regulator in R, with
q e o] e’}
u N (Z(\/ at,¢(t+h))> < \/ biory forevery o € NY and ¢ € N. (14)
h=1 t=1 t=1

Let (ct,1)e,; be a (D)-sequence associated with G-uniform (s)-boundedness, and set d;; =
(k+1)(bey +cep), ery = (k+1)(ar; + diy), for every ¢, | € N. We prove that the m;’s
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are L-uniformly (s)-bounded with respect to the regulator (e;):;. Otherwise, there is
¢ € NN with the property that for every h € N there are jj,, n, € N with n;, > h and
By, € £ with By, C th and

m;, (Bn) Z \/ erp()- (15)

t=1

By 1), for every h € N there is Ay, € H, A, C By, with

m;, (Bn \ Ap) < \/ at,o(t)- (16)
From and it follows that
o0
mj, (An) £ \/ dep) - (17)

t=1

otherwise, thanks to k-triangularity of m;,, we should get
mj, (Bn) < my, (An) +kmy, (Br \ Ap) < \/ dy (1)

which contradicts . Moreover, observe that from 1), in correspondence with ¢,
for every h there are Gy, € G and Fj, € ‘H, with A, C G, C F}, and

[v(ma) V... Vo(my,)](Fr \ An) < \/at o(t+h)

Set now G7 = G1, G, = Ghy1 \ (U:}:l FT)7 h > 2. Since the G7}’s are disjoint ele-

ments of G, then, thanks to G-uniform (s)-boundedness and taking into account Propo-
sition we find a positive integer hg with

\/Uz: (m;)(G3) \/UQ (m;)(Gy) < \/ Cto(t)

whenever h > hg. Since for every h we get Apy1\ Gy, C Uﬁzl(Fr \ A,), then
my, (An) < my, (An N GL) +my, (An\ G)

S \/ Ct,go(t) + k \/ bt,cp(t) S \/ dt,g&(t) for every h Z h07
t=1 t=1 t=1
which contradicts , getting L-uniform (s)-boundedness of the m;’s. Conditions

2) and 1) on uniform regularity of the m;’s follow easily from Proposition
and Lemma [3.2| used with H, = G, \W,neN,and H, =V, \K,,G=H =L W =1
respectively, where G,, is as in 1), V,, and K, are as in 1). O

Now we are in position to prove the following theorem, which extends [10, Theorem
3.3].
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Theorem 3.4. Let G, R, L, G, H be as above, and suppose that m; : L = R, j € N,
is a sequence of equibounded, regular, k-triangular and (s)-bounded set functions, such
that there exists
mo(E) := (D) lim m;(E) for every E € G
J

with respect to a single regulator. Then,

1) the measures m;, j € N, are L-uniformly (s)-bounded and uniformly regular;

[3-4]2) there exists in R the limit mo(E) = (D)lim; m;(E) for each E € £ with respect
to a single regulator;

3.413) the set function my is regular, k-triangular and (s)-bounded.

Proof. 1) is a consequence of Theorems and
2). Choose arbitrarily £ € £, and let (y:;):; be a (D)-sequence associated with

uniform regularity. For each ¢ € NN there is U € G with U D E and vz (m;)(U \ E)
< \/fi 1 Yt,0(t) for every j € N. Moreover, in correspondence with U there is jo € N with

oo
Im; (U) = mjp(U)] <\ o)
t=1
for every j > jo and p € N, where (ay,):,; is a regulator related to (D)-convergence on
G. By k-triangularity of m; and m;, we get

m;i(E) —mjp(E) < m;(U) =mjp(U) +kmi(U\ E) + kmjp(U\ E),
mjﬂ,(E) — mJ(E) < mjﬂ,(U) — mJ(U) + km](U \ E) + kmjﬂ,(U \ E),

and hence
[m;(E) —mjip(E)| < |my(U) = mjip(U)| + km;(U\ E) + kmjp(U\ E)
< \/(2 E+1)(Yi,p0) + Qi) (18)
i=1

for every j > jo and p € N. From (18)) it follows that the sequence (m;(E)); is (D)-
Cauchy in R. Since R is a Dedekind complete lattice group, then the sequence (m;(E));
is (D)-convergent, with respect to a regulator independent of E (see also [7, 28]). Thus
2) is proved.

3). Straightforward. O

The next step is to prove a uniform boundedness theorem for k-triangular regular
lattice group-valued set functions. We begin with the following result, which extends
[11, Proposition 4.5].

Proposition 3.5. Let my : L — R, h € N, be a sequence of k-triangular set functions,
and let (t,), be an increasing sequence of positive elements of R. Suppose also that
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B-5]1) for every disjoint sequence (H;); in £, the set {my,(H;): h,j € N} is bounded by
(tn)n-
Then the set {m;(A4) : h € N, A € L} is bounded in R.

Proof. First of all observe that, thanks to 1), for every fixed element A € L there
is n = n(A) € N with 0 < mu(A) < t,a) for every h € N. We now prove that the
set {my(A4) : h € N, A € L} is bounded by the sequence ((k + 1)t,),. Suppose, by
contradiction, that this is not true. By hypothesis, there is ny € N such that m,(G) < t,,
for all h € N, where G is as in Theorem [3.I] Moreover, there exist Ay € £ and hy € N
such that mp, (A1) € (k + 1)t,,. We have also my, (G \ A1) £ tn,: otherwise, by
k-triangularity of my, and used with ¢ =2, F1 = A, Eo = G\ A1, we get

mp, (A1) <mp, (G) + kmp, (G\ A1) <tpn, + ktn, = (k+ 1)t,,.

It is not difficult to check that either {m; (AN A;): A € L, h € N}, or {mp(A\ 41):
A € L, h € N} (or both, possibly) is not bounded in R: otherwise, if

up = \/{mn(ANAy): A€ L,heN},

uy = \/{mn(A\ Ay): A€ L£,h €N},
then, thanks to triangularity of the my’s, we have
0< mh(A) < mh(A n Al) + kmh(A \ Al) < ui + kus

for each A € £ and h € N, and hence the set {m,(A): A € L, h € N} is bounded in
R, getting a contradiction. In the first case, set Cy := A;, otherwise put C; := G \ A;.
Then, set Dy := G\ C;. Now we use the same argument as above, by replacing G
by Cy: so we find a set Ay C C1, Ay € L and two integers no > nqy, he > hy, with
mp, (Az) £ (k+1)t,, and mp, (C1\ Az) £ tn,. Put Cy := Ay or Cy := C} \ A3 according
as the {mp(ANAy): Ae L,heN}or {my(A\ Ay) : A € L,h € N} is bounded, set
Dy := C7\ Cq, and let us repeat the same argument as above. Proceeding by induction,
we find a disjoint sequence (D;); and two strictly increasing sequences (n;);, (hj); in
N with mp,; (D;) £ t,, for every j € N, obtaining a contradiction with 1). This ends
the proof. O

We now turn to our main uniform boundedness theorem for regular and k-triangular
lattice group-valued set functions, which extends [I1, Theorem 4.6].

Theorem 3.6. Let 1 : L — R, j € N, be a (RD)-regular sequence of k-triangular set
functions, and suppose that there is an increasing sequence (¢, ), of positive elements of
R such that for every U € G the set {1;(U): j € N} is bounded by (t,)n.

Then the set {p;(E) : j € N, E € L} is bounded in R.

Proof. Choose arbitrarily E € £. By 1), there are a (D)-sequence (ay,;)s,;, which
can be taken independently of F, and a set U € G, U D E, with

v(p;))(U\E) < \/ a;; for every j € N. (19)

tl=1
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For each n € N, put wy, := t,, + \/;;_, a¢,;. Taking into account k-triangularity of y;, in
correspondence with U there is 7 € N with

1 (E) < pi(U) + ko(pg) (U \ E) < wm,

=11 (E) < —pi(U) + ko(p;)(U\ E) < wy
for every j € N. Thus the set {u;(E) : j € N} is bounded by the sequence (wy, ).

By virtue of Proposition [3.5] it will be enough to prove that, for every disjoint se-
quence (Hy), in L, the set {y;(Hy,): j,n € N} is bounded by the sequence (y;, )., where
Yn = knwy,, n € N,

Proceeding by contradiction, assume that there is a disjoint sequence (H},), in L,
such that the set {y;(H}): j,n € N} is not bounded by (yn),. For every n € N there
are i(n), h(n) € N with

fnny (Hi(py) % (kn + 1)w,. (20)

For each n € N, set my, = pp(n), Hn = Hg(n). By 2), the (D)—s.equence (at;) in
has the property that for every n € N there exists a set O,, € G with

O, D H,, for each n € N and (D) limv(mj)(U Oi) =0 for every j € N (21)

with respect to (a,;).,;. Hence, there is an integer ny > 1 with mq(E) < \/;5_; ar,; for
every E € L, E C U2, Oi, and a fortiori for each E € £, E C U;Z,,, H;- We get

my(FUH;) Lw; foreach E € L, E C U H;:

i:n1
otherwise, by k-triangularity of m, and used with ¢ =2, Fh = Hy, E5 = E, we have
my(Hy) <my(BUH) +kmi(BE) <w +k \/ an < (k+ 1w,
t,1=1

which contradicts . Let jo > n1 be an integer such that
\/{mn(Hl) tn €N} <tj,.

By 2), in correspondence with mj, there is an integer ny > jo such that mj, (E) <
\/tofl’:1 ay, forany E€ L, E C U;’inz H,;. For such E’s we have

mj,(EU Hy U Hj,) £ wj, :

otherwise, by k-triangularity of m;, and used with ¢ = 3, By = Hj,, By = E,
Es = Hy, we get

my, (Hj,) < my,(EUH UHj,) + kmg,(E) + kmj,(Hp)

o0
wj, +k \/ ag; +kwj, <3kw;, < (kj2+ 1w,
tl=1

IN
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which contradicts . Let j3 > ng be an integer such that
\/{mn(sz) :n € N} < wj,.

By 2), in correspondence with mj, there is ng > js with m, (E) < \/;5_; ar; for
every E € L, E C J;2,, H;. For such E’s we have

my, (B U Hy U Hj, U Hjy) £ w,

otherwise, by k-triangularity of mj, and (4)) used with ¢ = 4, By = H;,, E» = E,
E3 = Hl, E4 = sz, we get

mjs(Hj ) < mj3(EUH1 Usz U HjB) + kmj3(E) + kij(Hl) + kij(HJé)
00
wj, +k \/ ar + kw;, + kwj,

ti=1
4kwj3 < (kj3 + 1)wj3a

IN

IA

which contradicts . Proceeding by induction, it is possible to construct two strictly
increasing sequences (jp)n, (np)n, such that n, > jp > h for every h € N, and

mjh(EUH1UHj2 U...UHjh) ﬁwjh

whenever h € N and E € £ with E C U;Z,,, Hi.
Set j1 = 1 and H =J;-, Hj,. Note that H € G and m;, (H) £ wj, for every
h € N. But the set {my,(H) : h € N} is bounded by the sequence (wy,),, and so we get

a contradiction. This ends the proof. ([l

Remark 3.7. Now we show that, under certain hypotheses, regular and k-triangular
set functions, with values in spaces of type L° as in Remark are (RD)-regular too.
Note that, by means of techniques analogous to those used below, this result can be
proved for finite dimensional space-valued set functions, extending to the k-triangular
context some classical theorems proved in the finitely additive setting (see for instance
[29, Theorem 2]).

Let R = LY = L9([0,1], B, \) be as in Remark G be a compact Hausdorff topo-
logical space, £ be the o-algebra of all Borel subsets of G, G and H be the classes of
all open and of all compact subsets of G, respectively. First of all, observe that 2)
is a consequence of 1). Indeed, pick arbitrarily W € H and let (V},),, be a sequence
of elements of G, satisfying 1). Since G is compact and Hausdorff, G is also normal
(see also [36, Theorem XI.1.2]). As G is normal, thanks to [36, Proposition VII.3.2],
in correspondence with W and Vi there is a set U; € G with W c Uy c U; C W,
where U; denotes the topological closure of U; in G. Analogously, we can associate to
W and Uy NVa aset Uy € G with W C Uy C Uy C Uy NVa. Proceeding by induction, we
construct a decreasing sequence (Uy, )y, in G, with W C U, 41 C Up41 C U,,NV,41. Since
the sequenceﬂ/n)n satisfies 1), it is not difficult to see that the sequences (U,), and

(), fulfil 2.912).
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Let m; : L — R, j € N, be a sequence of k-triangular and regular set functions.
We will prove that (m;); satisfies [2.14]1) and [2.14]2). Since in LY the (r)-, (O)- and
(D)-convergences coincide (see Remark [2.2), then for every j € N there exists u; € R,
u; > 0, such that for every E € £ there are two sequences (V;)), in G and (K), in
H, with V,Sj ) D FED Ky(Lj ) for each n and such that for every € > 0 there is a positive
integer ng = ng(e, j, F) with

v(m;) (VD \ K@) <eu;  whenever n > no. (22)

For every n € N, set V;, :=]_, Vi K, = Uj—1 K9 note that V,, € G, K, € H
and V;, D E D K, for every n. Since R satisfies property (o), in correspondence with
the sequence (u;); there exist a sequence (a;); of positive real numbers and an element
u€ R, u>0,with 0 <aju; <ufor every j € N. Note that v does not depend on the
choice of E € L. For every € >0, j € Nand E € £, let n, = n.(e,5, E) = no(eaj, j, E),
where ng is as in . We get

v(m;) (Va \ Kn) < 0(my) (VP \KP) < eajuj <eu (23)

1 el s .
for each n > n,. If we take o, = SU, P E N, then it is not difficult to check that 1)
is satisfied.
We now prove ). Choose any disjoint sequence (H,), in £ and let u be as

in (23)). In correspondence with j, n € N and W set OSLj) = Ogj)(wﬁj“ =

@) _ @1\ _ o
e (grbrr o o) and Fp’ = Fp"' ( soo7e7 | = Kn*(mijﬂ j.Hy,)» Where n, is as in (23).

For each n € N, put O,, = ﬂ?:l 0 and F, = Ui, FY) . Note that O,, € G, F,eH
and O, D H, D F, for each n. Moreover, from (23) we get

1

v(m;) (05 \ F) < 0(my) (O \ FY) < Toniit

u  for every j,n € N. (24)

Now, for each n € N set U, := J;-,, O;, Cy, :=\;o,, Fi- Since the sequence (H,), is
disjoint and F,, C H,, for every n € N, then C,, = ) for every n € N. Taking into account

, from we get

0(m;)(Un) = v(m;) (Un \ Ca) = v(mj)(([j o\ ((NF)) (25)

_ U(mj)(U(oi \Fi)> <EY om)(ON\F) SkY o u= g
(see also [39, Lemma 1]). Thus 2) is proved. O

The following example shows that, in Theorem in general the condition 1)
cannot be replaced by the boundedness of the set {m;(U) : j € N}.
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Example 3.8. (see also Schwartz [46], Example 5| Let R be the vector lattice ¢q of all
real sequences convergent to 0, endowed with the usual ordering, B be the g-algebra of
all Borel subsets of [0, 1]. Note that ¢q is Dedekind complete and weakly o-distributive,
and that in ¢g order, (D)- and (r)-convergence coincide with coordinatewise convergence
dominated by an element of ¢y (see also [28 [46] [48]). For every n € N and F € B set
mn(E) = (p1(E), ..., pn(E),0,...,0,...), where pu,(E) = [, sin(nmx)dz. It is known
(see [46]) that every m,, is a o-additive measure and the set {m,,(E) : n € N} is bounded
in ¢g for every E € B. However, it is not possible to find a positive increasing sequence
(tn)r satisfying the hypothesis of Theorem since sup{pn,(A4) : A € B} =1 for each
n. Moreover, from this it follows that the set {m,(E) : n € N, E € B} is not bounded
in ¢p.

Open problems:

(a) Prove similar results with respect to other kinds of (s)-boundedness, boundedness
and/or convergence, and relatively to different types of variations in the setting of non-
additive lattice-group valued set functions (see also [211, [41]).

(b) Find some other conditions under which 1) and/or 2) hold.
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