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QMLE OF PERIODIC BILINEAR MODELS AND OF PARMA
MODELS WITH PERIODIC BILINEAR INNOVATIONS

ABDELOUAHAB BiIBI AND AHMED (GHEZAL

This paper develops an asymptotic inference theory for bilinear (BL) time series models
with periodic coefficients (PBL for short). For this purpose, we establish firstly a necessary
and sufficient conditions for such models to have a unique stationary and ergodic solutions
(in periodic sense). Secondly, we examine the consistency and the asymptotic normality of
the quasi-maximum likelihood estimator (Q M LE) under very mild moment condition for the
innovation errors. As a result, it is shown that whenever the model is strictly stationary, the
moment of some positive order of PBL model exists and is finite, under which the strong con-
sistency and asymptotic normality of QM LFE for PBL are proved. Moreover, we consider also
the periodic ARMA (PARM A) models with PBL innovations and we prove the consistency
and the asymptotic normality of its QM LE.

Keywords: periodic bilinear model, periodic ARM A model, strict and second-order peri-
odic stationarity, strong consistency, asymptotic normality

Classification: 2M10, 62M15

1. INTRODUCTION

Periodically varying parameters can arise in modelling nonstationary time series hav-
ing significant periodic behavior in mean, variance and in covariance structures, namely
in economic, hydrological and meteorological ones. Data of this type are frequently
analyzed using a s—periodic autoregressive moving average (PARM A,) models (inter-
ested readers are advised to see Gardner et al. [21] for references dealing with PARM A,
models). However, many real time series encountered in practice exhibit not only nonsta-
tionary behavior, but also certain phenomena commonly observed by the practitioners
such as, limit cycles, self-excitation, asymmetric distributions, leptokurtosis and sud-
den jumping that cannot be adequately modeled by linear models and hence the resort
to some non linear models becomes inevitable. Among others, the most prominent
discrete-time model for modelling the non-Gaussian and nonstationary time series is
certainly the bilinear models with time-varying coefficients which have been attracting
a great deal of interest in the recent statistical literature. This class of models is an
extension of PARM A, models by adding one or more interaction components between
the observed and the innovations processes. It becomes an appealing tool for investi-
gating both non Gaussianty and distinct ”seasonal” patterns appearing for instance in
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finance, macroeconomics, econometrics, etc. .., and continue to gain a growing interest
and a relevant attention of researchers. In other words, a discrete-time process (X¢),cy,
Z ={0,4+1,+2,....} defined on some probability space (Q,S, P), is called periodic bi-
linear model denoted by PBL(p, q, P, Q) if it satisfies the following nonlinear stochastic
difference equation

p

q Q P
X, =ap(n)+ Zai(n)Xn,i + ij(n)en,j + ZZ ¢ij(n) Xn—ien_j. (1.1)
3=0

i—1 j=11i=1

In (L), (en),ez is a sequence of independent and identically distributed (i.i.d.) ran-
dom variables defined on the same probability space (2, A, P), with E{e,} = 0 and
E {log" |e,|} < 400 where log* z = max(logz,0), z > 0, and ey, is independent of X,,
for k > n, the coefficients a;(n), b;j(n) and ¢;;(n) are periodic functions with period s.
Therefore, by setting n = st +v, Xg 1, = X; (v) and eg1 = €; (v), Model may be
equivalently written in periodic version as

p q Q P
X, (0) = a0(0) + 3 ()Xo )+ 32 by whenlv =)+ D0 D ey (0) Xelw —ider (v~ 5).
i=1 j=0 j=1i=1
(1.2)
In the notation X; (v) refers to X; during the v—th “season” or regime v €
{1,...,s} of cycle t and hence the functions a;(v), b;(v) and ¢;;(v) may be interpreted
as the coefficients of model corresponding to the v—th regime. For the convenience,
Xi(w)=X,_1(v+9), e, (v) =e—1 (v+ ) if v < 0. The non-periodic notations {X,},
{en}, {ai(n)}, {bi(n)}, {cij(n)}, etc. will be used interchangeably with the periodic
notations {X; (v)}, {e; (v)}, {ai(v)}, {bi(v)},{cij(v)} etc. whenever emphasis on sea-
sonality is not paramount. It is worth noting that when s > 1, the process is globally
nonstationary, but is stationary within each period.

Remark 1.1. Recently, many empirical works have showed after fitting some data to
bilinear models, that the (G) ARCH effect in residual process is significant (see Pan et
al. [30] for more general settings) and hence the i.i.d hypothesis on (ey), o, may be
relaxed for an heteroscedastic process.

The model has been studied by Bibi et al. {[5}, [7, [8, @, 10, 1]}, more precisely,
with respect to the probabilistic properties, Bibi [5], beside the motivations proposed to
introduce the class of bilinear models with time-dependent coefficients, he also studied
the Ly —structure and some empirical properties of such models. In particular, with pe-
riodic coefficients, Bibi and Lessak [9] have established some sufficient conditions for the
existence of causal, periodically correlated (PC) and S—mixing of the solution process
for some specifications of (see the subsection [2.2] for a definition of PC processes).
More general, necessary and sufficient conditions for the existence of PC' solution process
of are given by Bibi and Lescheb [10]. From statistical point of view of such models,
Bibi and Oyet [7] have studied a subclass of time-dependent coefficients (not necessar-
ily periodic) and established the consistency and the normality asymptotic (CAN) of
the conditional least square estimator. The asymptotic properties of Yule-Walker type
estimator have been established by Bibi and Aknouche [§] for some restrictive periodic
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bilinear models. Recently, Bibi and Ghezal [I1] have studied the C AN properties of the
generalized method of moments (GM M) estimator for the model .

In this paper, we propose the conditional quasi-maximum likelihood method for esti-
mating the unknown parameters of PBL; (p, q, P, Q) and we prove its C AN properties.
Moreover, the proposal method is also applied for PARM A, model with some periodic
BL innovation. Note here that the PBL; (p, ¢, P, Q) encompasses many commonly used
models in the literature, indeed,

(i) Standard BL (p,q, P,Q) models: These models are obtained by assuming constant
the functions a;(.), b;(.) and ¢;;(.) in (L.1) (e.g., Subba Rao and Gabr [32] and
the references therein), i.e.,

n = Go + Zaz n— z+zb €n— J+ZZC” n—i€n—j-

j=11:i=1

(ii) Periodic ARM A models (PARM A,): These models are obtained by setting ¢;;(.) =
0 for all 7 and j in (1.1)) (e.g., Francq et al. [I8] for recent references on PARM A,
models), i.e.,

p q
Xp=ao(n)+ Y a;i(n)Xn_i+ > bj(n)en;.
=0

i=1

(iii) Some classes of periodic GARCH (p,q) (PGARCHS,): (see Bibi and Lessak [9]
and Kristensen [26] for the building of GARCH models as special case of BL),
i.e. X, = v/hpe, where the volatility process (h,,),, satisfy

p
’I’L)—l—é ai(n nz+§ Cu nzen i
i=1

in which the sequences (a;(n),0 <i <p). s, (cii(n),1 <i<p), ., are positive
with ag (n) > 0 for all n.

Since, it is difficult to handle in (1.1) the product terms, like X,e,_r, & > 0, so
in the sequel, we shall restrict ourselves on the so-called superdiagonal models noted
SPBLs(p,q,p,q) in which ¢;j(n) =0in (L.1) forall i < jand all n € Z, i.e.,

Xn=ao(n)+ Y ai(n)Xn_i+ Y bi(nenj+ Y > cij(n)Xn_ien;. (1.3)
i=1 j=0

i=1i=j

The main purpose of this paper is to investigate some probabilistic and statistical proper-
ties of equation . Recalling here that a process (Y;),.;, defined on some probability
space (2, A, P) is said to be strictly periodically stationary (SPJS) (with period s > 0) if
the distribution of (V;,,Ys,,...,Y;,) is the same as that of (Y3, 4 sn, Yigtshy- -+ Ve, 4sh)
for all n € N* and h, t1,ts,...,t, € Z. Furthermore, it is called periodically ergodic
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(PE) if for all Borel set B and all integer m, %ZHB (Yotst, Yoriasts -« Yotmast) CON-
t=1
verges almost surely (a.s) to P ((Yy,Yy41,...,Yorm) € B) asn — oo for all 1 <o <s,
where Ip(.) denotes the indicator function of the set B (cf., Boyles and Gardner [I4] for
further discussion). As for the stationary case (see for instance Billingsley [I2] Theorem
36.4), periodic ergodicity is closed under certain transformations. In particular if (e),.,
is SPS and PE and if (Y;),; is defined by Y; = f(...,&¢,€¢41,...) where f is some
measurable function mapping from R* to R, then (Y}),., is also SPS and PE. More-
over, if (Y;),c, is SPS and PE and if f is a measurable function from R* to R such

n
that £ {f ( . aYt—la Yta }/t-‘rla e )} < 0o then %Zf ( ) Yv+s(t71)a YU+Sta Yv+s(t+1)a .. )
t=1

converges a.s. to E {f ( s Yors(t—1)s Yotst, Yots(t41),-- )} asn —ooforalll <v<s.
Before we proceed, we need to introduce some notations:

1.1. Algebraic notation
Throughout the paper, the following notations are used.

. I(n) is the n x n identity matrix, O ;) denotes the matrix of order k x [ whose entries
are zeros, for simplicity we set O(x) := Ok ) and Oy 1= O 1).

. The spectral radius of square matrix M is noted p (M).

. Let ||.|| denote any induced matrix norm on the set of m x n and m x 1 matrices. For
any v € ]0,1], we set |[M|” := (|m;;|7), then it is easy to see that the operator
|.|" is submultiplicative, i.e., |[MiMs|" < |My|" |Ms]”, IMX|" < |M|"|X]|” for

8!

any appropriate vector X and | Mi’ < > |M;|" where the inequality M < N
- .

denotes the elementwise relation, i.e., m;; < n;; for all ¢ and j.

. The symbol ® is the usual Kronecker product of matrices and M®" = MM ®...@ M
r—times, Vec(M) is the vector obtained from a matrix M := (m;;) by setting down
the column of M underneath each other, ” ~» 7, "plim” and "a.s.” respectively
means convergence in law, in probability and almost surely.

The remaining sections are organized as follows. In the next section, we first give nec-
essary and sufficient conditions ensuring the existence of SPS, causal and PE solution
of and other probabilistic properties such as existence of moments for some finite
order. The conditions are shown to reduce to the usual conditions that we find often in
literature of time series and especially for the models cited above. Section 3 deals with
the strong consistency and the asymptotic normality properties of conditional QM LE
for SPBL, while in Section 4, we investigate those of PARM A; models with periodic
bilinear innovations. Section 5, concludes the article.

2. MARKOVIAN REPRESENTATION AND ITS PROBABILISTIC PROPERTIES

With constant coefficients (i.e., when s = 1), the Markovian representation and its
properties were discussed in [3I]. This representation can easily be extended to the class
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of SPBL(p,q,p,q) models as follows X,, = H' X, | + ag(n) + bo(n)e, and
X, =Tnlen) X, 1+ n, (en) (2:2)
in which T, (e,) = To(n) + e,I'1(n), n, (en) = by(n) + by(n)e, + by(n)e? where

n) = J A(O)(n) n O(p,p) )
Fo(n) ( Awy(n)  Ag)(n) )W’Fl( )= ( Cay(n) Cz(n) )x

The matrices J, (A(i)(n))ogig and (C; (n))1§j§2 and the vectors H, by(n), b, (n) and
by(n) are periodic in n with period s, its explicit forms can be found in Bibi [5]. Equa-
tion is the same as defining periodic random coefficient autoregressions (PRC AR)
(see Aknouche and Guerbyenne [2]) except that the matrix 'y (e,,) is not independent
of the vector 1 (en) as it is required in these models, whereas I'y(e,) and 1 (en)
are independent for all m # n. Noting here that, because of s—periodic time-varying
coefficients in equation 7 the solution process (when existing) are not strictly sta-
tionary nor ergodic unless s = 1. To remedy this problem, the idea is to introduce
the concept of SPS and PFE solutions already discussed above. For this purpose, it-
erate s—times to get the following equation X, 1), = I'(¢,) X,,, + 7 (e,) where

S

e = { T E o) | and nten) = 35 { T Tt e l)} 1, (ensss)

with e, 1 = (€(nt1)s, - - - -€snt1). Now, let X(n) = X, , and rewrite the above equation
as

X(n) =T (e,) X(n— 1)+ 1(e,) (2.3)
It is worth noting however that T'(e,) is independent of X (k) for any & < n and
(T (e,) ,Q(gn)))nez is an i.i.d. process and hence a formal solution for (2.3) can be
given by

k>1 | j=0

Therefore, (|1.3) has a unique, causal, SPS and PE solution given by (H X(n—1)+ap(n)
+ bo(n )en)nez, if and only if (2.4 . ) has a unique, causal, strictly stationary and ergodic
solution.

2.1. Strict periodic stationarity

Processes (X (n)),,cz similar to (2.3)) has been examined by Brandt [I5] (in scalar case)
and by Bougerol and Picard [13] who have showed that the unique solution for (2.3)
should be given by the series if and only if

~v(I) <0, (2.5)

where 7 (T") is the top—Lyapunov exponent associated with the strictly stationary and
ergodic sequence of random matrices (I'(e,,)),,cz defined by

n—1 n—1
= f El I'( = lim =1 I'(e
7 ()= in {ogn) n} nggonogH Cni)
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Note that the right-hand member in above equality can be justified using Kingman’s
subadditive ergodic theorem and the existence of ~ (I') is guaranteed however by the
fact that E {log™ |T'(e,)||} and E {log* HQ(QH)H} are finite. The following theorem due
to Bougerol and Picard [13], gives us the main result for stochastic difference equation

3.

Theorem 2.1. Consider the SPBL(p,q,p,q) model with Markovian represen-
tation . Then, if has a strictly stationary solution, then hold true.
Conversely, if hold true, then for any n € Z, the series converges ab-
solutely a.s. and constitute the unique, causal, strictly stationary and ergodic solu-
tion for and hence has a unique, causal, SPS and PFE solution (given by
(Q’X(n —1)+ag(n) + bo(n)en)nez).

The properties of solution process (2.4) is given in the following theorem.

Theorem 2.2. Consider the SPBL(p, q,p,q) model (1.3) with Markovian representa-
tion (2.2)). Under the condition (2.5)), we have

1. Equation ([2.2) has an unique, causal, SPS and PFE solution given by the series
)

2. The dual (multivariate) process (g’sm,gsm, e 7K'St+s)l is strictly stationary
and ergodic.

Proof. The proof follows essentially the same arguments as in Bibi and Lescheb [10].
|

Though the condition could be used as a test for the SPS, it is of little use
in practice since this condition involves the limit of products of infinitely many random
matrices. However, some simple sufficient conditions ensuring the negativity of ~ (T")
can be given.

Theorem 2.3. Let || = E{|T'(e,)|} and |n| = E{|n(e,)|}, and consider the model
(1.3) with Markovian representation (2.2)), then ~ (I') < 0, if one of the following condi-
tions holds true.

1. E{log

2. p(IT)) < 1.

[I I'en—s)

=0

}<Of0rsomen21,

Proof. Because the top—Lyapunov exponent is independent of the norm, by choosing
an absolute norm, i. e., a norm ||.|| such that ||.|| < |||.|||, then from the definition of v (T")
n—1

_HO I(en—i)
1=

log p (IT']). On the other hand, by Jensen’s inequality we get almost surely

<

and according to Kesten and Spitzer [25] we have almost surely lim I log
n—oo

10 < 1B {log [Ire. } < ;logE{ I Irte,.)| } <logp (IT)).
=0 =0

so the result follows. O
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Corollary 2.1. If 4 (T") < 0 then there is a § € ]0, 1] such that E {||X(n)||5} < 400
and hence E {\Xn|6} < 400, Vn € Z.

Proof. See for instance Aknouche and Bibi [3]. O

s—1

Example 2.1. For PBL, (1,1,1,1) model, we obtain I' (¢,,) := [] (a1(s —v) + c11(s —
v=0
v)en—1 (s —v—1)). Hence PBL4(1,1,1,1) admits a causal, SPS and PE solution if
s—1
and only if v(T") := Y E{log(Ja1(i) + c11(¢)eg|} < 0. It is worth noting that the
i=0

existence of "explosive regimes” (i.e., E {log(|a1(?) + c1(é)eg|} > 0) does not preclude
the existence of SPS solution.

Example 2.2. For the PARM A; model, the necessary and sufficient condition reduces
s—1

to p ( IT A (v)) < 1 where A(9)(n) is the companion matrix associated with PAR, (p)
v=0

part in PARM A, model.

Remark 2.1. The condition (2.5)) provides a certain stability of model (1.3]). However
when v (I') > 0, the model (1.3]) is said to be unstable and hence does not admit a
SPS solution. As an example, consider PBL, (0,1,1,1) then it is not difficult to verify

s—1
that v (I') > 0 if and only if [] [c11 (v)] > exp (—sE {log|eo|}). Since, if (e;),c, follow
v=0

N(0,1) then B {log Jeo[} = 3(log(2) + 1;8'5))

function and its first derivative respectively. Hence, exp (—sE {log |eg|}) = exp(0.1048s).

) where T'(.) and I (.) are the Gamma

Remark 2.2. For the PBL(1,1,1,1) model and if e; admits a density, then the dis-
tribution of the polynomial P, (eg) = c11(v)eg + a1 (v) can be expressed in terms of the

s—1
CDF of e; and hence Y E{log|P, (eg)|} follows.

v=0

When p > 1, the top-Lyapunov exponent criterion ~ (T') is defined as a product of
infinitely many random matrices, so, one encounters fundamental difficulties in determi-
nation of its asymptotic distribution explicitly. However, a potential method to verify
the negativity of «(T') is via Monte-Carlo simulation using Equation (see for in-
stance He et al. [24] and the references therein). On the other hand, in statistical
applications, we often suggest conditions ensuring the existence of some moments for
the stable process under investigation, but this suggestion cannot be achieved by the
top-Lyapunov exponent criterion. Therefore, we need to search for conditions ensuring
the existence of moments for the SPS solutions.

2.2. Second-order periodic stationarity

The problem of finding conditions ensuring the existence of solution of (|1.3) having mo-
ments up to second-order were addressed initially by Gladyshev [22] and continues to
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receive more attention in literature under the so-called periodically correlated (PC') pro-
cesses (e.g. [21] and the references therein). Formally a second-order process (Xy), <z
is said to be PC with periodic s, if for any integers n and n’, E{X,4s} = F{X,} and
Cov (Xpis, Xnts) = Cov(Xp, Xp). In other word, the mean function p, = E{X,}
and the covariance functions 7, (h) = Cov(X,, Xpntn), b € Z are both periodic in n
with s period, so when s = 1, a PC process is equivalent to second-order station-
ary process. In this subsection, we give the necessary and sufficient conditions for
the existence of causal, SPS and PFE solution to Equation . For this purpose
and for convenience, we shall consider the centered version of the state vector 7
e, X, =Tp(en) X, 4 +17, (en) in which X, =X, - p,, where p = E{X,} and

1, (en) =en (bl (n) + Fl(n)ﬁn_1> + by (n) (2 — 0?) so a similar version of (2.3) is now

X(n) =T (e,) X(n=1) +7(e,), (2.6)

in which the process (7 (gn))nGZ is centered and is orthogonal to X (k) for any k < n—s.

However, the process (X¢),., has a PC and PE solution if and only if (2.6]) has a second-

order and ergodic solution.

Theorem 2.4. Suppose that E {efl} < +o00. Then there exists a PC process (X¢),cy
generated by the equation (1.3]) with state-space representation ([2.6) if

A@)=p (F(2)) <1, (2.7)
s—1

where T'® := E{T®%(e,)} = H {T§? (s —v) + 02T$? (s —v)}. The covariance ma-
v=0

trix ¥x = F {X(n)X,(n)} of (X(n)) . is then given by
ne
Vee (Sx) = (I(T) — r<2>) - 2,

where Z%M =F {ﬁm (gn)}, moreover, its solution process is causal, unique, strictly

stationary and ergodic.

Conversely, a necessary condition for existence of a PC process solution to (|1.3) is
that there exists a covariance matrix X x associated with state-space representatio
solution of the equation

(1) = T@) Vee (5x) = 257

Proof. The proof follows essentially the same arguments as in Bibi and Lessak [9]. O

Remark 2.3. It is not difficult to see that if E {e}} < 400 and E{HI‘ (gn0)||2} <1
for some ng, then (X,,), <7 is square integrable.
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Example 2.3. The following table summarizes the condition (2.7)) for some particular

cases.
Specification Condition ([2.7)) Particular case: p=¢=1
Standard BL p(T57 (1) +0°TT% (1) <1 a?(1) +o%c3 (1) < 1
s—1 s—1
PARMA;, p ( 11 A‘(%% (v)> <1 ITla(w)| <1
v=0 v=0
s—1 s—1
PGARCH, (p,p) p ( 12 (v)> <1 [T (a(v) + o211 (v) <1
v=0 v=0
T —
(a)E(U) _ %O(U) ?(Z\{i(v) - J) where Mo(U) — ( Ial (U)v s 705)(1)) >
My (v) M (v) (r=1) “(p—1)
~ o2ai1(v),...,0%a,(v) ) ~ ( o2c11(v), ..., 0%y, (v) >
My(v) = T TR My (v) = v PP
o) ( Op-1) 1) Ip-1) Op-1

Tab. 1. Conditions ensuring E {Xf} < 400 for certain specifications.

Remark 2.4. Noting here that some extensions of PC processes which can account for
more complex cyclical phenomena have been proposed (see Bibi and Francq [6] for further
discussion). In particular almost periodically correlated (APC) processes were intro-
duced by Gladyshev [22] and have been discussed by several authors. A discrete—time
process is said to be APC if its covariance function is an almost periodic sequence
in the sense of Bohr, i.e., for each n and every ¢ > 0, the set of e—almost periods
of the function h — =, (h) = Cov(X,,, X,+n) defined as the integer number 7. such
that |y, (h 4+ 7e) — v ()| < € for every h € Z is relatively dense in Z. Similarly,
a continuous—time process (X,), g is said to be APC, if its covariance function is
an almost periodic function on R in the sense of Bohr. Example of APC processes
are obtained from contemporaneous aggregation of independent periodic process with
incommensurate periods, for instance X,, = e, sin(n) +n, sin(7mn), n € R where (e,)
and (7,),cg are independent stationary processes.

neR

3. QUASI-MAXIMUM LIKELIHOOD ESTIMATION FOR SPBLg (P,0,P, 1)

The estimating of general bilinear model is quite challenging even when s = 1.
However, in the literature many ideas have been proposed for estimating the unknown
parameters of some restrictive stationary and ergodic bilinear models. The most fre-
quently used methods are the (generalized) method of moments (G) (M M) and the
(conditional) least squares (C) (LS) method. The asymptotic properties of the (G) M M
and (C') LS estimates have been also discussed under certain restrictions (see for exam-
ple, Liu [28], Grahn [23], Wittwer [34] and among others). Recently, Bibi et al. [, [11]
have developed certain procedures for estimating some special bilinear processes with
periodically time-varying parameters. In this section, we focus on the estimation of the
parameter governing the following model

p p
Xe=ar()+ > aiO)Xe—i+e+ Y ¢i(t) Xi_ser 1, (3.1)
=2 =2
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in which, the order p and the period s are assumed to be known and fixed. The
d = s(2p—1) + 1—unknown parameter gathered in 0 := (g’,gl)/ = (61,...,0y) and
its true value denoted by 6° lying in some parameter space ® C R% where the vec-
tors coordinate projections a := (af,..., ;)/ and ¢ := (gb ,...,gb o ) , with a;, =
(a;(1),...a;(s)),1 < i < p and Qj = (¢;(1),...9;(s)), 2 < j < p. The state-space
representation of (3.1)) may be obtained as X; = H'X, where

Xy = (Ao(t) + er1 A1) Xyoy + Her + a4 (D), (3.2)

in which H = (1,0,...,0), a;(t) = (a1(),0,...,0) and X, = (X;, X;_1,... 7Xt—p+1)/
are vectors in RP, the periodic matrices Ag(t) and A; () are however easily determined.
Let fu; (a) (resp. hy (¢)) be the conditional expectation (resp. variance) of X; given

S¢_o where S = 0 (X5, s < t), then s (a) = E{X¢[St—2} = a1 () + Z a;(t)X¢—; and

hy (¢) = Var {X;|Si_2} = 0? (1 +a? (@) with oy ( ) Z ¢;(t)X:—; and hence, the

model (3.1)) is conditionally heteroscedastic (but not a GARC'H model). Let {X 1yeeer X,
n= sN } be a realization from the unique, causal and SPS solution of (3.1)) initialized
from {Xo,...,X1-p, €0} which may be chosen as Xo=... =X1_, = ¢ = X1 or

X[):...:Xl,p:eO:O. (33)

A Gaussian quasi-likelihood function for estimating §° based on observed data (Xt,1-p
<t < n) is given by

=

L, (0) = H% eXp{—ZW}, (3.4)

=1 (27rht @)) t=1 2y (?)

in which i (a) and Et (Q) are constructed under the initial values . A quasi-
maximum likelihood estimator (QMLE) of §° is defined as any measurable solution
En of

= ArgmaxL ) = Argmm( L, (9)),

0co
7 S 7 = X~ i (@)
where (ignoring the constants) Lgy (8) = 7SLNZZZSt+U (0) with I, (8) = W
t=1v=0 t\Z

+ log ﬁt (¢) Note that 5 would provide the exact conditional maximum likelihood. Due
to the strong dependency of Ji; (a) and h; (¢) on initial values, (Tt (Q)) . is not a SPS
t

nor PE process, and hence, it will be convenient to approximate it by its SP.S and PE
version (I (#)),>, so we work with an approximate version L,, (€) of the likelihood (3.4),
ie., B

N s—1 2
L.y ZZléHv 0) with Iy (0) = WH%M (¢)-

tlvO
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Remark 3.1. It is worth noting that the choice of initial values have importance from
a practical point of view and doesn’t affect the asymptotic properties of QM LE.

Remark 3.2. Azrek and Mélard [2] (resp. Bibi and Oyet [7]) established asymptotic
results for ARM A (resp. bilinear) models with time-dependent coefficients using the
penalty function L, (6). Recently Ling et al. [27] have used the same approach for
estimating special time-invariant bilinear model.

Remark 3.3. Aknouche and Bibi [3] established asymptotic results for periodic GARC H
ol

i (6°), St> is required to form a martingale difference
t>1

model, in which the process ( 20

ol
(M D) sequence, however, in our case (85 (QO) ,%t> is not a M D sequence.
oA t>1

Remark 3.4. Florian [I7] established asymptotic properties for general periodic au-
toregressive, conditionally heteroscedastic models. When applied to the model (3.1)),
her consistency result coincides with our.

In what follows, we will give conditions ensuring the strong consistency of En and its
asymptotic normality. Our approach has benefited from the papers by Bibi and Oyet
[7] for some restrictive time-dependent bilinear models, Azrak and Melard for Time-
dependent ARM A models, Francq et al. [I8], Basawa and Lund [4] and Florian [I7] for
periodic ARM A models, Aknouche and Bibi [3] for the periodic GARC H model, Ling
et al. [27] for some standard simple bilinear models, Ngatchou-Wandji [29], Chatterjee
and Das [16] for general conditionally heteroscedastic time series.

3.1. Strong consistency of QM LFE

To study the strong consistency of én, we consider the following regularity assumptions.

A.1 ¢° € © and © is a compact subset of R? and 09(v)0;(v) > Oforallv e {1,...,s},j =
1,....d.

A.2 E{\eo|25} < oo for some 0 < § <1 and p(I's) < 1 where
s—1

F§ = H E {|A(](U) + Al('U)e()|5} .
v=0

As usual in nonlinear models, the compactness of © in A.1, is assumed in order that
several results from real analysis maybe used. The second assumption is imposed for
the identification purpose. A.2, is more practical than v (L) < 0 and ensure that the
process (X;,t € Z) defined by admits a SPS and PFE solution with some finite
moments (see corollary ).

First we show the following technical lemmas.
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Lemma 3.1. Under A.1, A.2 and with initial values (3.3)), almost surely as ¢ — +oo

1.sup |pe (@) — fie (a)] = o(1),

[ISE]
2.5up |Iu (¢) — he (9)\ = o(1),
(6) ~ L (0)] = o(1)
0coO

Proof. The first and second assertion follows upon the observation that under initial

values
e (a) = i (a) = H'Ao() X,y = X, y) and oy — @ = H'Ay(®) (X,oy - X,0)

where X ; is the solution process of (3.2) initializing the state-space vector X, at Q(p).

Therefore, under A.2, almost surely H X, — X ‘
K. Now

< Ke”(L), for some positive constant

L)~ Ln @]

PR { (‘ht e ()| (X, — i (@) +

n

+ ht( )|,Ut( ) — pe (@)] |2 (Xt — e (@) + (i (Q)—Mt(g)ﬂ) + log (%t (¢)>}

Using the inequality log (g> < M for any positive z and y, we obtain
x min (z,y)
~ 1 9
La(0) ~ Lo (0)] < § he (@) = e (9)] (o5 (X - 1
sup ©) < MQ 21618 ( : 0 (9)] (=5 (Xi = pe (a)” +1)

+ he () 1 (@) — e (@) 12 (Xe — i (@) + (fie (@) — e (@))I)~

By assertions 1, 2 of lemma[3.1] Assumption A.2 and Borel Cantelli lemma, the result
follow. |

Lemma 3.2. Under A.1 and A.2, if almost surely 1 (a) = i (a®) and hy (¢) = hy @0)
then § = 0° for any 6 € ©.

Proof. Straightforward and hence omitted. O

S S
Lemma 3.3. Under A.2, Y Ego {sup Ly (9)} < oo and Y. Eyo {l, (8)} achieves its
v= - €O v=1

unique minimum at § = QO.
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Proof. First by corollary we have for some d € ]0, 1],

$ 2 { gttt (0| < 5 gt i (1, 9] <

— 1 0€0

and second

Z Ego sup { st+v //'st-f—v (Q))Q }

6eco hst+v (?)
< o2 UZ;: <E9° {Zlelg 1+a2,,(9) } + e {Slelg 1+a2,,(9)

2
P
2 2 0 (Z (a;(v) — af(v)) Xst-i—v—j)
Cstrv—1stin (é ) Jj=2
+Ego § sup + Ego § sup
- |ecoe )

1+a%,, (¢ = | eco 1+aZ, (¢)

It can be shown that each term between the above bracket on the right-hand side is

finite and hence the first assertion follows. To show the second, we observe that for each
vedl,...,s}

Ego { (Xatro = fsts0 (@) [Sot10-2

2

p
= (a1( - a1 + Z )) Xst+v—j + hst—i—v (éo) )

Jj=2

S0,
EQO {lv (Q)}
= Eyo {loghy (¢)} + Eyo { -

>=| =
<
|
< (I
S—
——

+ EQO

+ Eyo hl@ (a(v) — () + 3 (a;(0) = a2)) Xetrumy | -

using the inequality x — logx > 1 for all x > 0 with equality if and only if z = 1, we
can see that Ego {l, (8)} reaches its minimum if and only if 6* = o7, ¢;(v) = ¢9(v) and
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aj(v) = ad(v) for all j =2,...,pand v € {1,...,s}, L.e., Ego {l, (0)} > Epo {L, (6°)}
solving that the criterion is minimized at 6°. O

Lemma 3.4. For all § # 6° there is a neighborhood V (8) of @ such that almost surely

n—+o0 9*cV(0)

lim inf inf (—in(g*))>zs:EQo{zv (°)} .
v=1

Proof. The proof follows essentially the same arguments as in Aknouche and Bibi [3].
O

We are now in a position to state the following result.

Theorem 3.1. Under Assumptions A.1 and A.2, 6, — 0° a.s. as n — +oo.

Proof. In view of lemmas the proof of the theorem is completed by using
the compactness of ©. First, for all neighborhood V (QO) of 8°, we have

lim sup _inf )(—in (9)) < tim_(=La(e") _;Ego{zv ©)}.  (35)

n*H*OOéGV(QO n—-+oo

The compact © is covered by a finite union of a neighborhood V (6°) of 6° and the set
of neighborhoods V (8), 8 € ©\V (QO) where V (0) fulfills lemma Therefore, there

exists a finite sub-coverning V (QO) V(),...,V (Qj) of © such that inf (—f/n (Q*)) =
e
min inf —f/n é . From .3.5 and lemma |3.4] the above equality shows
iE{l,...,j}g*ev(gi)m@( ( )) -’ 4 Y

that én eV (QO) for n large enough, which completes the proof of the theorem. O

3.2. Asymptotic normality of QM LFE

To prove the asymptotic normality of QM LFE it is unavoidable to explore the derivatives
of Ly, () under the following additional assumptions

A3 0% ¢ é where (Z) is the interior of ©.
Ad ry = E{ef‘} < +o0.

Assumption A.3 is necessary for the asymptotic normality of the QM L estimator, it

ensures also the existence of a suitable compact convex subset ©y C (Z) on which we
investigate of the differentiability and the validity of the Taylor series expansion of the
penalty functions L, (.) and L, (.) and their components and hence the processes hy (.)
and Ay (.). Assumption A.4 is imposed in accordance with the Markovian representation

of (3.2).
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Theorem 3.2. Under Assumption A.1-A.4,v/sN (ESN — QO) ~ N (Q, b)) (Q )) where
pM (QO) =J! (QO) Q (QO) J1 (90) the matrices (QO) and J (QO) are nonnegative def-
inite and given by (QO) = ZS: Q, (QO) and J (QO) = XS: Jy (QO) where

v=1 v=1

0 0 0 0y Y’
(%) = By {alstgvg(e ) alwg (6°) } {azstge(a ), azstﬂggl (¢ )}
_E alstJrv 1 ( ) alstJrv 1 (90>
o6 04’ ’

Plsrro (0°) Plsrrv (0°)
0\ _ 7. st+v \L st+v \U
Jy (Q ) = diag (E {3@8&’ B 75989/ ,
and J (QO) is non-singular.

The proof of Theoremrests classically on a Taylor-series expansion of

6°. Indeed, for En € © we have almost surely

OL. (6) around

azt Pl oy
IZ N (0,9Q) and pnlinécnzaeag 0*) = J,
and hence the theorem will straightforwardly follow. The partial derivatives of I; (8) are
given by
da hy (9) da '’
2
%(Q): 1_ (Xt — pe (a)) i’
do? hy (9) o2
% (9) _ _ (Xt — Mt (@))2 1 8hf ((rb)
9¢ he () he(¢) 00
&l 2 Opt(a) Ope(a)  (Xe —pe(a)) Ot (a)
he () dada’
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ﬂ 9) = (Xt _1 ) Ohi (9)
d9gog’ h? (9) ¢’
(1 1 tht )
8¢8¢’ ’
Pl g X e )) aut () Oh )
dady’ ht (@) o od
in which with periodic notation for j =2,...,p,
Oppstyo (@) - Opsiqo (@) Ohsig (0) _
6Q1 - lv; 6Qj - lUXSt+U7j7 aéji ES 20’ ast+v (?) lUXstqtvfj,

where 1, denotes a s x 1 unit vector whose entries are all zero except for a one in the
vth row. Note here that for a non Gaussian processes, neither Q7% (6°) nor J=* (8°) is
an asymptotic covariance matrix (see for instance [33]) but well the so-called sandwich
estimator J—! (QO) Q (QO) J1 (QO). To prove the Theorem E we need to check the
following intermediate results.

Lemma 3.5. Under Assumptions A.1- A.4, we have

2
< 00,

8lst+v (00)

v=1 6co 89

d 82191‘,—0—1) 0
2 E, -

UZ::I 00 {zlelg 898Q/ (7 ) ‘ < 00,
3. sup 1 % i 82lst+v (90) _E aQFlvst—&-v (90) _ 0(1)
" peo sN =2 | 0000 0000"

4. There exists a neighborhood V(QO) of 8" such that for all 4,5,k € {1,...,d},
S aglsH»'u (Q)
S Egp<{ sup |—————|p < +oo.

- QGV(QO) 69189]89k
P
Proof. Notice that X; — pus (a) = e — (a1(t) — af(t)) — Z (aj(t) —ad(t)) Xi—j +

v=1

p

Z(b(}(t)Xt,jet,l, so we have

=2

alst+v 0
o0, &)

2 2
Xs v = Mst+v &
— 4||lu||2 EQO sup( st+ - Hst+ (a’))
[ASiS] hst+v (?)

< 4L, |7 {1(1) + 1(2)},

FEgo < sup
I WUISC)
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and for any j € {2,...,p}

FEgo ¢ sup
N WSS

8l5t+v (90)

i = Xotgo — 2
strv st+v (& Xs o
da,; 4||lv||2E90 sup( i t ()) v
~ - |geo

h§t+v (?)

2
<AL {IB) +1(4)},
where the finiteness of the following expressions is obviously satisfied

I(1)

(a1(v) — a?(’v))Q u
—2F, - o |
60 228 R, () h§t+v ) jz a;(v a (v)) Xstso—j
1(2)
hS v 0
_ gy s 8D 1
- |gee hét+1) (9)
1(3)
2
(a1(v) — af(v))2 X2, 2. P
=2F st+v—j s v—j B XS .
90 zlelg h§t+v (?) hgtﬂ) (7 jz aj(v (1 )) t+v—j
I1(4)
hsto X2
= Eyo { sup ax (2?) sttv=y L
- lgeo htso (9)

Using the same technique as in Ling et al. [27], we can show the uniform integrability of
all partial derivatives. The assertion 3, follows essentially from standard arguments, it
suffices to replace the stationarity and the ergodicity arguments by periodic stationarity
and periodic ergodicity ones and the assertion 4 follows essentially the same arguments
as in Francq and Zakoian [20]. O

Ol ol
It is worth noting that in spite £ { 28 (90) | 2} = O, the process (35 (90) ,%t)

t>1
ol
is not a martingale difference sequence, so the asymptotic distribution of n=1/ QZ 4 (6°)

for the martingale dlﬁerence sequence is not applicable here. To remedy this dlfﬁculty,
use the representation (3.2)) to define, for any m > 1,

Em:{H Ao(t —i) + ep—ie 1A1(t—l))}H(€tk+a1(t—/€))»

k=0

K {ﬁ A0t1)+et11A1(t2))}Xtmlv

1=0



392 A. BIBI AND A. GHEZAL

and consider the decompositions X,(m) = U,(m) + V,(m) and X¢(m) = H'X,(m).

Then, it is clear that (U,(m)),~ is an (m + 1) —dependent process and under the as-

sumption A.2, V,(m) (resp. U,(m)) converges in probability to O (resp. to X,) as
!

m — +oo. Let A := (AQ,A’Q, e ,A;,, s - - ’H;) be a constant vector in R¢ such that
M)A #0 and let

a2y Zalt
_ ol ol ol
=n 1/?2{33% (0°) + X - (6) +- o+, aat (¢°)
8lt 8 t 8lt

tmp s (%) + 2% (0°) + +“p6¢ (6°)}

n
_ n—1/2§ S,
t=1

where
0
O0a,q da,, hy @0)
he (¢°) | 0he (¢°) Oh: (¢°) \ &(2)
251 2 2 8é2 » d¢ hy (?0)
with
-2
&(l) = —— | et + e ¢ )X |,
he () Z J

2

575(2):1—}%(1(;50) e+ e 1Z¢ ) Xi—j

Clearly, (s,,n > 1) is a centred, 2—dependent, SPS process with E {s,s,4+r} = 0 for
any |k| > 2, so we have almost surely as n — oo,

s—1
Var { Zst} =Y B {2y + 25atsvSatio1} = NQA > 0.

v=0

Now, let us combine the arguments used to prove the central limit theorem for stationary
m—dependent sequence with those used to prove the central limit theorem for sequence
of independent but not identically distributed random variables. For this purpose we
show the following lemma
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Lemma 3.6. Under the conditions A.2- A.4, the sequence (s,),,, defined by (3.6) is

Sy — E{snggm)}‘z} =

O (m™"), for any r > 2 and m enough large where & 3™ = o {Xn—;,0<j<m}.

L, near-epoch dependent (N E D) process in the sense that E {

Proof. The proof follows essentially the same arguments as in Ling et al. [27]. O

Proof of Theorem 3. First, all the hypotheses of Theorem 21.1 of Billingsley [12]

n
are verified. Consequently, we have fzalt ) ~ N (Q, Q (QO)). Second, the con-

0%l
<0000’
{1,...,d}, almost surely

1 n 82lt o 1 n a lt 0 82lt N ) i
n <= 06,06, @) = 90,00, 239/ {891-69]- (9)} (-6, (37

for some random vector E such that almost surely ”QO - éH < HQO — Q*H < HQO - @#
3.5

From the strong consistency of @m the periodic ergodicity and assertion 4 of Lemma
imply that

vergence p hm 12 (0*) = J follows upon the observation that for all i,j €

n

< lim sup ,Z sup

At
n—o00 nt:1Q€V(Q°) 89/ 80 89

E sup 0 { Ol }H < +o0.
_m.d s 9
%) veveo || 00 | 00,00,

Therefor, since HQO — @n‘ — 0, a.s. as n = +00, the second term in the right-hand side

2o {anon, @)

of (3.7)) converges a.s. to 0, the first one converges to J and hence by Slutsky’s theorem,
the results of theorem follow. |

4. ASYMPTOTIC PROPERTIES OF QMLE FOR PARMAgs MODELS WITH
PBLg INNOVATIONS

As already stated in introduction, the PBL, is a general class of non linear models.
Among others, one of interesting model which is nested in PBL; is defined by

e = Z ¢i (t) ep—ine—1 + (4.1)

where (1;),¢, 18 an 4.i.d. sequence with zero mean and variance 0® > 0, and ¢; (t) are
periodic in ¢ with period s. Hence, if (e;),c; is a PC process, then we have £ {e;} = 0,
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Cov (e, ei—p) =0 for all h # 0 and

E{ 2|5 )2} —o2 1+ <§T:¢l (t) etl)z
=2

where & (‘( i (€t—i,7 > 0), and hence the solution process (e),c, of is martingale
dlfference conditionally heteroscedastic and can therefore be used as the innovation of an
PARM A, process (PARM A; — PBL; for short) previously introduced by Francq [19]
(in non periodic context). In this section, we focus on the estimation of the parameters
of PARMA,; — PBL;. Besides further tedious but simple technical manipulations, the
extension of ARMA — BL to its periodic counterpart doesn’t entail any substantial
difficulty. As for the PARMA; — PGARCH, case (cf. Aknouche and Bibi [3]), the
consistency of QM LE for PARMA; — PBL will be proved without any additional
moment restriction but for asymptotic normality, we need a fourth moment condition
on the PBL, component. For this purpose let { X1, Xo,..., X,,n = sN} be a realization
of causal time series (X¢),., generated by a PARM A,(p, q) — PBL,(0,0,r,1) stochastic
difference equation, i.e.,

q
VtEZZXt— Zg&z Xt i — M (t—l))+€t+2’(/}] (t) €t—j (42)
j=1
where (et),c is defined by (4.1) and where p (t), o; (t), ¥; (t) and ¢; (t) are periodic in
t with period s. For ¢ = (¢' (1),¢'(2),...,¢' (s)) and ¢ = (¢'(1),...,¢ (s) ,Uz)lwith
f(’l}) = (.u (U) 7901(1})7 s Pp (’U) ) 1]/}1 (’U) PR d)q(v))/ and 9(”) = (¢2(v)a RN ¢T(U))/ ) 1 S
v < s, denote by m = (¢',¢")’ the model parameter and 7° = (go’,gm)’ its true value
which is supposed to belong to a same compact parameter space II ¢ Rs(P+atr)+1,
Conditionally on the given initial values
on...:Xl,p:eoz...:el,q,rznozn,l:O, (43)
the QM LE of 7 denoted by 7,, is defined as any measurable solution of 7, of

gn:Argmaﬁczn( 7) = Argmin(—L, (x)),
usS

well 7

N s—1
where fn (m) (ignoring the constants) is LSN Zzls”” ) with E (m) =
t=1v=0

(X — 7ir ())°

he (9)
values with

i () = E{ (X0 p () 13, } = Z% ) (Xooi — t—i>>+zwj<t>et_j,

+ log Et (gb) in which fi; ( ) and ht (gb) are constructed under the initial

e () = Var { (X = (1) 181, } = 02 (1+ 8} () with B (¢ qu
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and hence, the model (4.2) maybe rewritten as X; — p (t) = i (@) + €.

4.1. Strong consistency

For the strong consistency of 7., we make the following additional assumptions.

s—1

A5 Forallw eIl p ( II <I>sv> < 1 where ®, are the companion matrices associated
v=0
with the AR (p) part.

p . q .
A.6 The polynomials ¢ (z) =1— Y ¢ (v) 2" and ¢ (z) =1 — > ¥9 (v) 2/ have no
i=1 j=1
common roots and ¢, (v) P, (v) 0 forall 1 <wv <s.

Assumption A.5, is made in order to ensure the causality of the PARM A component
given by (4.2)). This condition is also equivalent to the associated top-Lyapunov exponent
is strictly negative and hence the existence of finite moment of some order. Moreover,

[ee]
under this assumption we have Xy = 1 (0)+ > 65 (v) est0—j where (65 (v)) 5 satisfy
j=0 -
sup |d; (v)] = O(p?) for some 0 < p < 1. A.6, is an identifiability assumption.
0<v<s—1

As in the PBL; case, we approximate (Z (ﬂ)) . by its SPS version (I; (7)),c, Where
t=>

2
Iy () = W +log h (9) - (4.4)

The following theorem establishes the strong consistency of 7,
Theorem 4.1. Under A.1, A.2, A.5 and A.6, we have 7,, — 1° a.s. as n — oo.

Up till now, the process (e¢),.; and hence (X;),., need not have a finite second
order moment. For the case of PARM A, models with i.i.d. innovations our result is
a complement to the asymptotic inference for PARM A models given by Basawa and
Lund [4] which have not established the strong consistency of the Gaussian M LE. Along
the lines of proof of Theorem Theorem [£.1] will be proved whenever establishing the
following lemmas.

Lemma 4.1. Under A.2 and A.5, we have almost surely

sup |Lgn (m) — Lsn (ﬂ)’ — 0,a8s N — oc.
mell

Proof. The proof is similar to that of lemma [3.1] (see also Aknouche and Bibi [3]). O

Lemma 4.2. Under A.1, A.2, A.5 and A.6, the model (4.2)) is identifiable in the
sense that, distinct values of m should correspond almost surely to distinct values of
their associated log quasi-likelihood function I; (zr) in (4.4) for some ¢ > 0.
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Proof. The proof follows essentially the same arguments used in proving Lemma [3.2]
O

Lemma 4.3. If 7 # 7° then i Eqo{l, (m)} > XS: Ego {l, (z°)}.
v=1

v=1

Proof. We have
Z Ero {ly ()} = Ero {lv (ﬂo)}
v=1

- 2_; (Eﬂo {log : (((Z;)) + f;;(((i)) - 1} + Epo { - hvll(;)(¢))2 - /%ﬁ?;ﬁg()p()))z }> '

Using the inequality x — 1 > logz with equality if and only if z = 1, we obtain,

s s

> Exo{ly (m)} > 3 Eqo {l, (%)} with equality if and only if 41, (¢) = po (¢°) and
v=1 v=1
hy (¢) = hy (¢°) and hence 7 = 7°. O

Lemma 4.4. For all = # 7° there is a neighborhood V (x) such that

lim inf_inf (~Lon (8)) > ZS:EWO {1, (z°)}.

N—oo  7TeV(xm)

Proof. The proof is similar to that of Lemma and hence it will be omitted. O

4.2. Asymptotic normality

While strong consistency of 7, follows irrespective of any moment requirements, this
isn’t the case for the asymptotic normality. Indeed, as in PARM As; — PGARCH; case
(cf. Aknouche and Bibi [3]), we will prove asymptotic normality of 7, 5 under the fourth
moment condition on the (e;),c,. It can be shown that such an assumption is expressed

s—1
by p ( I1E (@?41,)) < 1 where ®,, are the companion random matrices associated with
v=0

the state-space representation of BL (0,0,r,1) model. Thus, we make the following
assumptions.

s—1
A7 p < I1E (\P?fﬁ) < 1forall m €II.
v=0

A.8 7Y is in the interior of II.

Assumption A.7, clearly implies that F (e?) < oo and A.8, is an adaptation of A.3 to
the PARMAs; — PBL;. The following theorem establishes \/n—consistency of 7, .
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Theorem 4.2. Under A.2—- A.8, we have
VN (Z,y —71%) ~ N (0,2 (), as N — oo,
where X (go) =J! (ﬂo) 1 (EO) J1 (KO), the matrices I (10) and J (ﬂo) are given by

- oLy (x%) 0l (x°) - 0Ly ()
0y _ 0y _
o) = Y { BBV y [ L
which may be partitioned as

)= (2 ) s =7 ).

Toe s Joo  Joo
such that the sub-matrices Ipp, Lpg, Ipg: Jpp, Jpp and Jyy are s—block diagonal.

Proof. The proof follows essentially the same arguments as in Aknouche and Bibi [3].
O

Remark 4.1. The fact that the submatrices I, o, Lpg, Log, Jpp, Jpos and Jys are s-
block diagonal implies the asymptotic independence of the estimates for each season
1 < v < s which isn’t a surprising result in periodic time-varying models. Moreover, the
asymptotic independence also appears for the estimates of the PARM A, component
with symmetric distribution innovations.

Remark 4.2. It is clear from Theorem [£.2] that when e; = 7 for all ¢, our asymptotic
results coincide with those for the pure PARM As model with .i.d. innovations (cf.
Basawa and Lund [4] ).

5. CONCLUDING REMARKS

This paper extends the superdiagonal standard bilinear (SBL) models to periodic one
(PSBL,) which allows the coefficients to vary periodically over the time. Hence, neces-
sary and sufficient conditions ensuring the existence of such process are given. Our aim
is the estimation of PSBL, models, this problem has been previously resolved in the
statistical literature for the usual causal and invertible standard case using a distribution-
free approach based on QM LE which is also applied in some special PSBLs models.
Hence, we have established under mild assumptions, the strong consistency and asymp-
totic normality of the QM LFE for causal and not necessarily invertible a PSBL¢ model.
Moreover, it is observed that special case of PSBL, have some interesting properties
that makes it able to use as a weak white noise. This finding leads us to consider the
asymptotic properties of QM LE of PARM A, models with PSBL as innovation.
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