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STABILIZATION OF HOMOGENEOUS POLYNOMIAL
SYSTEMS IN THE PLANE

HaMADI JERBI, THOURAYA KHARRAT AND KHALED SIOUD

In this paper, we study the problem of stabilization via homogeneous feedback of single-
input homogeneous polynomial systems in the plane. We give a complete classification of
systems for which there exists a homogeneous stabilizing feedback that is smooth on R?\ {(0,0)}
and preserve the homogeneity of the closed loop system. Our results are essentially based on
Theorem of Hahn in which the author gives necessary and sufficient conditions of stability of
homogeneous systems in the plane.
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1. INTRODUCTION

For affine in the control systems in the form

& = f(x) + ug(z) (1)

where the state z € R™, the input v € R, f(0) = 0, and f, g are smooth vector fields, the
basic stabilization Lyapunov condition provided in [Il 10, 11] and [12] can be expressed
as follows. There exists a positive definite real function V' : R” — R (i.e., V(0) =0
and V(z) > 0 for 2 # 0 near zero) such that for any z # 0 near zero with VV.g(z) =0
it holds VV.f(z) < 0. In [I] it was shown that if the above condition is fulfilled, then
the system is stabilizable at the origin by means of a nonlinear feedback law which
is smooth for x # 0. The same result was proved independently in [10, 11I] and [12],
where the corresponding stabilizing feedback laws are more explicitly identified. One
of the interesting topics in control theory is the stabilization of homogeneous systems
affine in control. The importance of such systems is due to the fact that they model
several phenomena. In addition, under the classical theorem of Massera [9], a vector
field regular enough is asymptotically stable, if the first nonzero term in its Taylor
expansion, which defines a homogeneous vector field, is asymptotically stable. One direct
consequence of this result is: if a nonlinear control system admits a first approximation
stabilizable by a homogeneous feedback, then the original system is also stabilizable by
the same homogeneous feedback. In order to make use of this approximation property
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in the design of locally stabilizing feedbacks for nonlinear systems, the main idea lies
in the construction of homogeneous feedback laws that preserve the homogeneity of
the resulting closed loop system. These laws can be shown to be locally stabilizing
the approximated nonlinear system (7, [0, 1I] and [I2]). It was shown in [§] that for
general controllable homogeneous systems, the existence of a stabilizing feedback does
not necessarily imply the existence of a homogeneous stabilizing feedback. It is well
known that homogeneous vector fields of even degree can not be asymptotically stable
at the origin [T1]. Accordingly, our results are valid only if the homogeneity degree is
odd.

In this paper, we give a complete characterization of single-input homogeneous sys-
tems in the plane of the form
:tl - Pl(l’l,l’g)+ugl($1,$2) (2)
iy = Pa(z1,22) +uQa(z1,72)

where (71,72) € R?, u € R, P; and P, being homogeneous polynomials of degree
2k +1, Q1 and Qs are homogeneous polynomials of degree ¢, with k£ and ¢ are integers.
The problem is to find a feedback function (x1,22) — w(z1, 22) which is homogeneous
of degree 2k + 1 — ¢ and asymptotically stabilizes the control system . If such a
feedback exists, we say that the system is globally asymptotically stabilizable (GAS)
at the origin. We give some methods for the construction of a homogeneous feedback
which makes the system globally asymptotically stable. Obviously, asymptotic con-
trollability at the origin is a necessary condition for asymptotic stabilizability. For this,
we recall the following: we say that the system is asymptotically controllable at
the origin if for any given (z,29) € R?, there exists a time-dependent control law u
such that lim; 4o (21(t), z2(t)) = 0, (x1(t), z2(t)) denoting the solution of the control
system , with initial condition (z1(0),22(0)) = (2?,29). In this paper, the study of
the stabilization via homogeneous feedback of the control system is based essentially
on a theorem given by Hahn in [3], in which the author gives necessary and sufficient
conditions for stability of homogeneous systems in the plane. In [6], the authors give
necessary and sufficient conditions for the existence of a stabilizing homogeneous feed-
back. They give an explicit construction of the stabilizing feedback in the case where
the polynomial functions Q; and Qs have no common linear factor and the functions
G and H introduced in definition have no common zeros. In [5], the authors give
a classification of the globally stabilizable systems of the form , when Q; and Qs
have no common linear factor. The form of the feedback considered in this paper is
complicated and hard to compute explicitly. In the present work, the goal is to simplify
this form and to complete the classification of the stabilizability of the system in
the case where Q; and Qs have common linear factor and the functions G and ‘H have
common zeros. We treat two cases. In the first case the function G is definite and in the
second one G has at least a linear factor in its factorization.

2. PRELIMINARY RESULTS

Let = (x1,22), ¥ = (y1,y2) € R%2. We introduce the following notations:
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2
o (T |yT) = Z x;y; denotes the Euclidean inner product.
i=1

o ||z]| = /(2T | 2T) denotes the Euclidean norm on R2.
o Let M € M,, ,(R), M7 denotes the transpose matrix of M.

Definition. Let P : R? — R? be a polynomial function. We say that P is homogeneous
of degree d € N, if
P(\z) = X?P(z), VA € R, Vz € R%

We recall the following theorem, which gives necessary and sufficient conditions for
the stability of homogeneous systems in the plane and plays an important role in our
study.

Theorem 2.1. (Hahn [3]) Consider the two-dimensional system

7 = Xi(z1,20) (3)
vy = Xo(w1,22)
where X7(0,0) =0, X2(0,0) = 0 and the vector fields X; and X5 are Lipschitz, contin-
uous and homogeneous of degree p.
_ Xi(z1,22) 21

Let ®(z1,x2) = det ( Xo(zr,09) 72 )

The system is asymptotically stable if and only if one of the following conditions
is satisfied:

(i) the system does not have any one-dimensional invariant subspace and

de < 0,

Xa(1,0) /zw cos X1 (cos ,sin @) + sin 6 Xo(cos 0, sin 9)
2(1, o cosBXs5(cosf,sinf) — sin X (cosh,sin )

(ii) the restriction of the system (3) to each of its one-dimensional invariant subspaces
is asymptotically stable, i.e. if the point (£1,&) € R?\ {(0,0)} satisfies (&1, &) =

0, then
X1(&1,62) &
< 0.
<< Xo(&1,82) | &2
In the following, we give a result which plays an important role in the study of the
stability of the system , when it has no one-dimensional invariant subspace.

Proposition 2.2. If ®(z1,25) # 0 for all (z1,72) € R?\ {(0,0)}, then

™ cos HX 1 (cos 0, sin @) + sin 8 X5 (cos 6, sin 6) . X1(1,s)
- - - df =2 lim ds.
o cos0Xs(cosd,sinf) — sin 60X (cosh,sinb) a—+oo [_o Xo(1,8) — sX1(1, )
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Proof. Using the homogeneity of the vector field (X7, X2) and the 2r—periodicity of

the functions cosine and sine, we can easily verify that

T cos X1 (cos @, sin @) + sin § X (cos 6§, sin 6)

/0 cos 0 X5 (cosd,sin @) — sin X1 (cos b, sin )

B 2 cos0X(cos,sin @) + sin H X5 (cos 6, sin 0)

B /; cos 0 X5(cos d,sinf) — sin 6 X (cos 0, sin 6)
* cos 08X (cosb,sinf) + sin X5 (cos §, sin 6)
/_a cos 0 X5(cosd,sinf) — sin X1 (cos 9, sin )

=2 lim de.
a—Z~

We get for 0 <a < §

/0‘ cos X (cos 8,sin 6) + sin 0 Xo(cos 0, sin ) 40

o €08 0Xa(cosf,sinf) — sin 0.X;(cos b, sin b)
7/“ cosPt1 OX (1, 889 1 sin  cosP X (1, Sn0)

) cos @ ) cos @

—a cosPTLOXo(1, 828 — cosp 0sin 0.X (1, S28)

dé-

cos 6

By the change of coordinates u = tan 6, we deduce

/27r cos X1 (cos8,sin @) + sin 0 Xo(cos 6, sin ) 40
0

cos 0 X5 (cos 6, sin ) — sin 6X; (cos 0, sin §)

*Xi(1,u) +uXe(l,u) du
a—+oo —a X2(1,U) - UXl(lau) (1 + U’2)

Let a > 0, one has

“X1(1,u) +uXe(l,u) du
o Xo(1u) —uXy(1,u) (14 u?

)

* X1(Lu) +uXa(l,u) +u? Xy (1,u) —u? Xy (1L,u)  du
(1
)

Xo(1,u) — uX1(1,u) (14 u?)
:/a (1 +u?2X1(1,u) +u(Xo(l,u) —uXi(1,u)) du

—a

Xo(1,u) —uX1(1,u) (14 u?)
:/“ (1 +u?) X1 (1,u)du +/“ w(Xa(l,u) —uX1(1,u)) du
_o T4+ u?)(Xo(1,u) — uXy(1,u)) —a Xo(lu) —uXi(Lu) (14 wu?)
[ X1(1,u) R
~ /. Xg(l,u)—qu(l,u)du+/_a T+a)
@ X1(17U)

pr— d .
_o Xo(Lu) —uXy(1,u) Y

We conclude by
X1 1 ’LL)

/27r cos 0 X1 (cos b, sin b)) + sin 6 X5 (cos 0, sin 0)
0

=21
cos 0 X5 (cosf,sin @) — sin 0.X1(cos , sin ) a0 a—lgloo/ Xo(L,u) —uX1(1,u)

du.

O
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Now, we consider the homogeneous polynomial system

{fl = P1(z1,22) + uQ1(z1,22) @)
&y = Pa(x1, x2) + uQa(z1,22)

where Q; and Qs are homogeneous polynomials of degree ¢ and P; and P, are ho-
mogeneous polynomials of degree 2k + 1. The problem is to construct a homogeneous
feedback of degree 2k + 1 — g which stabilizes the system .

We define the following polynomial functions which paly an important role in our
study.

G(x1,22) = det 3281 Z; 2 ) = 2201 (w1, 22) — 21 Q2(w1, 22);
o 771(1171,252) T o .
H(Jfl,xg) = det P2($1, fEQ) Ty = 33‘27)1(33‘1,332) — 33‘17)2(33‘1,.1‘2), (5)
- Pi(x1,22) Qi(x1,z2)
Flar,zs) = det Pa(x1,22) Qa(x1,x2)

= Py(x1, x2)Qa(x1, 22) — Palx1,22) Q1 (21, Z2).

It is easy to remark that G, H and F are homogeneous polynomials of degree ¢ + 1,
2k + 2 and 2k + ¢ + 1 respectively.

Since G is a homogeneous polynomial of degree ¢ + 1, one can write for x5 # 0:

G(x1,22) = g(xg(ﬂ, 1) = :Ug+1g(z, 1), where z= ﬂ
T2 €2

It is clear that g(z) := G(z,1) is a polynomial function, so one has

D1
G(z,1) = H(ciz — &) H(aj22 +ajz+bj)H,

i=1 j

with a3 — 4a;b; < 0 and 7; and p; lie in N'\ {0}. We get

Hj

p1
= H(Cilj ¢ixo) H a]xl +ajzize +b; xQ) i
1=1 7

As G has only a finite number of zeros on the unit sphere, we denote these zeros by
C; = (¢, ¢;) = (cosb;, sin6;) with order of multiplicity n;, for i € I} := {1,...,p1}.
Without loss of generality, we can assume that 0 < 6; < 6 < ... < 0,, < 7. We
denote S,G = {C1,Cs,---,Cp, } the set of the zeros of the function G on the top half
of the unit sphere. Since H is a homogeneous polynomial function of degree 2k + 2,
it has a finite number of zeros on the top half of the unit sphere. We denote (Jj, d;),
j € Ir:={l,...,p2}, the common zeros of the two functions G and H on the top half
of the unit sphere. So, one can write
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b2
H(z1,x2) = H(djxl — djﬂ?g)’” ﬁ($17$2)7 with 7:[(61-,01-) #0forallieI.
j=1

It is clear that the set {(d;,d;), j € L1} is a subset of {(¢;,¢;), i€ I}.

Let u(x1,x2) an homogeneous feedback of degree (2k + 1 — ¢). The closed loop system
by the feedback u can be written as

(6)

1 = Pi(x1, z2) + u(z1, 22) Q1 (21, 22) = X1 (21, T2)
&g = Po(x1, x2) + u(z1,22)Qa(x1, x2) = Xo(x1, 22).

We recall the function ®(z1,x2) = x2X1 (21, 22) — 1 Xa (21, T2).

It is clear that ®(z1,x2) = H(x1, x2) + u(z1, 22)G (21, 22).

Since u(x1,x2) is homogeneous of degree 2k + 1 — ¢, we get the function ® is homo-
geneous of degree 2k 4+ 2. From Theorem the function ® plays an important role
in the study of the stability of the closed loop system @ Moreover to determine a
feedback w(z1,x2) which stabilizes the system , we construct a function ® satisfying
the following conditions:

(A1) The function @ is C* in R?\ {(0,0)} and homogeneous of degree 2k + 2;
(A2) The functions (c;x1 — ¢;x2)" divide ®(z1, x2) — H(x1,z2) for all i € I4;

(A3) If the set of points & € R?\ {(0,0)} such that ®(£¢) = 0 is non empty and the point
£ = (€1,&) satisfies ®(€) = 0, then (X3 (€), X2(£))" | (&)T) <0.

Proposition 2.3. (Jerbi and Kharrat [6]) Let & = (£1,&2) € R\ {(0,0)}. If ®(&1,&) =
0 and F(&1,&2) # 0, then the subset

I = {(z1,72) € R?, such that & 20 — &z = 0}
is invariant by the closed loop system @ and one has

_F(&, &)
G(&1,6)

Remark 2.4. If ®(&1,&) =0 and F(&1,&) # 0, then G(&1,&2) # 0.

Indeed, if ®(&1,&2) = 0 and G(&1,&) = 0, then H(&1,&2) = 0. We get by the defi-

o . . Ql (gla 52) 51
nition of the functions G and H the family of vectors {( 0u(61. &) ) , ( & )} and

{( g;gg:g; ) , ( 2 >} are repectively dependant. This implies F (&1, &) = 0.

The following theorem gives sufficient conditions for the global asymptotic stabiliza-
tion of the system .

(X1(&1,6), Xa2(&,8) (&, 6)T) = (& + ).
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Theorem 2.5. If there exists a function ® satisfying to conditions (A1), (4z) and (4s),
then the feedback

D(xy,29) — H(x1,22) .
G(x1,x2) it (m,22) # (0.0)

is C> on R?\ {(0,0)} homogeneous of degree 2k + 1 — ¢ and stabilizes the system .

u(xy, o) =

Proof. A simple computation gives

Xi(z1,22) a1

(1, 22) = det ( X (21 22)

) = H(w1,22) + u(z1,v2)G (21, 72),
where (X7, X>) is the vector field of the closed loop system @ By assumption (Aj), if

the point £ = (&1,&)T € R?\{(0,0)} satisfies &(&) = 0, then ((X1(€), X2(€))" | (£)) < 0.
By Theorem the closed loop system @ is globally asymptotically stable at the
origin. O

3. CONSTRUCTION OF THE FUNCTION ®(X, X5)

We use the numerical data P (1, z2), Pa(x1,x2), Q1(x1,z2) and Qo(x1, x2) to compute
the functions G(z1,x2), H(z1,z2), F(z1,22) and their zeros and to construct explicitly
the desired functions ®. We have two cases; in the first one, we treat the case when the
function G(z1,x2) is definite i.e. it has no zeros on the unit sphere. In the second one,
we suppose that G(x1,x2) has at least a linear factor in its factorization i.e. G has zeros
on the unit sphere.

3.1. Case when the function G(z1,z2) is definite

We recall that G(x1, z2) = £2Q1(z1,x2) — x1Qa2(x1,22) and S,G is the set of the zeros
of G on the top half of the unit sphere.
In this subsection, we consider the case where the function G(z1,z3) is definite and

Sp(G) = 0.

Theorem 3.1. If there exists a point M = (my,ms) such that G(M)F(M) > 0, then

the function

‘I’($1,$2) = (m21'1 - m1$2)2kJr2

satisfies to conditions (A1), (Az2) and (As), and the feedback

(I)(l‘l, .732) — H(J?l, xg)
G(x1,22)

is 0> on R?\ {(0,0)}, homogeneous of degree 2k + 1 — ¢ and stabilizes the system .

u(ry, x9) =

Proof. It is clear that ® is homogeneous of degree 2k + 2, G(x1,x2) is definite, the
point M satisfies ®(M) = 0 and

(X1 (m,m), Xa(m,m))"|(m,m)T) = -
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So according to Theorem [2.5] the feedback

q)(l‘l, LL'Q) - H(.Th LL‘Q)
G(x1,22)

is C> on R?\ {(0,0)}, homogeneous of degree 2k + 1 — ¢ and stabilizes the system .
0

u(zy, ) =

If G(x1,22)F(z1,22) < 0 for all (z1,22) € R?\ {(0,0)}, then we can not construct
a function ® satisfying to conditions (Ay), (A2) and (A3z). So we look for a feedback
function u such that the closed loop system satisfies to condition (i) of Theorem 2.1} We
have the following result.

Theorem 3.2. Suppose that G(xq,22)F (21,22) < 0 for all (z1,22) € R2\ {(0,0)}. We
define

. @ (1+52)7Q1(1,5) — o ((1+ s2)PG(1, 5))’
Tt ), 1+ 2pPG(1,5)
where ((1+ s?)PG(1,s))" is the derivative of the function s — ((1+ s*)PG(1,s)),

p=k+ 1%‘1 and the constant o is chosen to satisfy the degree of

[(1 +sH)PQ4(1,5) — o((1 + s?)PG(1, s))/} is equal to 2p+ ¢ —1 and € = sign(Q2(1,0)I).
One has the two following cases:

ds,

i) If I =0, then the system is not asymptotically controllable at the origin.

ii) If I # 0, then for b = 2" large enough, the feedback u(z1,z2) = be(z? + 23)P
stabilizes the homogeneous system .

Proof. i) If I = 0, then all the orbits of the equation (&1,42) = Q(x1,z2) are
periodic. So the vector field P(z1,x2) heads towards outside of these orbits, it follows
that system is not asymptotically controllable at the origin.

ii) If I # 0, we choose b = 2" large enough to satisfy

D(x1,29) = H(x1,22) + bs(x% + x%)pg(xl,xg)

is a definite function. This implies that the orbits of the closed loop system @ by
the feedback w(xq,z2) are spirals. We prove that for n large enough the condition (ii)
of Theorem is satisfied. We know that the closed loop system by the feedback
u(x1,x2) is in the form @, we prove that for n large enough,

X(1,0) Tim [ PrlLs) +ull 5Ol 5)

M | HL ) T u(L )G

Let a > 0, one has
*Pi(l,s) +u(l,s)Q1(1,s) d
o H(,s)4+u(l,s)G(1,s)
_/a Pi(1,s) +u(l

S

,8)Q1(1,s) — o (H(1, s) + u(l,s)G(1, s))/

_a H(1,s) +u(l,5)G(1, 5) as,
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where o is chosen to satisfy
degree(P;(1,s) — oH'(1,s)) <2k

and
degree((1+s*)Q1(1,5) — o((1+ s*)PG(1,5))") < 2k.
On the other hand one has for all s,
Pi(1,8) +u(l,5)Qi(1,5) — o (H(1,s) +u(l,5)G(1,5))
H(1,s) +u(l,s)G(1,s)

Pi(1,s) + 21+ 2)PQi(1,5) — o (H(1,s) + 2"e(1 + s2)PG(1, 5))’
H(1,s) +27e(1 + s2)PG(1, 5)

Pi1(1,5) —oH'(1,s) 2" ((1+5%)PQ4 (1, 5) — o((1 4 s*)G(1, 5))')
H(1,s) +27e(1 4 s2)PG(1, 5) H(1,s) +27e(1 + s2)PG(1, s)
By the limit definition, there exists a positive integer ng, such that for all n > ng, for
all s one has

[H(L,s) +2e(1 + 82)PG(L,5)| > 27(1+ )PIG(L, 5)| - [H(1,5)] > 0.

Indeed, by the hypothesis G is definite, we get G can be written as a product of def-
inite quadratic forms. This implies that, there exists a positive real v > 0 such that
|G (z1,22)] > |22 + 22||9TL, (7 is the smallest eigenvalue of the matrices which define
the quadratic forms of |G|). In addition H is a homogeneous polynomial function of
degree 2k + 2, so it can be written as a product of quadratic forms. This implies that,
there exist two reals § and p such that

pllad + 23] < H(zy, w2) < 0|2t +23|M, V(2 22) € R

We get, for all s € R

|H(1,s) + 2"(1 + s?)PG(1,5)] > 2"e(1 + s*)P|G(1,s)| — |H(1, )]

> 2y(1+ s2)P(14 s2)" T —6(1 4 s2)k !
= 6(1+ )M = (20 = §)(1 + 87)F

q+1

But 27y (1 + s?)P(1 + s%) 2
By the limit definition, there exists an integer ng such that (2"y — §) > 0, for all
n > ng. We get for all n > ng, for all s
Pi(1,8) —oH'(1,5) - |P1(1,s) — o H'(1, s)] .
H(L5) + 221 + 2)7G(L,5) | = 2(1 + s2)7|G(L, )] — [H(L,5)]

We have also

2"5((1 +5%)PQ1(1,8) — o((1+ s%)PG(1, s))’) e((l +52)PQ4(1,s) — a((1 + s?)PG(1, s))’) '

H(1,s) +27e(1 4 s2)PG(1, s) N 27"H(1,s) +e(1 + s2)PG(1, s)
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Using the same arguments as above, there exists a positive integer n; such that for all
n > ny, for all s

127"H(1,8) + (1 4+ s2)PG(1,5)] > (1 + s*)P|G(1,5)] — 27 ™ |H(1, s)| > 0.

So for all n > nq, for all s, one has

(14 2PQi(1,8) = o((L+ P61, 8)) | _ 11+ 5PQu(1,8) o (1 +52%6(1,5)'
27"H(1,s) + (1 + s2)PG(1, s) - (14 s2)P|G(1,s)| — 27™|H(1, 9)|

Let ny = max{ng,n1}, we get for all n > no, for all s

Pi(1,8) +2"e(1+ s2)PQi(1,5) — o (H(1,s) + 2"e(1 + s2)PG(1, 5))’
H(1,s) +27(1 + s2)PG(1, )

_IPy(1s) oM/ (Ls)] +22](1+ 577 Qi (L,s) — 0 (1 +52)°G(Ls))"|
. 2 (14 PG (1) — [H(L,5)]

Using the dominated convergence theorem, we deduce that

lim lim
n—-+oo a—-+oo J_

@ (Pi(1,s) +2"(1+ s*)PQ1(1,s) — o (H(1,s) + 2"e(1 + s*)PG(1, s))/ d
. H(L,s) + 27e(1 + 2)PG(L, 5) 8

© (14 52)7Qu(L,s) — o (1 +52)PG(1,5))
. 1+ 52PG(L,5)
We get for n large enough,

= lim ds.

a—-+0oo

X1 1 S)
1 O 1 d 0.
a—lﬁloo/ Xo(1,s) — sX1(1,s) §<

We conclude that the system @ is G.A.S. |

Example 3.3. We consider the planar homogeneous system

&1 = Pi(x1,22) + u(13623 — 691a3ze + 11747125 — 66723) (7)
To = Po(x1, 22) + u(8023 — 4062325 + 6891123 — 39123)

. P1(x1,79) = —11023 + 5742329 — 9992123 + 58013,
with 3 2 2 3
Pa(x1,22) = —6027 + 314729 — 5482125 + 31923.

A simple computation gives
G(x1,m2) = (1027 — 34z129 + 2923) (827 — 27w 25 + 2323).

It is clear that G is a definite function and I = 0, then all the trajectories of & = Q(x)
are periodic.
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We remark that F(2,1) = —1 and G(2,1) = —1, then we can choose
@(l’l,l’g) = (I‘l — 21’2)4.

Moreover, one has H(z1,r9) = —424z923 + 11222323 — 13182123 + 58023 + 60z7.
It is easy to verify that the function ® satisfies to conditions of Theorem [3.1) we deduce

that the feedback
O(x1,22) — H(z1,22)

G(x1,2)
is C>° on R?\ {(0,0)} and stabilizes the system .

u(zy, ) =

3.2. Case when the function G(z1,z2) has a linear factor

In this case, ® can be constructed by following the steps below.

First, we calculate the function G(z1,22) = 2291 (z1,22) — 1 9Q2(21,22) and we
determine the zeros of G on the top half of the unit sphere which we denote C; =
(&, ¢;) = (cosb;, sinb;) with order of multiplicity n;, for i € I :={1,...,p1}.

Without loss of generality, we can choose and order the 6; such that 0 < 6, < 65 <
... <0, <m,and denote 0,, 11 = 6. Denote S; = {r(cosf,sinb), 6, < 0 < b;41, re€
R}.

Second, we compute H(x1,22) = x2P1(x1,x2) — 21Pa(21, 22).

If S,(G) NSp(H) £ 0 :
We determine the common zeros of G and H on the unit sphere which we denote

Dj = (Jj,dj) = (COSQJ‘, sinﬁj), fOI‘j € IQ = {1, .. ,pg}.

So, one can write
D2

H({El,l‘g) = H(dj.%‘l - djx2)7jﬁ(x1,$2)7

j=1

with H(C;) # 0 for all i € I;.
Now, we introduce the following notations, for j € I,

Bj = (P(D;)|D;), aj =(Q(D;)|D;j).

Remark 3.4. All straight line (D;|(x1,z2)) = 0 is invariant by the open loop system
and in the case when a; = 0 and 3; > 0, the system is not asymptotically
controllable at the origin.

Remark 3.5. The origin of the homogeneous system and the system described by
(d1,42)" = (a7 + 23)PP (21, 22) + uQ(w1, 22), (8)

where (z1,72) € R? and p is a positive integer, are of the same nature. Indeed, if
u(x1,x2) is a homogeneous feedback of degree 2k 4+ 2p + 1 — ¢, which is continuous
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1
(] +23)P
continuous on R? \ {(0,0)} and stabilizes the system and inversely the same result
holds. So without loss of generality we can suppose that 2k + 1 > q.

on R?\ {(0,0)} and stabilizes the system (8)), then v(x1,z2) = u(xy,x9) is

Proposition 3.6. (Jerbi and Ould Maaloum [5]) Let {(d;,d;), j € I2} the set of
the common zeros of G and H on the top half of the unit sphere. If the subset {j €
I, such that a; =0 and (; > 0} is empty, then there exists an homogeneous function

f of degree 2k + 1 — ¢ such that (Py, Py) = (P1,P2) + f (Q1, Q2) satisfies

(P1(dj, d;), Pa(dy, d)T|(d},d;)T) < 0, for all j € L.

Proof. Let
f: R2\{(0,00)} —R

(z1,20) + —a(x? +23)F (21 Q1 (21, 22) + 22Qa (w1, T2))

and f(0,0) = 0, where a is a positive real which will be chosen later. It is clear that f
is homogeneous of degree 2k + 1 — q.
Let j € I, since G(D;) = 0 and H(D,) = 0, we get Q(D,) = a;D; and P(D;) =
ﬂij. So
(P(Dj) + f(D;)Q(D;)|D;)

d;Qi1(d;, dy) + d;Qz(d;, dy)

_ D — a2 2\k— DD
= (8;D;j —a(dj +d5)"1 (fi? +d? a;D;|D;)
= fj—ac.

Finally, if we choose a = ( sup ﬁ—é) + 1, we get

jelaa;#0 O

Pu(djsd;) + £(dj,ds) Q1(dj,dy) ) ( d; ) “0
Pa(dj,dj) + f(dj,d;)Qa(d;, d;) d; ’
for all j € Is. ]

Remark 3.7. If G =0 and H # 0 (resp. G # 0 and H = 0), then all zeros of H (resp.
G) are the common zeros of H and G. In this case, if the subset {j € I such that a; =
0 and B; > 0} is empty, then the function f defined in the proof of Proposition is
the stabilizing feedback of the system .

If G = 0 and ‘H = 0, then there exist homogeneous polynomial functions P; and Q1
of degree 2k and ¢ — 1 respectively such that

(P1,P2)(z1,22) = Pi(x1,x2) (21, 22), and (Q1, Q2)(1,22) = Q1(x1,22) (21, 22).

Proposition 3.8. If G = 0 and H = 0, then the system is globally asymptotically
stable by a homogeneous feedback of degree 2k + 1 — ¢ if and only if the following is
satisfied: for all (z1,22) € St, one has {Q1(x1,72) = 0 = P(z1,72) < 0}.
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Proof. IfG(z1,22) =0 and H(z1,z2) = 0 for all (z1,22) € R?, then for all u(xy,xs)
a homogeneous feedback of degree 2k + 1 — ¢, the straight line passing through any point
(71,22) € R?\ {(0,0)} is invariant by the closed loop system @ According to Theorem
2] a necessary condition of stability is

Pi(z1,29) + u(zy, 22)Q1 (21, 2) < 0, for all (z1,z2) € R?\ {(0,0)}.

We have two cases.

i) If there exists (z1,22) € S! such that Q(z1,22) = 0 and Pj(z1,22) > 0, then the
system can not be asymptotically stabilizable by a homogeneous feedback of degree
2k+1—q.

i) If for all (x1,22) € S, one has {Q1(z1,22) = 0 = Py(z1,22) < 0}, then the feedback
function defined by

u(zy, 20) = —a(a? + x%)k7q+2Q1(z1,x2),

where a is a real which will be chosen later, stabilizes the system .

Denote A = {(x1,22) € S such that Qi(z1,22) = 0}. We know that @Q; is ho-
mogeneous of degree ¢ — 1, we deduce that the set A contains a finite number of
points N; = (cos®;,sin6;) in S, i € {1,...,d}; These points can be ordered as fol-
low 0 <60, <0y <...<03<2m and9d+1:91.

Let ¢ € {1,...,d}; By continuity of P; and the fact that P;(N;) < 0, there exists
d; > 0 such that 0,1 < 0, — §; < 0; +0; < 6;41 and Pi(x1,22) < 0 for all (z1,z2) €
{r(cos@,sin®), r >0, 0 €]6; — d;,0; + 6;[}

Denote A = {(cos8,sin@), 6 &]0; —d;,0; + d;[, for all i}. A is a compact set and for
all (x1,x2) € A, one has Q1(x1,22) # 0. So, we can choose

a = sup (w)
(z1,x2)EA Q%(I17x2)

We can easily verify that
Py(x1,20) + u(xy, 22)Q1 (1, x2) < 0, for all (z1,z2) € R%\ {(0,0)}.

We conclude that the closed loop system @ is globally asymptotically stable at the
origin. U

Now to simplify the notations, we redefine
w:=u-+ f and (P1,P2) := (P1,P2) + f (Q1, Q2),

where f is the function introduced in the proof of Proposition The system
becomes

{:ic1 = Pi(z1,22) + uQi (21, 72) 9)

&g = Pa(r1,22) + uQa(z1, x2)
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which satisfies to the following condition

,Pl(gj’dj) ( d~] ) ;
~ <0, for all j € I. 10
<< Pa(dj, d;) | d; T (10)
Denote D(z1,x2) := [[}2, (djz — dyy)i, we get H(xy,x2) := D(x1, 22)H(x1, x2).
Let \; = ﬁ(éi,ci) #0, forie{l,---,p1)and A\, 41 = ﬁ(—él,—cl) = ¢A1 (where
¢ = (—1)e9ree(™) ) If we choose the feedback law u(z1,x2) such that u(D;) = 0, then

the restriction of the system (9) on the straight line ((z1,z2)|D;) = 0 is asymptotically
stable. So we can choose the function u, which verify u(D;) = 0, in the following form

u(zy, x2) = D(x1, z2)u(z1, 22).

The function ® becomes

@(1’1,1'2) = D(Il,zg) (ﬁ(xl,xg) -+ a($1,$2)g(xl,$2)> .
We denote

@(1‘1,21?2) :H($17$2) +17(561,1‘2)g($1,132). (11)

Remark 3.9. i) If S,(G) N S,(H) = 0, then & = ®.
ii) The function ® must be chosen to satisfy G divide o ﬁ

In the following, we give the necessary steps for the construction of the zeros of the
function ®.

Lemma 3.10. Let i € {1,---,p1}. If H(C;)H(Cit1) < 0, then there exists a point
M; = (m;, m;) lie in the sector S; such that ®(M;) = 0.

Proof. Since ®(C;) = H(C;) for all i € I1, one has: if ”:Z(Ci)ﬁ(Ci_i_l) < 0, then there
exits a point M; = (h;, m;) lie in the sector S; such that ®(M;) = 0. This is equivalent
to the assumption ®(M;) = 0. O

In order to construct a function @ satisfying to condition (As), we must choose a
point M; in the sector S; such that F(m;, m;)G(m;, m;) > 0.

We recall that \; = H(é,¢;) #0, forie{l,---,pi}.
Proposition 3.11. Suppose that the system @ is stabilizable by a homogeneous feed-
back of degree 2k +1 —q. If \;\;41 < 0, then there exists a point M = (m, m) € S'NS;
in the top half of the unit sphere such that F(M)G(M) > 0.

Proof. Let u(zy,22) be a homogeneous feedback of degree (2k + 1 — ¢) which stabi-
lizes the control system @D The closed loop system @ by the homogeneous feedback
u(x1,x2) can be written as:

{3'01 =Pi(x1,z2) + u(z1, 22) Qi1 (21, 22) = X1 (21, 22)

12
To = Pa(x1, x2) + u(z1, 22) Q2(21, T2) = Xo (21, T2). 12
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We recall that (I)(l‘l, IQ) = SEQXl(Il,IQ) — IlXQ(llfl,IQ).
It is clear that

(a1, 22) = H(z1,22) + u(@r, 22)G(21, 22)
D(l’l, ZQ) (H(Zl,fﬂg) -+ ﬂ(.%l,xg)g(l’l,l'g)) .

Since u(x1,z2) is homogeneous of degree 2k + 1 — ¢, it follows that ® is homogeneous
of degree 2k 4+ 2 and d is homogeneous of degree 2k 4+ 2 — degree(D). Using the fact
that G(C;) = 0 and G(Cy11) = 0, it follows that ®(C;)®(Cit1) = Aidip1 < 0. So there
exists M = (m,m) € S1 NS, on the top half of the unit sphere such that 5(M) =0,
which implies ®(M) = 0. From the form of the function ®, one has X (M) = vM where
v=—F(M)G(M). By hypothesis, the closed loop system is asymptotically stable,

s0 << ggzg; > | ( z >> < 0, which implies F(M)G(M) > 0. 0

In the following, we denote ¢ the number of the sectors S; satisfying to condition
)\i)\i-i-l < 0.

3.2.1. Case when ¢ #£ 0:

We have ¢ < p;. In all of these sectors, we choose a point M on the unit sphere
such that F(M)G(M) > 0. We get ¢ points M; = (cos ¢;,sin ;), which we put in order
My, -+, My such that 0 < 1 < o < ... <y <T.

Remark 3.12. We recall that Ay = H(é1,¢1) and Ay, 41 = H(—¢1, —c1) = A1, where
¢ = (—1)de9mee(M)  Since H is homogeneous of degree 2k + 2, then in the case where
the degree of D is even, the degree of H is even, ¢ = 1 and the number of points
M; is also even and in the case where the degree of D is odd, the degree of H is
odd, ¢ = —1 and the number of points M; is also odd. We can deduce that in all
these cases the degree of the homogeneous function D(x1,x2)Z(x1,z2) is even, where

Z(x1,w2) = [T5_y (myz — 1)

Example 3.13. Suppose that degree of H is odd. We recall that \; = ﬁ(éi,ci)jﬁ
0, fori € {1,---,p1} and A\, 11 = H(—¢1, —c1) = ¢A; = —A1, where ¢ = (—1)dedree(H),
We suppose more that \; > 0 for i ¢ {4,5,8,14,17,p; + 1}.

A <0
/\14<0
A7 < 0 A5 <0
A <0
)\p1+1<0 A1 >0

The point M; defined below lies in the sector S; = {r(cosf,sind), 6, < 0 <
Oiv1, 7 € R}, when A\A\;p1 < 0. In this situation, we have 9 points M;, i €
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{3,6,7,8,13,14,16,17,p1 }, which is odd. In the case when degree of H is even, nec-
essarily one has Ay, 41 = A1 > 0. If we deal with the same situation that A; > 0 for
i ¢ {4,5,8,14,17}, then one has 8 points M;, i € {3,6,7,8,13,14,16,17}, which is
even.

Now, we introduce the function

H(.Il, Ig)

ﬂ(l‘l, 33‘2) =

- .
[T (mjw1 — o)
j=1

It is clear that H(¢;,c;) > 0 for all i € I, and this is equivalent to ’F[(éi, ¢i)Z(&;,¢;) >0
for all ¢ € I;. Without loss of generality, we can suppose that G(1,0) # 0.
Let the following polynomial functions. For s € R,

g(s) == G(s,1), h(s) == H(s,1), Z(s) := Z(s,1).

Remark 3.14. We can easily remark that Z and g are relatively prime polynomials,
then by the Bézout’s identity, there exist Polynomials U and V in R[X] such that
U(s)Z(s) +V(s)g(s) =1, for all s € R. We get, for all s € R,

h(s)U(s)Z(s) + h(s)V(s)g(s) = h(s). (13)

Lemma 3.15. There exists a real a > 0 large enough such that h(s)U(s) + ag(s)?* > 0
for all s € R, where p is an integer chosen to satisfy the degree of the polynomial g(s)?H
is greater than the degree of h(s)U(s).

for all # € I; By the fact that U(s)Z(s) + V(s)g(s) = 1, one has Z(s;)U(s;)
and U(s;)h(s;) > 0 for all i € I;. But the degree of the polynomlal function P(s
h(s)U(s) + g(s)?* is even, so limg_, o, P(s) = +oc.

Let p1 < po < -+ < pm, the zeros of P(s). It is clear that P(s) > 0, for all
s & [p1,pm]- In addition, the set I = {s € [p1, pm| such that P(s) < 0} is compact, so
a; = mingex g(s)?* > 0.

Let ay = mingep, 5.1 P(s), we get

Proof. Denote {s;, i € I;} the set of the zeros of g(s). One has Z(s;)h(s;) > 0
=1
) =

P(s) + (a —1)g(s)* > as + (a — 1)ay, for all s € K.
We conclude by choosing a = 1 4 #=%2. |

From Remark it is sufficient to construct a feedback law which stabilizes the
homogeneous system

(14)

x.l - (I% + x%)ppl(xl,@) + UQl(l‘l,Z‘Q)
do = (22 4+ 23)PPa(w1, 22) + uQs (21, x2)

instead of the system , where p is a positive integer chosen to satisfy the conditions
of the following theorem.
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Theorem 3.16. Let a > 0 large enough and p an integer chosen to satisfy
h(s)U(s) 4 ag(s)* > 0 for all s € R.
We define the function

(s) = Z&)DEA + s*)Ph(s)U(s) + ag(s)**)
4 1+g(s)? ’

where p is an integer satisfying

0<p<q+1,
degree(Z(s)D(s)) +2(¢+ 1)n —2(¢+ 1)v =2k + 2 + 2p.

The homogeneous polynomial function

T
L

satisfies to conditions of Theorem [2.5]

Proof. From remark it is clear that degree of (Z(s)D(s)) is even, then using

the Euclidean division of k + 1 — degree(ZQ(s)D(s)) by ¢ + 1 we can write
d Z(s)D
b1 - CBZEDED) (g = g+ D) -

where p is an integer satisfying 0 < p < ¢+1. Next, we construct a homogeneous feedback
for the homogeneous system . If we choose i an integer such that g > r+1 and the
degree of the polynomial g(s)?* is greater than the degree of h(s)U(s), then there exists
a real a > 0 large enough such that h(s)U(s) + ag(s)?* > 0 for all s € R. Let

Z(5)D(s)((L + s*)Ph(s)U(s) + ag(s)**)
1+g(s)?

w(s) =

3

where v = u — r — 1. A simple computation gives
(L+9(5)*)p(s) = Z(5)D(s)((1 + 8*)Ph()U (s) + ag(s)**).
According to the equation , one has
(1+ s*)Ph(s)U(s)Z(s) + (1 4 s*)Ph(s)V (s)g(s) = (1 + s*)Ph(s).
Then
(1+9(s)*)p(s) = (L + 8*)Ph(s) — (L + 5*)Ph(s)V (s)g(s) + aZ(s)D(s)g(s)*".
Finally

p(s) = (1+5")Ph(s) = g(s) (aZ(s)D(s)g(s) " — g(s)* " p(s) — (1 + s*)Ph(s)V (s))
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and the function g(s) divide ¢(s) — h(s)(1 + s?)?. Using the condition

degree(Z(s)D(s)) +2(¢+ 1) —2(qg+ 1)v =2k + 2 + 2p,

we deduce ®(x1,x2) = x§k+2+2pcp(%) is homogeneous of degree 2k+2+2p. We can easily

remark that g(s) := G(1, s) divide p(s) — h(s)(1 + %) := ®(1,s) — (1 +s%)PH(1, s) and
G(z1,22) divide ®(z1,22) — (23 +23)PH(x1, 22). Moreover, the function ® is constructed
to satisfy ®(x1,z2) = 0 if and only if D(x1,z2) = 0 and Z(x1,z2) = 0.

If D(21,22) = 0, then u(zq,x2) = 0; This implies, by the inequality ,

(et ) =Rz (o)) <o

3.2.2. Case when ¢ = 0:
If £ =0, then A\;A\; 41 > 0 for all i. We deal with two cases;

1) Sp(G) N S,(H) # 0. In this case we choose Z(x1,22) =1 and U(z1,22) = 1 and
the stabilizing feedback of the system can be computed using Theorem as

®(21,x2) = D(x1,22) X ((95% + 23)PH (21, 29) + ag(xl,x2)2u>

x;((ﬂrl)v + G2y, 20)2
with degree(D(s)) +2(q + 1)(n — v) = 2k + 2 + 2p.
2) S,(G) N Sy(H) = 0. We deal with two subcases;

a) If there exists a point M such that F(M)G(M) > 0, it follows that the system
@ is G.A.S. by a homogeneous feedback and it can be computed using Theorem
with the following choice

Z(x1,29) = (mxy — maxz)? and D(zy,x5) = 1.
b) If for all M € R?, one has F(M)G(M) < 0, we denote o; = (Q(C;)|C;). We deal
with the following cases:

o If there exist 4, j € I such that o;o; < 0, then the system @ is not asymptotically
controllable at the origin (see [6]).

o If there exist ¢, j € I such that a; # 0 and a; = 0. Since F(x1,22)G(x1,22) <0
and F(C;) = ayA\; # 0, one can write
G(z1,22) = (ciz1 — Ga2)*G1 (21, 22).

According to the condition S,(G) N S,(H) # 0, with D(x1,22) = (c;z1 — Gx2)?, we can
compute the homogeneous feedback v(z1,z2) for the system

{ i‘l = (cizl - 5iI2)

&o = (c;x1 — Gix2)

(1, 22) + v(x1, 22) Q1 (1, T2)

2
P1
27)2($1,$2) +v(z1, 22) Qo (21, Z2).
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The set of the homogeneous vectors fields which are GAS at the origin is an open set,
then for € > 0 small enough one has the homogeneous system

I = (Cil‘l — C~i$2)2731($1,$2) + U($1,$2)Q1($1,l‘2) + 5(3:% + 1‘%)731(1‘1,332)
By = (c;w1 — Gw2)? Palwr, x2) 4+ v(z1, 22) Qo (1, 2) + (2% + 23)Pa(x1, 22)

is GAS at the origin. Finally, the system

{ jf'l = 731(301,962) + (clxlfc”z);:)léfe)(r%er%) Ql(l’l,-’lf?)

&y = Pa(x1,22) + (cixl_;g)léizs)(xf+x§) Qo (@1, 2)

is GAS at the origin.

e If a; = 0 for all 4, we compute

I= tm [ 29

ds.
a—+too J_, g(las) ’

i) If I = 0, then all the orbits of the system (&1, &2) = Q(x1,x2) are periodic and the
vector fields P(x1,x2) head towards outside of these orbits. It follows that the system
@ is not asymptotically controllable at the origin.

ii) In the case where I # 0 and G(x1,22)F (z1,22) < 0 for all (z1,22) € R?\ {(0,0)},
without loss of generality we can suppose G(z1,x2) > 0.

If H(C;)I <0, then the system @ is not asymptotically controllable at the origin.
If H(C;)I > 0, according to the hypothesis that for all (x1,22) € R?\ {(0,0)} the
function G(z1,22) > 0, one has ¢ is odd and for b large enough we get

B(x1,20) = H(x1, 22) + VH(Cy) (23 + 22)PG (1, 2)

with 2p 4+ ¢ = 2k + 1, is a definite function. From Theorem 1, the orbits of the closed
loop system by the feedback u(x1,z2) are spirals and for b = 2™ large enough one
has

PP s) DG+ 2P, 5) Qi (1, ) £ 0,(1,5)
g ‘/ B(1, 5) 1 ds“/_m G(L.5)

ds =1.

— 00

The closed loop system by the proposed feedback u(x1,z2) = 2"H(C;)(x3 + 23)P
yields
X5(1,0) = P2(1,0) + 2"H(C;)Q2(1,0) = P2(1,0) — 2"H(C;)G(1,0)

Moreover, for n large enough
Xo2(1,0)J ~ =2"H(C;)G(1,0)I <0

The condition (i) of theorem (1) is satisfied and the closed loop system is G.A.S.
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Example 3.17. We consider the planar homogeneous system

{ i = —2x7 — 6w + ux (223 + 5adry — 132123 + 423) (15)

ig = —2w1 — 3w + uxy (—23 + 22329 + 102123 — 1323)

Denote P = (Py,P2) and Q = (Q1, Qz), where P;(z1,x2) = —2x1 — 622, Po(z1,72) =
—221 — 379, Q1(71,72) = x1(223 + 5adwy — 132123 + 423) and Qa(x1,x2) = @1 (—2F +
22229 + 102122 — 1323).
It is clear that
{ g(l‘l,l‘z) = .1‘1($1 — l‘g)(l‘l + l‘g)(.ﬁl — 21‘2)(1‘1 + 23’52)
H(l‘l,xg) = (331 + 2.732)(21‘1 — 31‘2)

All the points in S,G are also equilibrium points of the system (&1,%2) = Q(z1,22).
A simple computation gives

(_17 1)a 05 =

S‘ —
at
|
N
—_
~—
—

1 1
Spg = {Cl = %(25 1)7 Cy = ﬁ(Ll)’ CY3 = (Ov 1)’ Cy =

Sl

and

S,H = {\/113(3,2),;5(2,1)}.

The common zeros of G and H are D = %(—2, 1).

To construct the stabilizing feedback or the function ®, we follow the steps below:

e We compute 3 = ((P(D))T|DT) = 1/5 > 0. By the fact that 3 is positive and D
is also a zero of ®, we consider a change of feedback law u = u; + f. The new system
becomes

(#1,82) = (2] +23)*P (21, 22) + f(21,22) Q(21, 22) + wr (w1, 22) Q(1, 22) (16)
= P(xl, xz) + uy (1’1, SCQ)Q(.’El, CEQ).
It is c~lear that f(x1,22) = x1 is a homogeneous function of degree one and satisfies
((P(D))"|DT) = —55 < 0.
e We deal with the new system . We recall

Pi(z1,22) = —zoxt — 172323 — 8z32? — 22321 — 625 and
Po(x1,22) = =325 — zox] + 62323 — 192327 — 2252, — 323.

For the new system one has

H(z1,22) = 582751(5017332) - 501752(5017332)
(71 + 229)(32} — Bzoxt + 32323 — 4xda? + 22371 — 323)

= (z1 4+ 2w2)H (21, 22);

G(r1,22) = x1(w1 —x2)(w1 + 22) (21 — 222);
D(z1,20) = H(x1,z2) + ur(z1, 22)G (21, 22).
We compute \; = H(C;), for i € {1, - ,4}, we find
/\1:L>0, )\QZ—L<O, A3 = =3 < 0and )\4:—i<0.
Ve V2 V2
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Since A\; Ay < 0, then from Proposition the system is G.A.S. by an homogeneous
feedback of degree 2k + 1 — ¢ if and only if there exists M = (1, m) € S'NS; in the top

half of the unit sphere such that F(M)G(M) > 0. We can choose M = \/%(3, 2) because

F(M) = \/%Q(M); it follows that Z(x1,x2) = 221 —3x2. We can compute the following
polynomials g(s) := G(s,1) = s> —5s3+4s, h(s) := H(s, 1) = 35° —5s1+3s3—4s24+2s—3
and Z(s) :== Z(s,1) = 2s — 3.

We can easily remark that Z and g are relatively prime polynomials, then by the
Bézout’s identity, there exist polynomials U and V in R[X] such that U(s)Z(s) +

V(s)g(s) = 1.

1 24 44 2
We get U(s) 16 4 — - —4° 06 35 5

= ——8— — dV(s)=——.
105° Y 105° T 105° 1050 105 V)
A simple computation gives =2, p =3, v =1 and a = 7. These constants satisfies

(s + 1)3h(s)U(s) + Tg(s)* > 0, for all s € R.
So, we get

Z(s)D(s)((1 + s*)3h(s)U(s) + Tg(s)*)
1+ g(s)2 '

o(s) = D(s,1) =
Finally, the function ® is given by

(221 — 3x2) (w1 + 222) (23 (23 + 23)* (21, 22)U (21, 22) + TG(21, 22)*)
(23 + 23)3(23° + G(21,22)?)

<I>(:c1, 1‘2) =
with U(z1,22) = 1oaf + 2xates — Aexiad — SSw23 — 3523, is homogeneous of
degree 6. This let us conclude that the feedback function defined by

(I)(xl,$2) - H(l’l,l'g)
g(l’l,mQ)

u(zy, x2) =
stabilizes the system .

4. CONCLUSION

In this paper, we study the problem of stabilization of nonlinear control homogeneous
polynomial systems in the plane. We focus on a homogeneous feedback law which
preserve the homogeneity of the closed loop system. Our study is based on Theorem
of Hahn, which gives a complete classification of the stability of homogeneous
systems in the plane. Our study is divided in two parts. In the first one, the function
G, defined in , is definite i.e. G has no zeros on the unit sphere. In the second one,
the function G has a finite number of zeros on the unit sphere. In each case we study
the possibility of constructing a function ® which satisfies to conditions (A;) (Az) and

(A3). The construction of such a function ® allow us to determine a stabilizing feedback
for the system .

(Received June 4, 2015)
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