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LOG-OPTIMAL INVESTMENT IN THE LONG RUN WITH
PROPORTIONAL TRANSACTION COSTS WHEN USING
SHADOW PRICES

PETR DOSTAL AND JANA KLUJOVA

We consider a non-consuming agent interested in the maximization of the long-run growth
rate of a wealth process investing either in a money market and in one risky asset following
a geometric Brownian motion or in futures following an arithmetic Brownian motion. The agent
faces proportional transaction costs, and similarly as in [17] where the case of stock trading is
considered, we show how the log-optimal optimal policies in the long run can be derived when
using the technical tool of shadow prices. We also provide a brief link between technical tools
used in this paper and the ones used in [14,15,17].
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1. INTRODUCTION

The purpose of this paper is to illustrate how the notion of shadow prices can be used
as a technical tool for solving the problem of investment in the presence of proportional
transaction costs when we maximize the growth rate of the wealth process (W;);>0 in
the long run as follows

max litrgior.}f 1 Eln W], (1)

where the maximum is taken over the set of such admissible strategies that In W is
an integrable random variable. Here, we treat the case of stock and futures trading
together with almost explicit results which may serve as illustration. We also provide
a link between our tools and the ones used in some other papers also interested in the
maximization problem . By [3] the problem is a limiting case of the investment-
consumption problem with logarithmic utility when we are interested in stock trading.
The problem is difficult to treat without passing t — oo since the optimal policies
depend also on time which is pointed out in [I7]. See [25] [35] for its solution for finite
discrete time. Note that the problem can be understood as a maximization of the
long-run growth rate of the certainty equivalent from the wealth process with logarithmic
utility, and see [14] and [I5] for the martingale approach to such a problem and for

DOI: [10.14736 /kyb-2015-4-0588


http://doi.org/10.14736/kyb-2015-4-0588

Log-optimal investment in the long run with proportional trans. costs when using shadow prices 589

an almost explicit solution corresponding to utility functions with hyperbolic absolute
risk aversion (HARA) unbounded from below.

This paper was inspired by [24] where the investment-consumption problem with
logarithmic utility is treated with the help of shadow prices and where one does not
have an explicit solution of the corresponding ODE.

The reader interested
e in shadow prices is referred to [4} B} 6} [7, [16] [I'7, 18, 19, 24, 25| 26| [32],
e in logarithmic utility to [II, Bl [, @, 10, 11 20, 27] B3], B34, B39} [40],

e in the investment-consumption problem with presence of proportional transaction
costs to 21, B 2], 21, 22} 28] 29, 30, [36].

The reader interested in futures trading with transaction costs is referred to [14]
22]. For the investment problem with proportional transaction costs and non-constant
coefficients see [13] and [26].

The paper is organized as follows. The next section is divided into subsections. In the
first one, we introduce the Black-Scholes model for the stock market price and the bid-
ask spread. We define an admissible strategy as a self-financing strategy such that the
wealth process is positive if it is computed from the bid and ask price of the stock. For
such strategies we are allowed to introduce the so called position in the market, which
corresponds to the proportion of wealth invested in a stock. The second subsection
is devoted to the introduction of “futures trading” with proportional transaction costs
where the futures price follows an arithmetic Brownian motion.

In the third subsection, we make the first step towards the notion of shadow prices.
It is based on the idea that any continuous semimartingale attaining values in the bid-
ask spread can play the role of the price if we modify the value of transaction taxes in
order to preserve the bid-ask spread. In Lemma we show that the criterion is
not affected by such a modification of the market price under very general assumptions.
The rest of the subsection is devoted to the dynamics of modified wealth and modified
position presented in Lemmas [2.15}[2.18] and 2.20]

The last subsection of the second section is devoted to sufficient conditions for the
modified price such that the strategy maximizing the long-run growth rate in the fric-
tionless market is also the maximal long-run growth rate of the wealth process in the
market with transaction costs.

The first subsection of the third section is devoted to the definition of shadow price
and its interpretation as a dual optimizer. It is such a modified price that the maximal
long-run growth rate of the wealth process in the frictionless market can be reached also
in the market with transaction costs, and consequently, such a price offers the worst
opportunity to maximize the long-run growth rate of the minimal wealth process, as
stated in Theorem [B.11}

Subsection [3.2] namely Theorem [3.13] puts together the general theory from sub-
section [3.1] and the theory from section 2. In subsection we provide an intuitive
technique taken from [24] of searching for the shadow price. It is based on finding a cer-
tain ODE whose solution given by Lemma [3.18| enables us to say how the price should
be modified. Part [3.4) uses calculations and arguments from stochastic analysis in order
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to show (Theorem that the shadow price exists under a lot of technical assump-
tions denoted as (A1—A3), and we show in Lemma that there exists an admissible
strategy keeping just the position within a certain interval.

Subsection [3.5| is preliminary and it is based on calculations and arguments from
mathematical analysis. It introduces and explores the functions &, ., ¥, helping us to
switch between the nominal and modified positions.

In the last subsection, we show how the nominal price should be modified into
a shadow price in Theorem [3.31] and in Corollary [3.32) we show that the derived strategy
is log-optimal in the long run among a wide class of strategies. Finally, we show that
it is also log-optimal in the long run among all admissible strategies up to a certain
restriction on the initial wealth in Theorem [3.341

In section [} we compare the technical tools of this and some other papers and we
also offer a brief presentation of results of the martingale approach to the maximization
of the long-run growth rate of the certainty equivalent from the wealth process when
considering HARA utility functions unbounded from below.

The last section is complementary and we only prove there that any admissible strat-
egy does not lead to the bankruptcy almost surely, as stated in Remark [2.6]

2. NOTATION AND MODEL SET UP

In this section, we introduce the model of stock trading and futures trading with pro-
portional transaction costs, the notion of modified price and cost-free strategy and we
show that the cost-free strategy keeping the position process on the log-optimal propor-
tion maximizes the long-run growth rate of the wealth process among a wide class of
strategies, see Lemma [2.12) and Theorem [2.26]

For brevity of the notation, we write (X, Y;, Zi,...)i>0 for a collection of processes
with the index set R* £ [0, 00) and when using this notation we do not distinguish for
example between three processes written one after another and between the correspond-
ing triplet.

2.1. Stock trading with proportional transaction costs

We consider an agent who may invest in a money market with interest rate » > 0 and
in one risky asset called stock with the market price (S;):>o following the model of
geometric Brownian motion

S, £ soexp{oB; + (1 — "—22) t}, t>0, (2)
driven by a standard Brownian motion (B)¢>o as follows
dSt = St(/J/ dt + O'dBt).

Here, 1 € R 50,0 € (0, 00) are constants similarly as r which will be assumed to be equal
to zero for simplicity and also without loss of generality. We assume that the underlying
probability space (€2, F, P) is complete and we consider a completed filtration (F;);>o0
generated by (By)>o.
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Definition 2.1. By a (trading) strategy we mean a pair (¢, ¥:)i>0 of adapted right-
continuous processes with (finite) left-hand limits and with locally finite variation. Then
(¢, ¥1)r>0 stands for the processes describing the number of shares held in the stock
and in the bank account and the corresponding wealth process is defined as follows

Wi = by + Sy,  t>0. (3)

The agent faces transaction costs that are proportional to the size of the transaction so
that one pays S for one share of the stock at time ¢ > 0 and gets only S} for it, where

Si £ (A+ANS,  SEE(1-As,
and where AT € (0,00) and A € (0,1).

Remark 2.2. Let (¢, 9:)i>0 be a trading strategy. As (g¢)i>0 is assumed to be
rell-process with locally finite variation, we get that there exists a pair (¢}, ¢ )i>0 of
adapted non-decreasing rcll-processes starting from 0 such that

o1 =0+ — @y, >0, (4)

and such that (¢}, ¢;)i>0 do not grow at the same time, i.e. that the Lebesgue-Stieltjes
measures induced by both processes are mutually singular. Then these measures re-
stricted to [0,T] represent the Hahn decomposition of a signed measure induced by
(piar)e>0 if T > 0, and, as Hahn decomposition is unique, we have that the processes
(1, ¢1 )e>0 starting from zero are uniquely determined by (¢¢)i>0. Then (¢, ¢} )¢>0 are
interpreted as the number of shares bought and sold up to time t, respectively, and the
assumption that they do not grow at the same time is just a natural requirement that
the corresponding strategy does not buy and sell the stock simultaneously.

Definition 2.3. Let (¢4, 91)¢>0 be a trading strategy. Then the corresponding value of
transaction costs up to t > 0 is defined as follows

Cf 2 [1S(ATdpl + Abdpb). (5)

The above integral is understood in Lebesgue-Stieltjes sense and as the integrators are
right-continuous the integral from 0 to ¢ is understood as integral over (0,t]. Conse-
quently, (C7):>0 is again a non-decreasing right-continuous adapted process.

Definition 2.4. We say that the strategy (¢, ¥+)i>0 is self-financing if
Yo =10 — [y Sl gl + [SEdgk, t>0. (6)
Obviously, the stock market price (S¢):>0 is a continuous semimartingale with
dS; = S;dF,, where F,2ut+o0B;, t>0. (7)

If (@1, %01) >0 is a self-financing strategy, then the corresponding wealth process (W;)i>0
is an adapted right-continuous process with left-hand limits with

AW, = ¢; dS; — dC§ = S| dF; — Xdep] — Mdp}]. (8)
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Note that this is a differential form of an integral equality. The integrals with respect
to dSy, dFy are considered in the classical sense of continuous stochastic integration and
the ones with respect to dCY, de;, dp; are considered in the Lebesgue-Stieltjes sense.
Further note that verification of is straightforward as it uses only integration by parts
formula Sip; — Sopo — fOtSS dp, = Otgos dS, for a continuous semimartingale (S;)i>0
and a right-continuous adapted process (¢;):>0 of locally finite variation.

Definition 2.5. A self-financing strategy (¢, ¥1)i>0 is called admissible if the wealth
processes computed from the ask and bid prices (S}, S} )i>0 are positive, i.e. if

W 29 +0S) >0, W & 4+¢S) >0, t>0. (9)

Remark 2.6. If we neglect null sets, we can say that admissible strategy is such a self-
financing strategy with which the investor will never get into bankruptcy. Indeed,
a wealth process of an admissible strategy is positive, which can be seen as follows

0 < min{W] , Wi} =W, — Si(Mpr + Aet) <w,
where we have used the following equalities
W =W, + XS, W =W, — Ag,S,. (10)

On the other hand, if a self-financing strategy never leads to a bankruptcy almost surely,
ie. T2 {t>0;W; <0} = oo, then it is up to a null set equal to an admissible strategy
as it is proved in Lemma [5.5] in the appendix of this paper.

Definition 2.7. Whenever (¢, ¢)1>0 is an admissible strategy, we introduce the cor-
responding position process (m)i>o as

Tt égﬁfo/Wt (11)
Further, we denote A = (—1/AT,1/A!) and we call it the set of admissible positions.

Remark 2.8. The position process (m;);>0 of an admissible strategy describes the ratio
of the investors wealth invested in the risky asset and it attains values in A. To see the
latter statement, it is enough to realize that the corresponding wealth process (W;)i>o0
is positive and that

0<W =W+ Xm), 0<W =W, (1-\mn), t>0, (12)

as the corresponding strategy is assumed to be admissible.

2.2. Futures trading with proportional transaction costs

We are going to introduce a (theoretical) concept of futures without expiration based on
the assumption of a zero interest rate.

We assume that there is a stock with the market price (F});>o which can be also
negative due to possible expenses. Let us consider an agent taking a long position in
a forward contract with maturity T > ¢ at time ¢ > 0, for example, so that he/she
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agrees to pay the forward price F'(¢t,T) for the stock at time T. If we exclude arbitrage
opportunities, we get that F(t,T) = F; has to hold whenever 0 <t <T.

Thus, instead of stock trading, the agent may conclude and cancel forward contracts
so that keeping a long position on (¢,7T] brings Fr — F; and keeping a short position
means loosing this value. As concluding and canceling of the forward contract is not
immediate and as such contracts are not standardized for trading, the agent may prefer
using futures, which one can imagine as a standardized forward contract with daily
reevaluation, so that the agent obtains the difference F, — F} if he/she takes a long
position in a futures contract on (¢,r] similarly as in the previous case, however, this
time, he/she obtains the corresponding increment of the futures price every day.

As futures contracts are daily reevaluated, we do not have to restrict ourselves to
finite T. As only the increments of the futures price (F});>¢ are important, we may
assume that it starts from zero, i.e. Fy = 0. Then trading futures without expiration,
i.e. with the expiry date T' = oo, is nothing else but betting on the process (F})>o,
which is modelled here similarly as in [22] by an arithmetic Brownian motion formally
introduced on the right-hand side of @

In contrast with the stock trading, the process (p;)¢>0 stands for the number of
concluded futures contracts. As the agent does not possess any stock, the number of
shares held in the bank account is equal to the investor’s wealth process, which is denoted
as (Wy)i>0- It turns out that it is useful to denote

Ve EW, — il >0,

cf. . The agent has to pay transaction costs that are proportional to increments and
decrements of (¢;);>0 and this is the reason why we restrict to processes (p;)¢>0 satisfy-
ing where the processes (¢}, ¢; )i>0 formally satisfy the same technical assumptions
as in subsection The value of transaction costs is here specified as follows

Cr 2 Mg) + Moy, (13)

where AT, A\l € (0, 00). In order to be able to treat the stock and futures trading together,
we also need to introduce processes

Fl 25+ )\, F' 2 F — )\, (14)

t > 0, that will be referred to as the ask and bid price of the futures contract and we
also introduce

W2 W, + Moy =y + o Ff W E W — Moy =y + o FY (15)
t >0, cf. (9§10)). Here, the self-financing condition is of the form
Yo =10 — [y FI el + [y FY depd, (16)

t > 0. Note that it can be easily verified by integration by parts formula that is up
to a null set equivalent to the condition

Wt = WO +f0t§05 dFs —CE’ = W() +f0t[§05 dFs - >\T d(p; - )\l d@i]dsa (17)
t >0, cf. .
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Further, we call a self-financing strategy (¢¢, ¥:)i>0 admissible if the processes intro-
duced in are positive. Then again, we obtain, from inequalities W; > W] A W} >
0,t > 0, that the wealth process is positive, and thus, we are allowed to define the posi-
tion process (m;)¢>o as follows

T 2 /Wy, t>0. (18)

Similarly as in Remark we would get that the equalities in hold and that the
position process (m);>o of an admissible strategy attains values in A.

2.3. Modified prices and modified wealth

In this subsection, we modify the nominal market price and the transaction taxes so that
the bid-ask spread remains the same. We show in Lemma that such a modification
does not affect the long-run growth rate of the wealth process.

As the stock market price (S;)¢>0 enters the model only via ask and bid prices
(S}, S} )t>0, we can afford to modify the market price (Si)¢>o if we also modify the
transaction taxes AT, A\! so that the corresponding ask and bid prices remain the same.

Definition 2.9. Let & = (§;);>0 be a continuous semimartingale with values in [-A!, AT].
Then (S;);>0 from

Sy =(1+&)S, t>0 (19)

is referred to as the stock market £-price. Realize that it is just a continuous semimartin-
gale attaining values in the bid-ask spread S; € [S},S]],t > 0. Then the processes
()\tT, Ai)tzo satisfying

Q+A)S =8, (1-X\)S =S}, (20)
t > 0, are referred to as the é-transaction tazes, and we call the following process
Wi &+ ¢Sy, >0, (21)
the &-wealth process. If (¢, 11)i>0 is an admissible strategy, then, similarly as in Re-
mark we obtain that Wy > W] AW} > 0,t > 0, and therefore, we may introduce
the é-position process (7;)1>0 as follows
~ A o~ g
Tt = <Pt5t/ Wy.
Note that the é-wealth process (Wt)tzo can be also expressed as

Wi =W + ErpeSy. (22)

We are going to introduce analogous notions also for the futures.
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Definition 2.10. Let & = (&;);>0 be a continuous semimartingale with values in [—A!, AT].
Then the process (F});>o from

F,=F, 44, t>0 (23)

is referred to as the futures é-price and the processes ()\l , S\tl )i>0 satisfying

F,+M=F, FE-M=F, (24)

are referred to as the é-transaction tazes. The é-wealth process (W,;)i>o is now defined

analogously to (21}22]) as
Wt éWt-i-ét ©t :’(/Jt—f—éptﬁt. (25)

Then again, any admissible strategy satisfies W, > W AW} > 0,t > 0, and we may
introduce the &-position process (7y)i>0 as follows

ﬁ't é @t/Wt.

Remark 2.11. In the following, we will treat both cases, the stock and the futures
trading, together. We consider a binary parameter a € {0,1} indicating that stock trad-
ing is considered. If a = 0, we are allowed to write S¢ and S¢, which is treated as 1. If
a = 1, we are allowed to use (Ft)tzo standing for a continuous semimartingale such that

dS, = 5, dF,. (26)

Such a process (Ft)tzo exists as the stock market é-price (S’t)tzo is a positive continuous
semimartingale by definition.

It turns out, as shown in the next Lemma, that the long-run growth rates of the
wealth process and of the é-wealth process are the same provided that the corresponding
position is kept away from the boundary values —1/AT,1/A!. This justifies comparing
the long-run growth rates of the é-wealth processes of two competing strategies.

Lemma 2.12. Let (Wt,VVt)tZO be the wealth process and the £-wealth process, re-
spectively, corresponding to the admissible strategy (¢, ¥:)e>0. If the position process
(¢)¢>0 attains values in some compact subset of A, then In(W;/W;),t > 0 is a bounded
process. In particular, we have that

1 E[ln %] —0 and 1 ln% 50, as t— oo (27)

Proof. As holds in both cases a € {0,1}, we obtain that

WIAWE Wy o WiV W}

min{l + A'm, 1 — Abm} = 20t < P < 2

= max{1+ A'm,1— M}

The rest follows immediately from the restriction on values of (m;)¢>o0. a
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Notation 2.13. Let us denote by rcll(2) the set of all right-continuous processes with
(finite) left-hand limits (rcll) indexed by ¢ > 0 and defined on  and by C(12) its subset
of continuous processes. Note that (¢4, ¢, ¢} )i>0 € rcll(Q2)? in general in this paper.

If (¢4, 91)e>0 is a self-financing strategy, then also (1¢);>0 € rcll(2) and as this set
is closed under sums and products and as C(§2) C rcll(2), we get from (21}25) that also
(Wt)tzo S I"CH(Q).

Definition 2.14. Let (S5;);>0 be a stock market &price (if & = 1) and let (A], A})i>0
be the é-transaction taxes. Then we define the é&-value of transaction costs on (0,t] as

C7 &[5l del + M det], t>0, (28)
cf. . The next Lemma justifies the above interpretation of (Cf );>o.

Lemma 2.15. Let (¢4, :)i>0 be a self-financing strategy with the &-wealth (Wt)tzo
and the &-value of transaction costs (C7 );>0. Then (W, +C)i>0 is a continuous process
and

Wt*WO+f0SDGSadFt C ’ t207
cf. . In the differential form with &-transaction taxes (A, Xi)tZCh we have that

AW, = 8%y dFy — A dop] — A} dipt]. (29)

Proof. As (W, Cf)i>o € rcll(Q)?, we may show that their sum is a continuous process
simply by calculating the corresponding jumps from left.

Let a = 1. We obtain from @ and integration by parts formula that
AWs = ¢ dS; + (S: — 57) dp] + (S} — 5y) ;. (30)
Then we get by that holds. Similarly, we obtain that
AW, AW, = Wi = (S; — S}) Apj + (S} — Si)Apt = -ACy, t>0, (31)

where Ag], App, A C’f stand for jumps from left defined similarly as A Wt

If a = 0, omit (26) and replace (6} 1)) by (16424l25)) in order to get ( w1th
(S,,8],5; )t>0 replaced by (E, F}, F} )t>0

Lemma 2.16. Let (¢¢,%:)i>0 be an admissible strategy with the é-wealth and the &-
position (Wy, 7;)1>0, then W, 1, 7 )i>0 € rell(Q)2.

In particular, the choice £ = 0 gives that (Wt_l, m)e>0 € rell(Q)? holds if (W, mt)e>o0
are the wealth process and the position of (¢, ¢ )¢>o0.
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Proof. As (¢, S%)i>0 € rcll(2)? and as rcll(Q) is closed under products, it is enough
to show that (W, );>0 € rcll(Q) in order get that also #; = ¢ SPW;t > 0, is in
rell(2). As (W;)i>0 € rell(Q), it is enough to show that (W, );>¢ has locally bounded
trajectories, i.e. that inf <, V~Vs > 0 holds for every ¢t > 0.

Since (Cf);>0 € rcll(Q) does not decrease and (W, + Cf );>¢ is a continuous process
and as the considered strategy (¢, ¥+):t>0 is admissible, we have that Wt, > Wt >0
holds for every ¢ > 0. As an infimum of a rcll-function on [0, ] is attained provided that

the function jumps only downwards, we get that the inequality inf <, W, > 0 indeed
holds if t > 0. O

Remark 2.17. If the strategy (¢, ¥¢)i>0 from Lemma is admissible, then
reads as follows

AW, = Wity dF; — dCy. (32)

This equation has an almost surely unique solution (W, );>o given (7, Fy, Cf );>0 and the
initial value WO, and it is described in the Lemma In order to see that the solution
of the equation is really unique almost surely, consider the difference (X;);>o of
two solutions with the same initial value. Then it is an adapted rcll-process such that
X 2 fOthfrs dF,,t > 0, which is possible only if X; £ 0,¢ > 0.

Lemma 2.18. Let (Wt)tzo be the é-wealth process of an admissible strategy with the
é-position (7;)¢>0. Then

Wi 2 E7 - W0 — [y (ED) 71 dCe] < EF W, 20, (33)
where & £ exp{ [ (7. dF, — 272 d(F),)}.

Proof. As (M)i>0 € rcll(Q) is adapted, ( fotfrs dF,)¢>0 is a well defined continuous

semimartingale. As YV; 2 W, + C¢,t > 0, and (] );>0 are continuous semimartin-
gales with

dY, = W, dF,,  d(EF)™r = (EF) -7, dF, + 72 A(F)y),
we obtain, with the help of calculus of continuous stochastic integration, that
EN7Y E Yo+ [CrdEDTY, >0 (34)

As (Cf)i>o € rcll(Q) is a non-decreasing adapted process and (£ );>0 a continuous
semimartingale, we obtain, with the help of integration by parts formula, that

(EM)7ICr = Cg + [(Crd(EN)~r + [1(EM)~tdCy, (35)

t > 0. If we subtract ( . from 7 we obtain the equality almost surely in while
the right-hand inequality in ObVlOllbly holds as (C’“")t>0 is a non- decreablng process
and (& )¢>o attains only pos1t1ve values. O
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Definition 2.19. We say that a strategy (o, ¥:)i>0 is continuous if the processes
(¢+, ¥¢)t>0 have continuous trajectories.

Lemma 2.20. Let (¢, 9:)i>0 be a continuous admissible strategy with the &-wealth
process and the é-position process (Wi, y)i>0 and let (Al )\%)tZO be the é-transaction
taxes. Then (7;);>0 is a continuous semimartingale and the following holds for every
t>0

o 7?04-f0t7*r5 a—7g)[dFy — 7ts d(F)s]
+ [IATISE(1 4 Al#y) del — (1 — Aby) dpl].

Proof. By assumption, (St)t>0 is a continuous semimartingale and S, =5, eFi—=(F)i/2
if @ = 1. By a calculation using a € {0,1}, we obtain from It6 Lemma that

Zy 2 S¢/EF = Zyexp{ [y (a— &) dEs — 3 [1(a — 72 d(F),}, >0,
is a continuous semimartingale with
dZt = Zt(a — ’ﬁ't)[dﬁt — ’ﬁ't d<F>t} (36)

Further, V; 2 W,/EF = W, — fo (ET)~1dC¢,t > 0, is a continuous adapted process of
locally finite variation attaining only positive values with

AV = —(EM)~tdCy  and AVt =Wty hdCy.

See ) for the differential dC As (%)t>o is also a continuous adapted process of
locally ﬁnlte variation, we get that (p:V;~ )tzo possesses the same property and

AV ) = Vi dey + @V S2(A dg) + A de))]

g 2t 37
=V + M) dof — (1= M) det]. 37)

As Z, V7t = 59,1 holds, we obtain by (36]37) that 7, = @, S¢W; ! = 0, Z, V1t >0,
is a continuous semimartingale with
dft, = o Vi dZo+ Zyd(eVi )
= 7(a — 7)) [dFy — 71 A(F) ] + SW (1 + Al &) dool — (1 — M 7y) dot].

2.4. Long-run growth rate

In this subsection, we introduce so called cost-free strategy and log-optimal proportion,
and we show that a cost-free strategy keeping its modified position on the log-optimal
proportion maximizes the long-run growth rate of the modified wealth among a wide
class of strategies in Theorem [2:26]
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Definition 2.21. An admissible strategy (¢, %¢)i>0 is called an é-cost-free strategy if
the é-value of transaction costs (Cf );>¢ from attains only the value 0 almost surely.

Remark 2.22. Let (Wt,frt)tzo be the é-wealth process and the é-position process of
an é-cost-free strategy (¢, ¥+)¢>0. Then we get by Lemmathat Wi = EF W, t > 0.
Since 7, W, = got.g'f, we obtain that the strategy (¢¢, ¥1)i>0 is, up to a null set, uniquely
determined by Wy and (74, Ft)t20~

Definition 2.23. We say that the stock market &price (S;);>0 (if @ = 1) or the futures
g-price (Fy)i>o (if @ = 0) is regular if there exist continuous adapted processes (fi¢, 6¢)>0
such that

dF, = i, dt + &, dBy, (38)

and that (fi;,Iné,),>0 are bounded processes. The processes (fig, 6;)¢>0 are referred to
as the é-coefficients and given (F}, B);>o they are determined uniquely up to a null set.

Definition 2.24. Let us consider a regular (stock market or futures) &price with é-
coefficients (fit, 6¢)i>0. Then we introduce the é-log-optimal proportion (0:)i>0 as

0, &6, %[, t>0. (39)
t

Remark 2.25. Let (Wt, 7)¢>0 be the &-wealth process and the &-position of an é-cost-
free strategy, then

Wi = W0 EF 2= W expl [647s dB, + [ (jisfts —  5272) ds}.

Obviously, the quadratic function o — jix — 6222 /2 attains its maximum at x = 672/
provided that & € (0,00). This is the reason why (6;);>0 from is referred to as the
é-log-optimal proportion. Further, see Theorem [2.26] for the properties of an &-cost-free
strategy keeping the é-position on the é-log-optimal proportion.

Theorem 2.26. Let us consider a regular é-price. Assume that (¢}, 9} )i>0 is an &-cost-
free strategy with the é-wealth process and é-position (W, 7} )¢>0 and that the é-posi-
tion process equals to the £-log-optimal proportion almost surely, i.e. (7 )i>0 = (61)t>0-
Let (@¢,%1)i>0 be a competing admissible strategy with the é-wealth (W,);>0. Then
lim sup § In(W,/Wy) £0. (40)

t—o0o

Moreover, if Emax{0,n(Wy/W;)} < co, then also

lim sup + Eln(W,/Wy) < 0. (41)

t—o0o

The proof needs the following Lemma.
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Lemma 2.27. Let (L;);>0 be a continuous local martingale with Ly = 0. Then

limsup 1 (L, — £ (L),) € 0. (42)

t—oo

Proof. From the strong law of large numbers for a standard Brownian motion and
from Dambis-Dubins-Schwartz Theorem, see Theorem 16.4 in [23], we get that

(igf 1[<L>oo:(>0] =0 as t — 00.

Then, obviously (even without the fraction 1), we have that

limsup § (L¢ — 5 (L)¢) - 1(z)m=oo] < 0. (43)

t—o0

Note that Dambis—Dubins—Schwartz Theorem also gives the fact that there exists a real-
valued random variable Lo such that (L; — Loo) - 11y, <o) — 0 as t — oo. Then

liinsup% (Lt - % <L>t) . 1[(L)oo<00] < tliglo % Lt : 1[<L>Do<oo] = 0. (44)
Then follows from . O

Proof of Theorem As the strategy (¢}, 97 )i>0 is &-cost-free, we have that
the £-value of the corresponding transaction costs (ét*)tzo is zero almost surely. As this
strategy keeps the é-position (7});>o on the é-log-optimal proportion (ét)tzo almost
surely, we get by Lemma that

Wy = EWy, with & 2 exp{[1(0. dF, — L 02d(F),)},
Wi 2 E W, with & £ exp{[l[F,dF, — L2 A(F),)},

where (7;)¢>0 is the é-position of the strategy (¢, ¥¢)i>0. Note that

In(&/E;) = Ly — L (L), where Ly 2 [[5,(7, —0,)dB,.
As (64,0:)>0 € C(Q)? and (7)o € rcll(Q) are adapted process, (Li)iso € C(Q) is
a well defined local martingale starting from Lo = 0. Then (& /& );>0 € C(2) is a non-
negative local martingale starting from 1, hence a supermartingale with F (& /EF) < 1.
Then by Jensen inequality, FIn(&:/&;) < In1 = 0 holds for every t > 0, and we obtain
the first inequality in

limsup 1 Eln(&,/&) < 0, limsup L In(&/&;") <€ 0, (45)
t—oo

t—oo

while the second one follows from Lemma As InOW/Wi) —In(E:/EF) < In(Wo/WE)
and as the right-hand side does not depend on ¢ > 0, we immediately obtain from
the second inequality in ([45), while the first one gives it ElnWo/W5) < oc0. O
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Remark 2.28. Let us consider the case when 6 £ 62y € {0,a} and when an investor
with a positive initial wealth W; > 0 keeps the position (7]):>0 on the log-optimal
proportion #. Then the corresponding strategy (¢f, ¥y )i>0 is of the form (0,g) if § = 0,
which corresponds to the advice “keep all the wealth in the money market”, and of the
form (g, 0) corresponding to the advice “keep all the wealth in the stock” if § = a = 1.
Such strategies are obviously admissible. As the strategy does not trade, it is £-cost-free
regardless of € and hence, it is also é-cost-free for the choice € = 0. Obviously, the 0-
price, i.e. the nominal price itself, is regular by definition, and we get by Theorem [2.26
that (¢F, ¥ );>0 has the wealth process (W} );>0 = (W );>0 with the maximal long-run
growth rate among a wide class of strategies if In W5 € L.

Remark 2.29. As we deal with processes from rcll(€2), we have excluded an initial trade
represented by a jump of (@¢, ¥:)i>0 at t = 0 from the model and we just assume that
the initial trade has been executed at time ¢ = 0 keeping in mind that the corresponding
effect of the initial trade is negligible from the point of view of the long-run growth rate
of the wealth process.

3. SHADOW PRICE

In this section, we introduce a notion of a shadow price. In the first part, we show that
it can be understood as a dual optimizer in the general setting. In the second part,
we customize the general setting to the considered cases of stock and futures trading.
In the third part, we provide an intuitive technique of searching for the shadow price
taken from [24]. In the fourth part, we provide certain technical assumptions (A1-A3)
ensuring that a modified price is also a shadow price. The fifth part is supporting for the
last part, in which we show how to construct a shadow price and that the corresponding
strategy is log-optimal in the long run.

3.1. Shadow price as a dual optimizer

In this subsection, we introduce a notion of a shadow price in Definition[3.9]as a price that
offers the same opportunity to maximize the long-run growth rate of the wealth process
in the frictionless market and in the market with transaction costs. In Theorem we
provide the theoretical background for this notion with explanation of the assumptions
and conclusion given in subsequent Remark In Remark we show that the
notion of a shadow price considered in this paper is very far from being unique and,
finally, in Theorem [3.11] we offer interpretation of the shadow price as the price that
offers the worst opportunity to maximize the long-run growth rate of the wealth process
in the frictionless market. This property of the shadow price together with its definition
is the reason why it can be understood as a dual optimizer.

Notation 3.1. Ift € [0, 00), by L(F;) we denote the set of all real-valued F;-measurable
random variables. Further, F'V(F;) will stand for the set of all (F);>o-adapted rcll-pro-
cesses of locally finite variation, i. e.

FV(F,) & {L €rcll(Q);V t € [0,00) L; € L(F;), variation of (Ls)s<; is finite }.
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Definition 3.2. By a market we mean a couple of continuous semimartingales (A, B) =
(A¢,B;)¢>0, such that A, > B, holds whenever ¢t € [0,00). If A = B, then the market is
called frictionless, otherwise it is called a market with transaction costs. The processes
A, B are also referred to as ask and bid prices.

The pair (p,9) € FV(F;)? is called a self-financing trading strategy in the market
(A,B) if it satisfies the self-financing condition (6) with (57, S") replaced by (A, B) with
(', ') specified in Remark If the self-financing strategy (p, ) in (A, B) satisfies

Vie[0,00) Wi(e, ) 2 +oih >0, WP(p,¥) £ ¢y + 9By >0,
cf. (), then the strategy (¢, ) is call admissible in the market (A,B).

Notation 3.3. Note that any self-financing strategy (¢, %) = (¢, ¥t)i>0 is, by defi-
nition, uniquely determined by (y, ) given the ask and bid price processes. Further
in this section, we briefly denote the self-financing strategy (¢, ) in the market (A, B)
corresponding to (¢, 1) as Sy(p, ¥o; A, B).

Notation 3.4. Given the ask and bid processes (A,B) = (A, B;)i>0, we consider the
corresponding minimum of the ask and bid wealth process, further referred to as the
minimal wealth process, defined as follows

Wi(p, %0 A, B) 2 9o + min(peAy, oBy) — [ Asdpl + [iBsdpt >0, (46)
cf. (649 , and we also consider the set of all admissible values of (i, 1)) defined as

(A, B) = {(p,%0) € FV(F;) x L(Fo);V t € [0,00) Wi(p,10,A,B) >0 (47)
In(Yo + ¢oho), In(vho + poBo) € L1} (48)

We are interested in maximization max{F(p,¥o; A, B); (v, %0) € &/ (A,B)} where

To be honest, we have to admit that the function F(p,1o; A, B) may fail to be well
defined here as the corresponding expectation does not have to exist, in general. In
order to ensure that F(p,; A, B) is well defined, we say that the above expectation is
—oo by definition if it is not defined in the classical sense.

Remark 3.5. Note that Sy(g, 1o; A, B) is an admissible strategy if (¢, o) € </ (A, B).
On the other hand, let (¢,v) be an admissible strategy in the market (A,B). Then
(p,%0) € (A, B) holds if and only if In W§ (¢, %), In WE(p,9) € Ly, and

Lemma 3.6. Let us consider the following markets (A, B), (B, D). Then

(A, D) C o/(B,B). (49)
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Further, whenever (¢, 1) € </(A, D) we have that
In particular, we obtain that

0<FMAD)2  sup  F(ovoAB) < F(B,B). (51)
(p,ho) €/ (A,D)

Proof. Let (p,19) € FV(F) x L(Fp). As Ay > B; > D, holds if t > 0, we get that
@By — min{prA, oD} = max{p:(B: — Ar), ¢ (By —Dy))} >0, ¢ >0,
and as (¢}, ¢ )i>0 are non-decreasing processes, we then get, by (46), that
Wi(p, %03 B, B) = Wi(p, 003 A, D) > [((As —By)dpl + [j(B, —Dy)dpt 20, (52)
holds whenever t € [0,00). Let (¢;10) € & (A, D). As Ay > By > Dy, we get that

Ly > In(vo + min{poAo, poDo}) < In(yg + woBo) < In(1o + max{pohg, poDo}) € Ly,

i.e. the condition in is satisfied with (A,B) replaced by (B,B). Then we get that
(¢,%0) € &/ (B,B) holds by definition ([47-[48), by and by the assumption (i, 1) €
(A, D). Hence, the relation (49) is verified. From (52]) and from the definition of F, we
get that holds and then follows immediately since % (A,B) > F(0,1; A,B) = 0,
as we always may consider a non-trading self-financing strategy with unit initial wealth
invested in the money market. O

Theorem 3.7. Let (A,B), (B,D) be markets and (p,1¢9) € «/(A,D) be such that
F(¢, t; A, D) = F(B, B). Then also F(g, o; B, B) = # (B, B).

Proof. By the assumption and by in Lemmal3.6] we have that (¢, ¢y) € &/ (A, D) C
</ (B, B). Then by the definition of .%, by the inequality in and by our assumption,
we get that gZ(BaB) > F(¢7¢07B7B) 2 F(@a ¢0;A7 D) = ‘gZ(BaB) U

Remark 3.8. The assumption F(p, 1g; A, D) = .#(B,B) from Theorem should be
read as follows. In view of ,

1. F(y, %o; A, D) = #(A,D), which means that the strategy (¢, ) = S¢(p, Yo; A, D)
maximizes the long-run growth rate of the minimal wealth process in the market
(A, D),

2. Z(A,D) = Z#(B,B), i. e. the maximal long-run growth rate of the minimal wealth
process is the same in both markets (A, D) and (B, B).

Similarly as in the point |1} the conclusion F(p, ¢0; B, B) = # (B, B) means that the strat-
egy (v,1%) maximizes the long-run growth rate of the wealth process in the frictionless
market (B,B).
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Definition 3.9. If the assumptions of Theorem [3.7)are satisfied, then B is called a shadow
price in the market (A, D), and the strategy (¢,1) = Sy(p, %o; A, D) is referred to as
the corresponding shadow strategy.

Remark 3.10. We are going to show that the notion of shadow strategy is very far
from being unique even if we prescribe its initial values. Let us consider two (A, D)-self-

ﬁnanCing Strategies (Sov 1/1)7 (‘p*v 1/1*) with (500> ¢0) = (903> ¢8) such that (% ¢0)7 (80*7 1/’5) €
</ (A, D) and assume that there exist T' € (0,00) and Ly € L; such that

Wi(p,10; A, D) = Wi(o*, v A, D) eET, ¢ € [T, 00).

Then F(p, ¢o; A, D) = F(p*, ¥§; A, D), and therefore, (¢4, ¥:)i>0 is a shadow strategy if
and only if (¢}, ¥f)i>0 is also a shadow strategy although they may differ a lot by the
time T'. Similarly, we could show that the shadow price is far from being unique.

Theorem 3.11. Let B be a shadow price in the market (A, D) and (g, ) be the cor-
responding shadow strategy. If C = (C;);>0 is a continuous semimartingale attaining
values in the bid-ask spread, i.e. C; € [Dy, A¢] holds for every t € [0, 00), then

F(C,C) > F(A,D) = F(B,B),

i. e. the shadow price B offers the worst opportunity to maximize the long-run growth rate
of the minimal wealth process among all continuous semimartingales attaining values
within the bid-ask spread.

Proof. See with B replaced by C in order to get the corresponding inequality
and look at Remark point [2} for the equality. O

3.2. Shadow price and cost-free strategy

In this and the following subsections, we consider the following market

[ (8Tsh) i a=1,
(A D) = { (FTFY if a=0. (53)
In this subsection, namely in Theorem |3.13] we show that the é-price and the strategy
(¢*,*) from Theorem are the shadow price and the corresponding shadow strategy,
respectively, under very general assumptions.

Lemma 3.12. Let (¢, ) be an admissible strategy with the wealth process WW;):>o,
with the ask and bid wealth processes (W], W} );>¢ and with the position process (7):>0
attaining values in a compact subset of A, then In(W; AW} /W;)¢>0 is a bounded process.

Moreover, if B is an é-price and (p,1) is an é-cost-free strategy with an &-wealth
process W and with the initial wealth Wy satisfying In Wy € L1, then In W, € L; and

(@71/}0) € JZ{(1&7 D)’ F(%i/)O,A,D) = F(tpad}OvBaB) (54)
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Proof. By Lemma In(W' /W), In(W*/W), In(W/W) are bounded processes, and
then the first part of the statement follows immediately. Moreover, we get that the
variables InWj,In W}, In W, differ from In W, € L; not more than by a constant, and
therefore, these variables are also integrable. Further, as the strategy (¢, 1) is admissible,
the minimum of its ask and bid wealth processes is positive, i.e.

Wile,bo; A, D) = W] AW} >0 if t>0.

Then we get that (¢,10) € &/(A,D) really holds. Further, as Wi = Wi(p,v0; B, B)
holds if ¢t > 0 and as In(W] A W} /W;);>0 is a bounded process, we get that also

F(p,10; A, D) = litrgggf %Eln(VVtT AW} = litniiogf %Elnlf\/t = F(p,v0; B, B).
O

Theorem 3.13. Let B be a regular é-price and (¢, %) be an é-cost-free strategy s.t.

1. the &-position equals to the é-log-optimal proportion almost surely, i.e. 7 = é,
2. the position process 7 attains values in a compact subset of A,
3. the initial wealth W is such that In W, € L.

Then B is a shadow price and (p, ) is the corresponding shadow strategy.

Proof. By Lemma the relations in hold and the &-wealth process W satisfies
InWy € Li. Let (¢°v¢g5) € &/(A,D). Then (¢°,9°) = Sz(p°,15) is an admissible
strategy with &-wealth process denoted as We, and

ln(Wo/Wg) <In Wo — In(¢pg + min{pgAo, pgDo}) € L;.

By and by in Lemma [3.6] we get that (¢, 10), (¢°,¢g) € #/(A, D) C &/ (B,B).
Further, as W, = Wi (p, ¥0; B, B) and Wy = Wi(p°,1¢g; B, B) hold if ¢ > 0, we get by
Theorem [2.26] that

F(p, 1ho; B, B) = litrggf%Eant > htrggolf%Ean; = F(p°,95; B, B). (55)

Then we obtain from and the definition of .% in that F(p,vo; A, D) =
F(p,10;B,B) = #(B,B), i.e. that the assumptions of Theorem are satisfied, and
we get by definition that B is a shadow price and (p,%) is the corresponding shadow
strategy. O

Definition 3.14. We say that (p,) is an é-shadow strategy if the é-price given by
(19123)) is a shadow price in the market and if (¢, ) is the corresponding shadow
strategy.

Remark 3.15. If § € {0,a}, then we get by Theorem that, for example, (p,1)) =
(0,1 —0) is a O-shadow strategy, cf. Remark [2.28 It means that the nominal price itself
(as 0-price) is a shadow price and the non-trading strategy (p,) is the corresponding
shadow strategy.
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Remark 3.16. We are going to show, with the help of Remark [3.10] that an &-shadow
strategy does not have to be &-cost-free. Let (p, 1)) be an &-cost-free £-shadow strategy,
obtained from Theorem for example. Then obviously there exists T' € (0, 00) and
an admissible strategy (¢*,1*) as in Remark which is not é-cost-free, because it
can be almost arbitrary on a nondegenerate interval. As mentioned in Remark
(¢*,1*) is also an é-shadow strategy but it is not &-cost-free as we assume here.

3.3. Searching for a shadow price

In this subsection, we consider a method for searching for a shadow price, taken from
[24], based on our ability to solve a certain ODE (61f) with a solution in Lemma

Remark 3.17. Further in this paper we will assume that § € R\{0,a}. Note that, if
0 € {0,a}, it is not difficult to obtain assertions similar to the main statements of this

section such as Theorems and Corollary with the help of Remark
and Theorem 2.26

The shadow price will be obtained as the nominal price modified as follows

g, = f(7e) if a=1
S Dot o ma=l (56)
Ft = Ft+f(77t) if CL:O7

where f € C?, i.e. we consider a multiplicative correction (if a = 1) and an additive
correction (if @ = 0) smoothly depending on the modified position process (7;)¢>0. By
Lemma [2.20)

T 2 Fo + fot&sza(frs)st + fOtWS_lgg dps, where z.(7) £ z(a — ),

whenever (Wt, 7¢)e>0 are the é-wealth process and the é-position process of a continuous
é-cost-free strategy (p¢,¥:)r>0, where (St)tZO is the &-stock market price if a = 1. If we
take the logarithm of both sides of the first equality in in case ¢ = 1 and when we
compare the corresponding coefficients at dBy, dt and dep; in both cases a € {0,1}, we
obtain the following requirements

R e L R L AV (57
Gt = 0 4 012 (7e) f(7e), (58)
02 f(7)dy,. (59)

From (58), we can express 6y = o/[1 — zq(7;) f/(7;)] and then from we get that
0= 5= (0= 51— 2@ FF + 3207 (7).

Then the requirement that the &-position should be almost surely equal to the log-
optimal proportion (7¢)i>0 = (6¢)t>0 from Theorem gives us an ODE with
boundary conditions coming from .

The following Lemma shows how the corresponding function f looks. Note that the
parameter w in the statement is connected with the level of transaction taxes.
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Lemma 3.18. Let w € (0,]6]| A |a — @]). Then the function

fl@) &[] qwl(m) + f(z)] dz, where q.(2) 2 (20 —a)x — (0> — w?), (60)
is strictly decreasing on [# — w, 0 + w] and it satisfies the following ODE
r— 8= (0= DL —2@F @F+ 1 2@ @), la—0<o  (6])
with the boundary conditions f/(0 —w) =0 = f'(6 + w). Moreover, the function

@ = —0q,(r)/2a(2)

defined on [0 — w,  + w] is continuous and it attains only positive values there.

Proof. First we show that both functions gq,,z, do not attain the value zero on
I 2 [0 — w,0 + w] and then we obtain that the function f is by defined correctly on
an open superset of I and uniquely up to some additive constant.

As T is disjoint with {0, a}, we get that z, is non-zero on I. As gq,, is an affine function
and as it attains values with the same non-zero sign at the extreme points of I

gu@tw)=0tw)(0tw—a)=—2,(0tw), (62)

we get that the function z — —oq,(x)/z.(x) is continuous on I and it attains only
positive values there as it does not change the sign on I and as it attains the value ¢ > 0
at the extreme points of I. Similarly, we get that  — ¢, (x)z,(z) attains only negative
values on I. We easily obtain that

R | 1 wi—(z—0)° o 2z—a 20—

Fe) =g tze - ww=e M@= iG e (63)
and we also obtain that f'(z) < 0 holds if |z — 8| < w. Further, simple calculations using
verify that holds, and taking into consideration and the expression for
f'(z) in we obtain that the boundary conditions are also satisfied. O

3.4. Existence of a shadow price I

In this subsection, we show that the shadow price exists in Theorem [3.2I] under as-
sumptions (A1-A3). In Theorem we will show that (A1) implies (A2) and (A3)
if (roughly speaking) the considered strategy just keeps the position between the log-
optimal policies introduced in the Definition and if € = (&;)¢>0 is given by .

Definition 3.19. (Skorokhod problem) Let (B;);>¢ be a standard F;-Brownian mo-
tion and let Y be a real-valued random variable with values in [, 8] C R, where o < (.
IfB,S: [a, 8] — R are Lipschitz continuous functions, see [37] and [38] that there exists
an almost surely unique triple of continuous F;-semimartingales (X, X/, X/ )i>0 s.t.

[0, 0] 2 X; £ Y + [(B(X,)ds + [iS(X,)dBs + X] — dX}, t>0,  (64)
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and that (X, X/):>0 are non-decreasing processes starting from zero at 0 satisfying

foool[Xﬁ'fOé]dXtT:O7 fo [X¢#B] X =0.

Then the process (X;);>0 is called a B;-diffusion process with reflective barriers at {«, 5}
and coefficients B, S and we extend this definition even to the case when the requirement
X; € [o, 5], > 0, from is satisfied only almost surely.

Notation 3.20. In order to deal with transaction taxes in both cases a € {0,1} to-
gether, we introduce a function

if a=0
Ag(z) 27 ! : 65
(@) {ln(l +z) if a=1, (65)

expressing how the bid and ask transaction taxes contribute to the entire level of trans-
action taxes as follows A 2 A, (A1) — Ag(=AY). If (A}, A});>0 are the &-transaction taxes

(see Definitions 2.9 and [2.10)), then
Aa(E) = Aa(N1) = Aa(N)) = Aa(=AY) = Aa(=2p), (66)

and note that also A = A,(A]) — A (=A}), ¢ > 0.

Theorem 3.21. (Al) Let w € (0,]0| Ao —0]) and f from be such that
FO-w)=2a(N),  f(O+w) = Aa(=A). (67)

(A2) Let £ = (£;)1>0 be a [-A!, A]-valued continuous semimartingale and (¢y, ¢ ):>0 be
a continuous admissible strategy with the é-position (7;);>¢ that is a B;-diffusion process
with reflective barriers at {6 —w, 0 + w} and coefficients B(x) = 0,S(z) = —oq,(z).

(A3) Let us assume that
Aa(&) = f(7e), t=0. (68)
Then

1. the 5 prlce gwen by (T is regular, say with coefficients (fiz, 5¢):>0,
2. 7 = 0, 2 [1i,6, 2 holds Whenever t €0, 00),
3. (p,7) is an é-cost-free strategy.

In particular, (¢,9) is an é-shadow strategy if its position (m);>o attains values in
a compact subset of A and if its initial wealth W, satisfies the condition In Wy € L.

Proof. By assumption (A2), (7):>0 attains values in [# —w, 8 + w] almost surely and

o = 7o — 0 fyqu(7s) dBy + 7] — 7, (69)
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where (7,7} )1>0 are non-decreasing continuous adapted processes starting from zero
and growing only on sets [y = 0 — w| and [7; = 0 + w], respectively, i. e.

Jo Uity il =0, [T 1z, 2040 ATy = 0. (70)

As the considered filtration is assumed to be complete, there exists A € Fy with
P(A) =1 such that (7;);>0 attains values in [0 — w, 6 + w] on A.

First, we show that the &-stock market price (S;)i>o given by (if a = 1) and the
é-futures price (F})i>0 given by (if a = 0) is regular with coefficients
G = o[l = qu (@) ' (7e)14], i £ 67T a = 577 (71)

Note that (f(7), f'(7¢), f”(7))i>0 are defined correctly on A, i.e. up to a null set. If it
is not enough, multiply each corresponding usage by 14 = 1 in the rest of the proof.

As f'(0 +w) = 0 = f'(6 — w) holds by Lemma and as (7} )¢>0 grows only on
[ = 0 — w] and (7} )1>0 grows only on [7; = 0 + w|, we obtain by It6 Lemma that

df () = —0qu () [/ (7e) By + & 0% qu () f (7¢) dt. (72)

As we consider a continuous semimartingale (1:}),520 such that dS; = S, dF, if a = 1,
i.e. dlnS; = dF; — % d(F), we get from following from assumption that

o Jdm(S/Sy) = d(Fy - & d(F)y) — A(F - L d(F),) if a=1,
df(m) = { d(F, — F) : : it azo. O

Then we obtain, from , that
AFy — S A(F); = [p— 028 + % qu(7)2 " (7)) dt + o[1 — qu(7) /()] dB:  (74)
holds in both cases a € {0,1}. See the expressions of f’, f” in in order to get that

2 xr
- qu(@)f(@) = =8 (0-2)+ L@ f"(0) = @z - $HBED.  (75)
Then, from the expression of 6; in and from , we get that
dFy — ¢ d(F); = 67(7, — &) dt + 64 dB,. (76)
Further, use . ) to get that
Gr=—0LE Iy tolga Z — ol (77)

Note that (fi,6¢)i>0 are obviously bounded continuous adapted processes and that
(In 6y )e>0 is also bounded as (6¢)¢>0 attains values in {—oq,(x)/z.(x); |£E 9| <w}u{c}
which is a compact subset of (0,00) by the moreover part of Lemma Ifa=0, we
immediately obtaln from ) that the é-futures price (Ft)t>0 is regular Wlth coefficients
(fig, 6¢)1>0 from .Ifa= 1 we have the expression of dlIn S’t in and we obtain
from It6 formula that

dgt = S't[dln S’t + % d(ln g>t] = St[,at dt + 5',5 dBt}
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holds, i.e. (St)tzo is a regular stock market &-price with coefficients (fi, 6¢)i>0 if a = 1.
Thus, the first point from the statement is verified and as the coefficients of a regular
é-price are determined uniquely up to a null set, we get from that the second point
is also satisfied.

Further, we will show that (¢, ;);>0 is an é-cost-free strategy. Let (;\I, ;\%)tzo be
the &-transaction taxes. We get from that

F(O—w) = f(7) = Aa(AT) = Aa(Er) = Aa(A])
FO+w) = F(7) 2 Aa(—=A) = Aa(E) = Au(=N))

hold. Hence, up to a null set, Al = 0 whenever 7, = 6 — w and S\i = 0 whenever
7y = 0 + w. Then we get from that

Jo M0 47 =0, [T s ) A7 = 0. (78)

Use ([76) to see that d(F' >t = 7 dt which also implies that dF, — 7, d(ﬁ}t = 5, dB;.
Then we get from that

Jyza(@)AFs — 7 d(F)s] = — 0 [1qu(7s)dBs, t>0,
and we obtain from and Lemma that
T - @B R - 7o+ [y qu(@s) dBs = [[WIESe(1+ A7) dpl — (1 — ALF) des).

Note that the expressions on the left-hand and right-hand sides are continuous pro-
cesses of locally finite variation. See to realize that (7],7})i>0 do not grow at
the same time similarly as (¢}, ¢;)i>0. Then we obtain, from the uniqueness of Hahn
decomposition of a sign measure, that

7l = fo WS (1 + Al #,) del, L= f(fufvs—lgg(l —M7a)det, t>o.
Then we obtain from that

® as  ptyx, [ AL dR! Azt
Ct ﬁfO )\Td@s +>\~Ld(pb) = 0WS[1+Xlﬁ-S _ 5\ £ :I :0, tZO,

<—

e. (1, ¥4)e>0 is an E-cost-free strategy and we get that the third point from the state-
ment is also verified. Then the remaining part of the statement follows from Theo-

rem B.13] O

Definition 3.22. Let o < 8 be such that [a, 3] € A\{0,a}. A continuous admissible
strategy (¢, ¥¢)i>0 with position (74)>0 is called an [(«, 5)] a-strategy if (m)¢>0 attains
values in [a, 3] on A € Fo with P(A) =1 and (p;)i>0 =0 on N = Q\ A, and if

I Vmta dipl =0, [ U, 25 At = 0. (79)

Recall that (¢}, ¢;)i>0 from are uniquely determined by (¢;)>0 as the Hahn-
decomposition of a sign measure is unique. On the other hand, if (¢}, ¢} )t>0 are non-
decreasing rcll-processes satisfying then they grow on disjoint sets.
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Lemma 3.23. Let o < 3 be real numbers such that [a, 8] C A\{0,a} and let Wy > 0
and 7y € [a, 8] be Fp-measurable random variables. Then there exist A € Fy with
P(A) = 1 and an [(o, 8)]a-strategy (¢, ¥1)i>0 with initial wealth W, and with the
initial position equal to my on A.

Proof. Let (m,m}, 7} )t>0 be a solution to Skorokhod problem with coefficients
B(2) = za(2)(u — 02),  S(z) = 0za(a),

and reflective barriers at {«, 5} satistying m € [a, 8], > 0, i.e. let (m;);>0 be a contin-
uous semimartingale attaining values in [, 8] and (7} , 7} ):>0 be non-decreasing contin-
uous adapted processes starting from 0 such that

T = T+ fotza(ws)[a dB, + (p — o?ns) ds] + 7] — 7f, (80)
Jo Umpeydnl =0, [ 1,25 dm = 0. (81)
Put
D, = fo (1+AT7T5 dms + 1+,\i - dms), t=20, (82)
W 2 W, exp{fo medFs — 2 0‘ n2ds) — Dy}, t>0. (83)
Then (W;)i>0 is a continuous semimartingale with dW, = W,[r, dF;, — dD,] and
dme Wy = amW, dF; + Wt(H_;Tm dm} — 1—;17& dwé). (84)
Further, we put
i = TS, = fOW So ‘ZH)\M dml, fOW Sy d7rs (85)

If a = 0, we immediately get from that
pr=ot+er —pp, t20. (86)

If a = 1, we first get from dS; = S; dF; that dS; ! = S; ' (02 dt — dF};) and then we use
in order to get (86). Further, notice that

th = Wt [7'(',5 dFt — th] = (ptSf dFt — Wt th (87)
in order to verify the equality almost surely in the following

gy 2 [V = o= [iFdp = Ml = Al it a=0,
T = oS = o — (LA 1S del + (1— AN 1S dps  if a=1

Ifa=0, follows immediately from (87lI82lI85)) and the integration by parts formula.
If a = 1, realize that ¢;S; = mW, and subtract (84)) from before looking at (82|f85]).

As 7 € [, B] € A= (=1/AT,1/AY) and W, > 0 hold whenever ¢ > 0, we obtain that
W =W+ XS = W1+ Xmy) >0, (89)
W =W, — M8t =W, (1 — M) >0 (90)

(83)

hold whenever ¢ > 0.
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Note that the considered filtration (F;);>o is assumed to be complete. Hence, we
may afford to redefine the strategy (¢, ¥¢)¢>0 on a null set. Let A € Fy with P(4) =1
be the set, where the equalities in hold for every ¢t > 0 and consider a continuous
strategy (o7, 15 )i>0 defined as follows

(50:71/}:) £ (Sﬁtth) : ]-A + (07 WO) : 1Q\A = (Sota djt)v t 2 01 (91)

with the wealth process denoted by (W )i>. Obviously, (¢}, ¥;)i>0 is a self-financing
strategy and W§ = Wy. Further, (¢}, 97 )i>0 is also an admissible strategy as

Wi 4+ MprSe > min{W, , Wy} >0, Wi — ApiSe > min{W}, Wy} > 0
hold whenever ¢ > 0. Then the corresponding position
T & prSE WS =mla, t2>0,
attains values in [, 8] on A and it starts from 7 there. As
¢i =lape = lalpo + o) —¢i), =0,

we only have to verify that the equalities in hold with (7, ¢}, ¢} )i>0 replaced
by 1a(m¢, ¢}, ¢4 )0 in order to get that (¢F, 1] )i>0 is really an [(«, §)] a-strategy and
also in order to complete the proof. First, the equalities in follow immediately
from and then the validity of the equalities in after the above-mentioned
replacement is obvious. O

3.5. Preparation

In this subsection, we introduce new objects and we show their basic properties in order
to be prepared to prove Theorem |3.31|in the next subsection.

Notation 3.24. Let us consider the following function

ga,s SR ga,s(x) £ 1+a€$7 (92)

if a € {0,1} and 1 + xe # 0, where € € R is a parameter. See the following Lemma for
its interpretation.

Lemma 3.25. Let £ = (£;);>0 be a continuous semimartingale with values in [—A}, AT]
and let (¢, 1¢)¢>0 be an admissible strategy with position (7;):>0 and é-position (7¢)¢>o.
Then

Fo=Eqz,(m), t2>0. (93)

Proof. Let (W, Wt)tzo be the wealth and the &-wealth of (¢4, %¢)i>0. As (©r, ¥i)i>0
is admissible, both processes (W;, W;);>0 attain only positive values. If a = 1, then

Wy = 015t = (14 &) Sy = (1 + &)mWVy,
Wt = ’l/)t + <pt§t = (1 — Wt)Wt + (1 + ét)ﬂtWt = Wt(l + étﬂ't),
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1+4+&;
14-E¢mye

give that 7, = m = &1z, (m),t > 0. If a = 0, we get from the equalities
ﬁtWt = Yt = 7TtWt; Wt = Wt -+ ét(pt = Wt(]. -+ étﬂ—t),
that 7 = ﬁ = &o.¢, (m¢) holds whenever ¢ > 0. O

Lemma 3.26. Let z € A\{0,a} and € € [-\!, AT], then

Aale) = [

Za(“) ’

and sign(z) = sign(&,,c()) and sign(a — z) = sign(a — &, (2)).

Proof. Asx € A= (—-1/AT,1/\}) and e € [-\}, AT], we get that 1+xe > 0. Note that
we assume that Al € (0,1), i.e. 1/A} > 1 if @ = 1. Hence, we get that a € A and also
that the inequality 1+ ae > 0 holds in both cases a € {0,1}. Then we get the equalities
of signs in the statement of the lemma from the definition of £, . (z) in and from

a — 5@,6@) = 1‘:;5

Further, we have that

1 1 _ l4we 1 _ _ _ ; —
e e " e T = == Ad(e) if a=0,
v za (W) In %‘—ln‘ﬁ‘:ln(l—&—a):Aa(a) if a=1

Definition 3.27. Let AT € (0,00),A! € (0,1) ifa =1 and AT, Al € (0,00) if a = 0. Put
A2 AT = Ag(—AL). (94)

Then we get by Lemma 6.2 in [I5] and Lemma 11.2 in [I4] that there exists just one
w=wy € (0,]0] A la — 6]) such that

D N e O e S i s (95)

wlgu(z) © za(@)

holds. Then the following values
T2 0-w), TR (0+w), (96)
are called the log-optimal policies.

Remark 3.28. See [15] for ¢ = 1 and [14] for a = 0 that the above introduced values
7, 7 really play the role of log-optimal policies in the long run. Also see Lemma 6.4 in
[15] that # < 7 and that [z, 7] C A\{0,1} if @ = 1. If a = 0, see Lemma 11.3 in [14]
that ©# < 7 and that 7, 7 € A. Further, 7, ¥ have the same non-zero sign if a = 0 by the
second part of Lemma as w € (0,]0]), i.e. as § £ w have the same non-zero sign.
Hence, we have that [z, 7] C A\{0,a} holds in both cases a € {0,1}.
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Notation 3.29. Let w = wy € (0, |0| A |a — 6|) be such that holds. Put

Q‘Tlv‘*’(x) 2 Aa()\T) + f;iw zad(I:J)’ Qé’w(x) £ Aa(_/\l) + f01+w Zad(l;)

whenever the integrals converge, i.e. if sign(z) = sign(6) and sign(a — x) = sign(a — 6).
Then we have two following expressions of a newly introduced function

s o (02 —w? +qu(0 —w) exp{(a — 20)Qhw(z)}) if 20 #a,
el = {— w+ (4 - 0)Qlu(®) it 99— 7
— 291—(1 (02 Y + qw(ﬁ + (.«J) exXp {(a — 29)@}1,&;(55)}) if 26 7£ a, (98)

% tw+t (% — w?)Qéw(x) if 20 = a.

To see that both expressions are equivalent, it is enough to realize that

In 2059 if 20 £ a

1 —_ Nl 0+w do _ L a—20 qu (0—w ’
a,w = Wa,w - T wa,w +

Q , (:L’) Q ) (:L’) 0—w qu(v) Q ’ (m) {l/ffuﬂ if 20 = a.

Note that the first equality is nothing else but assumption . Further, see the end of
Remark [£.1] for the justification of the notation y,,.

Lemma 3.30. Let w € (0,]0] A |a —0]) and A satisfy (94195]). Then function y,, defined
in Notation is an increasing C2-bijection y,, : [r, 7] — [0 — w, 0 + w] with

Y (z) = qw(yz(f)) >0, y(z) =2(0 — x) qm(yu(ﬂg))7 (99)

za (T za (T)

if € [x, 7). Moreover, the values of y, can be also uniquely defined by any of the two
following equations

Qo) + 27 7285 = 0= Qhoo@) + i1 3285 (100)

Proof. By Lemma and (96)), we get that

€, (™) _dv Ea 2l (T) gy 0+w do
)\T) = fﬂ AT za(v) 9 w zq (V) Aa(_Ai) = fﬁ g zad(v) = fir zad(v()’ )
101

i.e. Qhw(r)=0and Qu(7) = 0. Then we obtain by (97]-[98) that
yu(m) =0 —w and y,(7)=0+w (102)

as qu(r) = (20 — a)xz — (0% — w?) holds by definition. Further, we easily obtain that
@7 are equivalent to the equalities

w( u(I)) 3 w( u(w)) .
Qiolz) = a201nqq(y(,7) if 20 #a Qb o) = a291nqu(y(97+w) if 20+#a
W if 26 = a, W £ 20 = a.




Log-optimal investment in the long run with proportional trans. costs when using shadow prices 615

Then look at the definition of g, (z) recalled above in order to verify that the above
equalities are equivalent to those in . Obviously, y,, is a C? function by definition
and we obtain the left-hand equality in from , for example, while the second
equality in can be easily obtained from the first one as follows

y!(z) = 20(®) qo(Wu(®)  9u@Wu(®) v, (®) _ ¢uw(yu(@)) [(a—2z) 4 (20 — a)].

24 ()2 za(T) za(z)?

We have used that [z, 7] C A\{0, a} pointed out in Remark in order to get z4(z) # 0.

It remains to show that y/ (z) > 0 holds if # € [z, 7]. It means to show that g, (y.(z))
and z,(x) have opposite signs. First, we obtain from the second part of Lemma
and definition of 7,7 in that

2a(T), zo(mw) have the same sign as z,(0 tw), i.e. as z.(0), (103)

since w € (0,0 A la —0]). If 20 = a, then a = 1,0 = 1/2 and the sign from (103]) is +1,
i.e. [m, 7] C (0,1), and we immediately have that

y(z) = i/é:ﬁj >0 it ze€lmm.

Let 20 # a. See f or the equivalent equalities written above in this proof that
¢w(yu(2z))  has the same sign as  ¢,(0 T w) = —2z,(0 £ w), (104)

if x € [m,7]. As [z, 7] C A\{0, a}, we get from (103}[104) that z,(z) has the same sign
as 24(7), z4(x) and opposite to the sign of g, (y.(z)). Therefore, y, (z) = —q(zya“i((f))) >0
holds if # € [z, 7] in both considered cases a € {0,1}. O

3.6. Existence of a shadow price I1

In Theorem we will show that (A1) implies (A2) and (A3) from Theorem if
(roughly speaking) the considered strategy keeps the position between the log-optimal
policies introduced in the Definition and if € = (&);>0 is given by (L0F]). We show
that the strategy is log-optimal in the long run among a wide class of strategies in
Corollary[3.32] and in Theorem [3.34] we show that the strategy is also log-optimal in the
long run among all admissible strategies satisfying a certain restriction on initial wealth.

Theorem 3.31. Let w and f satisfy assumption (A1) from Theorem and m, 7 be
the log-optimal policies from Definition Let (¢4, ¥1)i>0 be a [(zw, T)] a-strategy with
position (m)¢>0. Put

ﬁt = ]-A 'yu(’frt)v é25 = 1A'A;1(f(7~rt)), tZ 0. (105)
Then assumptions (A2, A3) from Theorem are satisfied. In particular,
1. the &-price given by ([19§23)) is regular, and it is a shadow price,

2. (p,1) is an é-cost-free strategy keeping é-position on the log-optimal proportion
a.s.,
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3. (p, 1) is an é-shadow strategy if its initial wealth W is such that In W, € L.

Proof. As (¢, ¥:)i>0 is a continuous admissible strategy by assumption, we get by
Lemma that (m)¢>0 is (as O-position process) a continuous semimartingale with

dmy = zq(m)[02(0 — 7)) dt + o dBy] + W SA[(1 + M) dop) — (1 — May) dept], (106)

and it attains values in [z, 7] on A by assumption. Here, (W,);>0 stands for the wealth
process of (@i, ¥1)e>0 and if @ = 1, (S¢)i>0 stands for the stock market price. Fur-
ther, we get by Lemma It6 Lemma and that (7;)¢>0 is also a continuous
semimartingale with values in [f — w,6 + w] on A with

diy = —oqu(7) dBy + d7r, — d7}, (107)
where
. t qu(7s) S° LAt gu(Rs) ST
L —[i R A+ N m)del, &2 —[[ 2090 (1 - Mr)dpl. (108)

As f is a decreasing function on [f —w, 8 + w] by Lemma and as it is continuous, we
obtain by from assumption (A1) of Theorem that f maps [# — w, 8 + w] onto
[Ao(=AH), Ao (AT)]. As At is an increasing C2-function, we obtain by Itd6 Lemma that
(€¢)t>0 is a continuous semimartingale with values in [—=A!, AT] 3 0 everywhere on .

Note that assumption (A3) from Theorem is satisfied by definition of (£;)¢>0 in
(105) as P(A) = 1 holds by assumption. As (¢:)¢>0 = 0 holds on 2\ A by definition,
we get that (@], ¢} )i>0 and subsequently also (7}, 7} )¢>0 possess the same property.
Further, the left-hand inequality in in Lemma m gives that

A‘Iw(ﬁ't) — 1AQw(yu(7Tt)) S 0’ t Z 0,

Za(mt) Zq(mt)

and we get from (108) that (7}, 7} )t>0 = 1a(7], 7 )i>0 are really non-decreasing pro-
cesses. Further, we get from Lemma saying that y, : [r1,7] — [0 — w,0 + w] is
an increasing bijection and from (105]) that

T
T

me = 2] = [ = 6 — ] } hold on A, i.e. { ANfm =a]=AN[m =60-u]

As the same holds with equalities “=" replaced by inequalities “#£” in the brackets, and
as (7], 7} )i>0 are equal to zero on Q\A, we get from with @ = w and § = 7 and
from ([108]) that

Jo U, 20—w) A7, =0, Jo Lm0+ A7ty = 0.

Then we conclude that (7;);>¢ is really a B;-diffusion process with reflective barriers
at {§ —w, 0 + w} and coeflicients B(z) = 0,S(x) = —oq,(z) according to the extended
definition, i.e. the assumption (A2) of Theorem is almost verified so that we only
need to show that (7;)¢>0 is really the é-position of (¢, ¥4 )i>0.
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By Lemma (€q,5,(m4))e>0 plays the role of the &-position of (¢, ¥¢)i>0, and so
our last step is to show that

(Tt)t=0 = (§a,z, () )1>0- (109)

As &,.(0) = 0 holds by definition, we get from the definition of (7;)¢>0 in and
from the definition of [(xr, 7)]4-strategy that the desired equality holds on Q\A.
Let z € [z, 7], we get by Lemma that y,(z) € [0 — w,0 + w] and we get from
assumption (Al) of Theorem covering equalities the first equality in the
following

Fu(@)) = A1) + [0 (s 4+ Ly du = [0 dey (110)

24 (v) qu (U) 2a(v)

The second equality follows from the moreover part of Lemma [3.30] covering the first

equality in (100]). Then we get from ([110]), definition of (7;);>0 and (&;)¢>0 in (105) and
from Lemma [3.26] that

JI s = O A = (ga(m)) = F() = Aa(e) = [55T) d5 0 20
hold on A, which gives the desired equality (109) on A. Note that 1 = x5 holds whenever
f;f - d&) = 0 as the function v — 1/z,(v) = 2z 1 (a—z)~! does not change the sign on the

interval [z1, 2] (or [x2, 1] respectively) since otherwise it would not be an integrable
function on the considered interval.

The remaining part of the proof follows from Theorem[3:21} If In W, € Ly, we consider
the original strategy (y, ) and if In Wy ¢ L, we consider a strategy (¢, v)/Wp instead
in order to obtain that the é-price is a shadow price also in this case. g

Corollary 3.32. Given the transaction taxes AT, Al let A > 0,w = wy € (0,]0] A
|a — 6]) and let 7,7 be the log-optimal policies from Definition Let (1, 91)1>0 be
a [(w, )] a-strategy with the wealth process (Wy)i>0, where A € Fy is a set of probability 1.
(i) If (Wt)tzo is the wealth process of an admissible strategy keeping the position within
a compact subset of A, then

limsup & In(W,/W,) £0.

t—oo

Moreover, if Emax{0,n(W,/Wy)} < oo, then also

lim sup + E[ln(W, /W) <0

t—oo

(i) If In Wy € Ly, then (¢, ¥:)i>0 is a shadow strategy and the corresponding shadow
price can be obtained from if a = 1 and from if @ = 0, where € comes from
(L05), where (m;)¢>0 is the position process of (¢, ¥¢)t>0 and where

f@) & AW + [3ly + wy] du (111)

Za (u)

(iii) Generally, (ii) holds with (p, ) replaced by (p,)/Wo, even if In Wy ¢ L.
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Proof. It follows from the definition of w = wy and the definition of function f in (111J)
that assumption (A1) of Theorem is satisfied. Then we obtain from Theorern&
that (ii) holds and that the the assumptions of Theorem are satisfied so that we get
from the Theorem together with Lemma that (i) holds. In order to verify (iii),
it is sufficient to realize that the strategy (¢,1)/Wo has unit initial wealth and that it
satisfies the assumptions of this Corollary. It is also helpful to realize that this change
of the strategy has no effect on the values of (m, T, & )i>0. O

Remark 3.33. See Lemma that there exists a [(m, T)] a-strategy (¢, ¥1)i>0 given
an initial wealth and given an initial position within [r, 7] on A € Fy with P(A) = 1.

Theorem 3.34. Let (p,v), (4, V) be admissible strategies with the wealth proceses
W, W, respectively, such that In Wy, In W, are integrable random variables. If (p,0) is
the strategy from Corollary [3.32] then

limsup 1 E[ln Wy < hm + E[ln W], (112)
t—o0
limsup L InW, £ tlim + InW,. (113)
t—o0 —oo

Proof. First, without loss of generality, we may assume that W, = 1. Further, note
that the strategy (¢,1)) just keeps the position within the interval [z, 7] up to a null set
where 7, 7 are the log-optimal policies. Then see [I4] and [I5] that

Jim 1w, = hm LEW] =v = 100" — w?), (114)

where w € (0, 0] A |a — 6]) comes from the definition of the log-optimal policies, i.e. it
is the solution of the following equation

0+w
0=A;\) = Au(-A) +Z(w), where I(w)2 [;7¥(Am + ) do

See Lemma 11.2 in [I4] and Lemma 6.3 in [I5] that the function 7 is a continuous
decreasing bijection between (0, |§| Ala—6|) and (—oc,0). Also note that (TI2]-[I13)) hold
by Corollaryn if (¢, ¢) is an admissible strategy from the statement of Theorem
with the position attaining values in a compact subset of A.

Let us consider an increasing sequence 0 < w, T w. Then see the definition of A, and
take into account the above mentioned properties of Z in order to see that there exist
increasing sequences 0 < Al T AT and 0 < AL T Al such that

0=Aa(AL) = Aa(=AL) + Z(wn).

Let (@,1&) be an admissible strategy from the statement of Theorem and let
(@™, ™) be a self- ﬁnancing strategy corresponding to transaction taxes ()\T AL) such

n? n

that (" 1/)0) (ap,wo) As the transaction taxes (A, Al) are lower than (AT, \l), we

n? n
get that W™ > W where W™ and W are the wealth processes of (@™ 1[)") and of (&, 1/))
respectively. Further, we obtain that (¢ ,1/)”) is an admissible strategy w.r.t. the trans-
action taxes (A], \l) as

n? n

mln{Wt + /\'IL nSa th 7L<p?5a} > Wt ()"rL(pt + An@t )Sg Z mln{ththl} > 0’
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where W 2 W, 4+ A1$,8¢ and W} £ W, — A\ ¢,S¢. Obviously, the position (7;);>0 of
the competing admissible strategy (¢, 1&) attains values in A. Then also
w2 GPSE IV = GuSE W = R W € A= (=1/AT,1/A)),

as A is a convex set containing zero and as sign(7') = sign(7;) and |77| < |7;|. In partic-
ular, (7#7');>0 attains values in a compact subset [—1/AT,1/A1] of A, & (=1/A],1/A}).
By the first part of the proof applied with transaction taxes (A, \}), we get that

limsup 1+ E[ln W,] < limsup 1 E[ln WP <u, & 15207 —wl) — v,

n

t—o0 t—oo
as n — 00, which together with (114)) ensures that (112 holds. The relation (113 can
be obtained in a similar manner. ]

4. COMPARISON OF TECHNICAL TOOLS

The aim of this section is to provide links between the technical tools considered in this
paper and the tools considered in some other papers solving the same problem, i.e. the
problem of maximization of growth rate of the wealth process in the long run.

4.1. Comparison to [17]

See [17] for a solution of maximization of the long-run growth rate of the wealth process
corresponding to the case a = 1 based on shadow prices. They seek for a shadow price
(St)t>0 in the form

S = mtg(%), (115)

where ¢ is a smooth function and (m;)¢>0 is a certain process of locally finite variation,
which is in the end of the form

Q=

5}(%—1), with ¢ = 1Z04es

my = O—wx

where (St, 7¢)¢>0 are the obtained shadow price and the corresponding shadow position.

They assume without loss of generality that AT = 0 and their results really correspond
to the ones presented in this paper when a = 1. Note that we assume that AT > 0 in this
paper but admitting the case AT = 0 would require only minor changes. The function
g considered in and function f satisfying assumption (A1) of Theorem are
connected as follows

f) = g (=), ) =2 (.
x —x c

Note that our ODE for f is simpler than the ODE for g considered in [17].

4.2. Comparison to martingale approach

A martingale approach considered in [14] and [15] provides a solution to the problem

lny if =0

116
%y”’ if v<0 (116)

max litrgglf%u;lEuy(Wt), where U, (y) = {
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of maximization of the long-run growth rate of the certainty equivalent from the wealth
process among a certain family of strategies. The main task there is to find a smooth
function g and v € R such that

U, (Wye 9=ty >0, (117)

is a martingale in the optimal case and such that it is a supermartingale, in general.
If v = 0, we have the following link between the process & = (£;);>0 determining the
obtained shadow price in this paper and the function g from (117 as follows

0=2¢ +G(m), where G(x)= 1-&;5;235)’ (118)

provided that (7¢)¢>0 is the position of the optimal strategy.

Remark 4.1. The interested reader may appreciate a very brief and rough presentation
of the solution to the problem solved in [I4] and [I5]. The optimal policies =, 7
for the position process (7¢);>o and the maximal long-run growth rate v of the certainty
equivalent from the wealth process are as follows

2

E—f (/\T)(e w), ﬁ-:g;}\a(—,\i)(g"'w)a v= (1—7)%(@2—w2),

where © £ 0/(1 — «) is the corresponding Merton proportion and where w = wy > 0 is
the unique root of the following equation

0_)\+f®+w(

w

+ 5oy ) do, where Dy(z) £ ya? + (20 — a)z + (1 —9) (0% — o?).

za (T)

The function g from (T17) is of the form g(z) = [2=2“®) 4z where y solves

za (T)

y'(u) + Du(y(u) =0, ylu(x) =0 -w, yu®) =06+w,

where u(x) = = 1f a = 0 and u(z) = In|{%| if a = 1. Finally note that the function
Yy (x from is nothing else but z — y(u(z)) if y = 0.

5. APPENDIX

In this section, namely in Lemma we show that a self-financing strategy with a pos-
itive wealth process is, up to a null set, equal to an admissible strategy.

Notation 5.1. If B is a subset of the extended real line RU {00, —co}, we write simply
Br instead of BN R, and if 7 is a random time and (X¢);>¢ a real-valued process, we
simply write [X, € B] instead of [1 < 00, X; € B] as X is not defined in this section.
Let a be a fixed stopping time. Put

7.; L inf{t > a; S, = SL}, Ti 2inf{t > o; S; = S&}, (119)

if a = 1 and in the same way with S replaced by F' if a = 0. Let us consider a fixed
self-financing strategy (¢, ¥:)i>0 with the ask and bid wealth processes (W], W/ )i>0
defined in (E, Then we put

Bl & inf{t > a; W, =0}, BL2inf{t >a;W; =0} (120)
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Further, we consider a self-financing strategy (¢, 1[%):&20 2 (Vina, Yina)t>0 with the ask
and bid wealth processes (W, , W} )tzo defined as follows

(Wt ’ ) d)t + Qat(st 7S ) (121)

if @ = 1 and in the same way Wlth S replaced by F'if a = 0, cf. @. Then we consider
ﬁ ﬁl defined similarly as in (120 but with W replaced by W.

If « is a current time, we can mterpret 7), 7} as the times when the nominal price
reaches the current ask and bid price, respectively, and 1, 3. as the times when the
ask and bid wealth process reaches zero, respectively. The (’s can be understood as the
bankruptcy times if the current wealth is positive but they will also be used differently.

Lemma 5.2. Let (¢, 9+)t>0 be a self-financing strategy such that the corresponding
wealth process (W;);>o attains only positive values. Then

Wi <01 C e <0], W <0]C [t > 0] (122)

hold whenever ¢ € [0, 00), where W], W} )¢>0 are the processes from (9}15). Moreover,
let (o, 81, 3L) be as in Notation Then

Bl = inf{t > Bl; W} <0}, BL = inf{t > BL; W} <0}, (123)

i.e. the processes (W], W} );>, reach negative values immediately after reaching the
value zero up to a null set.

Proof. See (10§15) that sign(y:) = sign(W} — W) = sign(W; — W}) hold whenever
t € ]0,00). As (W;)i>0 is assumed to be a positive process, we get that

Wi <0] € W] <Wi] C [ <0,
W/} < 0] €W} <W,] C g > 0],

€ [0, 00),
i.e. (122) is verified and it remains to show (123)). Put

Ny 2 [[0 82 dF, = uf .S ds + o [).Se dB,. (124)
First, we will show that the following implication holds

B<olClps#01 = B2 inf{t> BN, < Na}, (125)

whenever [ is a stopping time. Let [3 < oo] C [¢g # 0]. As (p1)i>0 is a right-continuous
process, we get that fﬂtcpgss?“ ds > 0 holds on [ < t]. Then we obtain by Schwartz
inequality that

limzup |f;g055;1 ds\(f;gogSfa ds)~1/2 < th%l* VEt—=6=0 (126)
t—(B— -

holds on [ < oo]. Further, as (N); = UQf()t(pgSfa ds, we get that

B = inf{t > B; (N)e > (N)g}.
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Then by the law of iterated logarithm and Dambis-Dubins—Schwartz Theorem, see The-
orems 11.18 and 16.4 in [23], we get by (124}f126]) that the following implication

t
<S¢ dB,
f<o0 = liminf —2t=Ns liminffﬁii = —0
t—B— <N>t7<N>B t—B— /fﬁwgsga ds
holds up to a null set, which verifies the validity of the implication (125)).

Further, as (W], W} )i>0 are rcll-process, we get by the definition of (8], 3}) in (120)
the left-hand inclusions in

8L < 00l € W), = 0] C [y < 0],
B4 < o0 € V), =01 € [y > 0],

(127)

(128)

while the right-hand inclusions follow from the already proved properties written in
(122)). Thus, (B8], 38) satisfy the assumption of the implication (125)) and hence, we get
that also the conclusion in (125)) holds with 3 replaced by 81 and 3}, respectively.

By Lemma with & = AT, we get that
W E W+ [10s(S) AR, —Cf,  where O] 2 (AT + L) 752 dps.
As (C})t>0 is a non-decreasing process, we obtain that
Wl =WLZ [lou(Sh)"dF, = 1+ A1) [N, - N,],  0<s<t<oo.  (129)

Then we obtain the left-hand equality in (123]). The second equality in (123 can be
obtained similarly simply by replacing T by |, and vice versa, in the end of this proof
beginning with using Lemma [2.15 ]

Lemma 5.3. Let 1 € R,0 € (0,00) and (By)¢>0 be a standard Brownian motion. Put
B, 2ut+oB;, t>0 and 7,2inf{t>0;B;=c}, ccR.

If u,—v € (0,00), then P(7, < 7,) > 0.

Proof. 1. Let p = 0. By Proposition 3.8 in [31l part II], P(r, < 7,) = = > 0.

v—u

Obviously, there exists T € [0, 00) such that 0 < pr(u,v,0) £ P(r, < 7, AT) holds as

0< Pty <mp) = Tlirn pr(u,v,0).

2. Generally, let ;1 € R. By the first part of the proof, there exists T' € [0, 00) such
that 0 < pr(u,v,0). By Girsanov Theorem, see Corollary 16.25 in [23], there exists
a probability measure Q1 ~ P such that

Po(By) iy =Qro (B2, where By £B,+%t t>0.

Then 0 < pr(u,v,0) = Qr(1y < 7w AT) < Qr(7y < T0), and also 0 < P(7, < 7,) as
P~ Qr. O

In the proof of Lemma [5.5] we will need strong Markov property of a standard
Brownian motion formulated as follows.



Log-optimal investment in the long run with proportional trans. costs when using shadow prices 623

Lemma 5.4. Let (B;):>0 be a standard F;-Brownian motion and 7 be an F;-stopping
time. Assume that there exists a standard Brownian motion (By):>o independent of
Foo. Then there exists a standard Brownian motion (B ):>o such that

[T < o0] C ﬂtzo [Bt+r — Br = B ] (130)
and that

1[T<OO]P(BT€ AlF) = 1[.,-<OO]P(B € A), (131)

whenever A C RI%>) is a Borel subset of the set of all continuous functions on [0, o)
endowed with compact open topology.

Proof. Put y
Bz—é1[T<oo](Bt+T_BT)+1[T:OO]Bt7 t>0.

Then obviously holds. Further, we will show that B, B™ have the same distribution,
which will ensure that BT is also a standard Brownian motion. Let A C RI%>) he
a Borel subset of the set of all continuous functions on [0, 00) endowed with compact
open topology. Obviously,

1[7:00] P(BTE A|foo) = 1[7’:00] P(B € A|foo) = 1[7’:00] P(B € A)7
as B" = B on [1 = 00| € Fs and B is independent of Fi.. Put
A, £[BTe A|N[r <], Asp,=[B™" € Al (132)

Then we easily obtain, from strong Markov property presented by Theorem 11.11 in [23],
that P(Arnn|Fran) = P(B € A). As A, A, differ only on set [T > n|, we get that

1[T§n] P(A;|F7) = P([T < n] NAL[Fr) = P([T < n] N AranlFr)
l[Tgn] P(AT/\’H,|FT) = 1[T§n] P(AT/\TL|fT/\TL) = l[Tgn] P(B € A)

&

If we pass to the limit n — oo, we obtain that P(A;|F;) = 1;;co) P(B € A). Finally,
we get that

P(B"e A) = P(t = 0)P(B € A) + P(1r < )P(B € A) = P(B € A). (133)
Note that ((131]) follows from the equality written just above (133)). O

Lemma 5.5. Let (¢, 9;)¢>0 be a self-financing strategy with positive wealth process
(Wi)i>0, then W) AW} > 0,¢ > 0, up to a null set. In particular, there exists an ad-

missible strategy (¢7,¥;)i>0 = (pt, ¥t)1>0-

s

Proof. First, we show that & = oo holds whenever « is a stopping time such that

[ < o0] C WU < 0. (134)
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A

As in Notation we consider a self-financing strategy (@tﬂ[}t)tZO £ (Vtra, Yina)t>0
that stops trading at o with the wealth process (W;);>0 and with the ask and bid wealth
processes (W[}, W/ )i>o introduced in (121). As 0 < Wy < W] VW, t > 0, we get from
(134)) that also

o < 00] € VL =Wh <0< Wi = Wi]. (135)

As (VVtT , VAth)tZO do not jump at any t > «, we get from ([135]) the left-hand equalities in

Bl =inf{t > a; W] > 0}, Bl =inf{t > a; W/} > 0},

2 : 136
BL = inf{t > a; W} <0}, (136)

cf. (120). In order to verify the equality on the right-hand side, see (134]) and notice
that self-financing condition gives that AW/} < 0,¢ > 0. These conditions ensure that
(W] )i>a has to reach zero before reaching any positive value and we get that also the

last equality in ((136]) holds.

First, we have by (122) in Lemma |5.2) that W/ < 0] C [p; < 0] € [W; > 0] hold if
t > 0. Further, as (W}, W/, =W )t>4 do not jump upwards, we get from (136] that
,BL]R7 Wg S 0< th
75(&}11@7 pr < 0
By the self-financing condition (616 and the definition of W/}, W/ )i>0 in (9Y15)), we
obtain the equality on the left-hand side in the following

Vipa — Papr = [V — Wl >0, t € [a, 8] A Bk, (138)

while the inequality on the right in (138]) follows from the inequalities in (137]) on the
left. Further, we put 81 £ 31 A 8L A Bl. Then we get from l D that

Ve/pt 2 Ya/Pa, t € la, Bl]z. (139)

Now, we are going to show that 7 introduced in (119) is never lower than 31, i.e. that
Ay 2 [t =7) < 1] = 0 holds for every ¢ > 0. As (S;, F});>0 are continuous processes by
assumption, we obtain from ((119]) that

} t € [a, Bl (137)

) = hold on A;. (140)
o F,=F, if a=0 Do

Wi — {St:S& if a=1}_ Wh — s
Further, we get by the assumption (134]) and the inequalities in (137]) on the right that
At Q [(,Da,gﬁt < 0] Q [W(; S 0< Wt} (141)
as Wy > 0 holds by assumption. Then we get from (139140§141]) that
A, C [%<OSM]Q[M_M:ﬂ_@>O] —0

Po Pt Pa Pt Po —

holds whenever ¢ > 0. Thus, we have indeed verified that 31 < 7} holds.
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If we add a process from (S], S}, F], F})t>o to both sides of (139) and use the
following equality (P¢, %) = (@a, ) holding on [a < t < oo], we get that

WtT/Sﬁt ZWQ/@:&

0
Wh g0 > W 130 } telofae. (142)

Next, we show that 8L > 31 A f},- Namely, we show that B, £ [t = BL<BLABL =0
holds whenever ¢ € [0,00). As (W} )i>0 is a right-continuous process, we obtain by the
definition of B} £ inf{t > a; W} = 0}, by the second row in and by the right-hand
inequalities in that

B,Clo="0 < W < g =0,

Hence, ﬁi > BL A Bl = BN Further, as (W/)i>0 is a right-continuous process, we
similarly obtain that

: Wl W
[aét:ﬂ2<5£]§[ozwz 0 on >O}:®-

from the definition of 3], in (T20)), from the first row in (142)) and by the equality for B(L
in (136) together with the inequalities on the second row of the right-hand side in (137)).
This shows that 3], > 3], and hence we have that 3], = 81 < 7.

By the strong Markov property of a standard Brownian motion stated in Lemma[5.4]
there exists (on an enlargement of the original probability space) an arithmetic Brownian
motion (Bs)s>0 starting from By = 0 with the same distribution as In(S;/So)i>0 if a =1
and as (F})¢>o if @ = 0 such that 1jqcoq) Pz, = lja<oo) P& and that

In(Ss4a/S«) i a=1

a<oo = B;= .
Foiq — Fy if a=0

holds. Here, Py stands for the distribution of B and Pz, stands for the conditional

distribution of B given F,. See the definition of 7} in (II9) and of 3] in (I20) with W
replaced by W in order to agree that

7] =inf{t > ;B;_o =u} and B; =inf{t > ;B;_o = Va },
where u = A, (A1) > 0 and where

vTﬁ{ In(—¢/@) —InSy —In(1+ A1) if a=1 }_A (WJ)
k i/ or — Fr = X if a=0 “\ i (S])e

is such that [a < 0] C [Va < 0] by (1344137). By Lemma [5.3] we get that

a<oo = P(r)<flF.)>0 (143)
holds almost surely. By the previous part of the proof we have that BA(L < 7l and
therefore, we get that 0 = P(7) < 81) = EP(7] < B!|F,). This together with (143)

as

gives that a = oo.
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Now, we put a 2 0. We will show that ,6’3 = co. Whenever n € NU{oo}, we consider
a, = inf{t > ﬁg;Wg < —1/n}.

As (W)/)i>0 is a right-continuous process, we have that [a,, < oo] C WS, < —1/n].
Hence, holds with « replaced by «.,, and we get by the first part of the proof that
o, = oo holds whenever n € N, which gives that also a, = inf,, a,, = co. Then we get
by Lemma 5.2 that also 8] 2 as 2 co. Hence, 3} 2 oo and, similarly, we would show
that also 3 2 co. Note that showing that G} 2 oo needs to modify also the first part
of the proof but the modification is straightforward. Then we get that (W, A W})i>o
attains positive values up to a null set. O

(Received October 14, 2013)
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