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CALCULATIONS OF GRADED ILL-KNOWN SETS

MASAHIRO INUIGUCHI

To represent a set whose members are known partially, the graded ill-known set is pro-
posed. In this paper, we investigate calculations of function values of graded ill-known sets.
Because a graded ill-known set is characterized by a possibility distribution in the power set,
the calculations of function values of graded ill-known sets are based on the extension principle
but generally complex. To reduce the complexity, lower and upper approximations of a given
graded ill-known set are used at the expense of precision. We give a necessary and sufficient
condition that lower and upper approximations of function values of graded ill-known sets are
obtained as function values of lower and upper approximations of graded ill-known sets.
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1. INTRODUCTION

Various models have been proposed to represent uncertainty: probability theory [§],
fuzzy sets [10], belief functions [7], possibility theory [12], random sets [5], rough sets [6],
and so on. Most of those models treat the uncertainty of a single-valued variable while
others treat the uncertainty of a set-valued variable. Person’s height, weight and age,
the stock price at expiration and the cost of a cab ride between certain places, etc., are
considered single-valued variables because the true values of those are unique. On the
other hand, someone’s favorite food, person’s belongings, the day when a person stays
in Osaka, candidate for the research topic, and so on are considered set-valued variables
because the true values are not always unique. The former is called a disjunctive variable
while the latter is called a conjunctive variable (see 3] []).

While a disjunctive variable takes a value of the universe, a conjunctive variable takes
a subset of the universe. Then the set of possible realizations of conjunctive variables
becomes a collection of subsets and the number of possible realizations is exponentially
many. Therefore, unlike that of a disjunctive variable, the treatment of the uncertainty
of a conjunctive variable becomes complex. Moreover, a conjunctive variable might be
considered less encountered in the real world than a disjunctive variable. Because of
those possible reasons, conjunctive variables have been studied much less than disjunc-
tive variables. Nevertheless, several models such as belief functions [I], ill-known sets [2]
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and graded ill-known sets [4] to represent uncertainty of conjunctive variables have been
proposed.

A variation range of a single-valued (disjunctive) variable can be seen as a conjunctive
variable (see [4]). For example, to predict the variation range of a stock price, we should
treat it as a conjunctive variable. Moreover, the predicted values of stock price by many
experts can also be treated by a conjunctive variable. In addition, from its original
definition, a conjunctive variable is useful to represent a set-valued variable, e.g., a
satisfactory range, feasible range, members of a group, and so on. From these points of
view, conjunctive variables can be encountered as often as disjunctive variables.

In this paper, we concentrate on the graded ill-known set as a model of conjunctive
variable and investigate the calculations of graded ill-known sets. An ill-known set is
a subset whose members are not known exactly. They can be represented by a family
of subsets that can be true. A graded ill-known set is an ill-known set represented by
a family of subsets with possible degrees. In other word, a graded ill-known set can be
represented by a possibility distribution on the power set. The treatments of graded ill-
known sets are primitively very complex because their manipulations are defined in the
power set in principle. Namely, the number of elements in the power set is exponential,
and thus the processing of graded ill-known sets usually requires an exponential order
of computations.

Lower and upper approximations of graded ill-known sets are proposed for its simpli-
fied model. Generally speaking, lower approximation is composed of sure members while
upper approximation is composed of possible members. In some real world problems,
we may know only lower and upper approximations and, in this case, it is shown that
possibility and necessity measures of graded ill-known sets are calculated by its lower
and upper approximations [2l, 4]. Because lower and upper approximations are defined
in the universe, the treatments of those approximations are much computationally less
than the treatments of graded ill-known sets. Therefore the results about possibility
and necessity measures of graded ill-known sets defined by their approximations are
very computationally advantageous.

In this paper, we show a similar result about function calculations of graded ill-known
sets. We introduce the extension principle to graded ill-known sets to calculate function
values of graded ill-known sets. The calculations of function values with graded ill-known
sets are performed on the power set. Therefore, as described earlier, it would require a
lot of computational efforts. In some real world applications, it can be sufficient to know
the lower and upper approximations of the function value of graded ill-known sets. From
this point of view, we consider the lower and upper approximations of function value of
graded ill-known sets. We investigate the necessary and sufficient condition for the lower
and upper approximations of function value of graded ill-known sets to be calculated by
the lower and upper approximations of given graded ill-known sets. Moreover, we give
some simpler sufficient conditions useful for the applications of graded ill-known sets to
various fields.

This paper is organized as follows. In Section 2, we briefly review graded ill-known
sets. The main results on calculations of graded ill-known sets are given in Section 3.
In Section 4, a simple example is given. Concluding remarks are given in Section 5.
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2. GRADED ILL-KNOWN SETS

Let X be a universe. Let A be a crisp set whose members are not known exactly. For
example, consider student participants of a conference held 10 years ago in a laboratory
under Prof. X. Prof. X knows that there were six students at that time, say a, b, ¢, d,
e and f. However, his memory is not certain. He is sure that three students attended
the conference and f was absent at the conference. Moreover, he remembers that a
and b attended the conference. From this memory, we know that the set of the student
participants in Prof. X’s laboratory was {a,b,c}, {a,b,d} or {a,b,e}. Such a crisp set
with imprecise members is called an ill-known set.

To represent an ill-known set, collecting possible realizations of A, we obtain the
following family:

A:{AlaAQa”'aAn}v (1)

where A; is a crisp set such that A = A; is consistent with the partial knowledge about A.
Given A, we obtain a set of elements which certainly belong to A, say A~ and a set
of elements which possibly belong to A, say A1 are defined as

Am=NA= [ 4, At=J4= |J 4. (2)
i=1,...,n i=1,...,n

We call A~ and A" “the lower approximation” of A and “the upper approximation” of
A, respectively.

In the previous example about the student participants of a conference in Prof. X’s
laboratory, we may define X = {a,b,c,d,e, f}, A1 = {a,b,c}, As = {a,b,d} and A3 =
{a,b,e}. Then we have A~ = {a,b} and AT = {a,b,c,d,e}. A~ coincides with the
sure participants in Prof. X’s memory and X — A" = {f} coincides with the sure non-
participants in Prof. X’s memory.

In the real world, we sometimes may know sure members and sure non-members of
A only. In other words, we know the lower approximation A~ as a set of sure members
and the upper approximation A" as a complementary set of sure non-members. Given
A~ and AT (or equivalently, the complement of A™), we obtain a family A of possible
realizations as

A={4,] A~ CA;C A"} (3)

We note that A~ and A are recovered by applying (2) to the family A induced from A~
and AT by (3). On the other hand, a given family A of cannot be always recovered
by applying (3) to A~ and AT defined by . For example, in the example of the
student participants of a conference in Prof. X’s laboratory, A is not recovered.

If all A;’s of are not regarded as equally possible, we may assign a possibility
degree m4(A) to each A C X so that

JACX, w(4) =1 (4)
A possibility distribution 74 : 2% — [0,1] can be seen as a membership function of a

fuzzy set A in 2%X. Thus, we may identify A with A. The ill-known set having such a
possibility distribution is called “a graded ill-known set”.
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For example, assume Prof. X feels {a, b, ¢} is most conceivable and {a, b, d} is more
conceivable than {a, b, e} in the setting of the previous example. His feeling may be ex-
pressed by a possibility distribution 74 ({a, b,c}) =1, m4({a,b,d}) = 0.6, m4({a, b,e}) =
0.3 and m4(A) = 0 for any other subset A C X = {a,b,¢,d,e, f}.

In this case, the lower approximation A~ and the upper approximation AT are de-
fined as fuzzy sets with the following membership functions (see Dubois and Prade [2],
Inuiguchi [4]):

pa-(a) = inf (1 -ma(A)),  pa+(z) = supma(A). (5)
wéA ggﬁ

We have the following property:
Ve € X, pa-(x) > 0 implies pa+(x) = 1. (6)

In the example of possibility distribution for student participants of a conference in
Prof. X’s laboratory, we obtain p,-(a) = pa-(b) = 1, pa-(¢) = 04 and py-(x) =0
for x € {d,e, f}. On the other hand, we obtain ps+(a) = pa+() = pa+(c) = 1,
pra+(d) = 0.6, pa+(e) = 0.3 and pa+(f) = 0.

Because the specification of possibility distribution 7 4 may need a lot of information,
as is in the usual ill-known sets, we may know only the lower approximation A~ and
the upper approximation A" as fuzzy sets satisfying @ The consistent possibility
distribution 74 for any A~ and AT is not unique.

However, the following possibility distribution 7% (A4;) is the maximal possibility dis-
tribution among the consistent possibility distributions

) = min (1081~ 4 (2). 0t o 0)) 7

inf
¢ A
where we define inf () = 1. We identify the maximal possibility distribution 7% (A) with
the given fuzzy sets A~ and AT unless the other information is available.

For example, when 74 of X = {a,b,c,d,e, f} are given by ps-(a) = pys-(b) = 1,
pa-(c) =04 and py-(z) = 0 for x € {d,e, f}, and pa+(a) = pa+(b) = pa+(c) =1,
pa+(d) = 0.6, pa+(e) = 0.3 and pa+(f) = 0, we obtain 7% ({a,b}) = 0.6, 7% ({a, b, c}) =
1, 74({a,b,d}) = 0.6, 7% ({a,b,e}) = 0.3, 7% ({a,b,c,d}) = 0.6, 7% ({a,b,c,e}) = 0.3,
mh({a,b,d,e}) = 0.3, 7% ({a,b,c,d,e}) = 0.3 and 7% (A) = 0 for any other A C X.

When A~ and A" are obtained from a possibility distribution 74, 7% obtained from
A~ and AT through @ is not always same as the original 4. We only have 7m4(A4) <
74 (A), A C X. Indeed, this fact can be observed in the examples above. Namely,
the possibility distribution 74 defined for the student participants of a conference in
Prof. X’s laboratory has lower and upper approximations A~ and A" which are used
for the calculation of 7% in the example above. We observe m4(A) < 7% (A4), A C X.

3. EXTENSION PRINCIPLE FOR GRADED ILL-KNOWN SETS

In this paper, we consider graded ill-known sets in real line R and investigate the cal-
culations of graded ill-known sets in R. Graded ill-known sets in real line R are called
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“graded ill-known sets of quantities”. The set of graded ill-known sets of quantities is
denoted by ZQ.

Because graded ill-known sets are characterized by possibility distributions on the
power set which can be seen as a membership function of a fuzzy set in the power set,
the function values of graded ill-known sets of quantities can be defined by the extension
principle [11] in fuzzy set theory.

When a function 1 : (2B)™ — 2R is given, we extend this function to a function from
ZQ™ to ZQ in the following definition.

Definition 3.1. Let A;, i =1,2,...,m be graded ill-known sets of quantities. Given a
function ¢ : (2R)™ — 2R the image (A1, Az, ..., An) is defined by a graded ill-known
set of quantities associated with the following possibility distribution:

T Ar, Ay Am) (Y)
sup min (77./41 (Ql)aﬂ-Az(Q2)7' AL (Q’m)) 5 if ¢_1(Y) 7& 07

Q1,Q2,....QmCR
Y:w(le---aQM)
0, if p=1(Y) =0,

(8)

where 7 4, is a possibility distribution associated with graded ill-known set of quantities
A; and 9! is the inverse image of 1.

Note that, function f : R™ — R can be extended to a function f : (2B)m — 2R
by f(A1,As, ..., Ap) = {f(z1,22,...,2m) | ; € A;, i = 1,2,...,m}. The extended
function f : (2B)™ — 2R can be further extended to a function f : ZQ™ — ZQ by
Definition Bl

The calculation of ¥(Ay,As, ..., A,) is very complex because we should consider
all elementary sets of power set 2®. This implies that at least an exponential order
of calculations are requested. In this paper, we investigate the necessary and sufficient
condition for the lower and upper approximations of ¥)(Aj, As, ..., An) to be calculated
in smaller order of complexity when 1) is the extension of f : R™ — R. The lower and
upper approximations provides the approximated values and, in some special cases, the
exact values (see [2], 4]), Therefore it is very useful to know those approximations.

We obtain the following theorem about the upper approximation.

Theorem 3.2. The upper approximation fT(Aj, As,..., An) of f(A1,Az,..., An)
can be calculated by upper approximations of A;, i = 1,2,...,m. More concretely,
we obtain

Lf+ (Ar As s A (Y) = sup T (A1, Ay Am) (V)
yeE

= sup min(:u’AIr(xl)hu’A;r(xZ)v"'7/~‘[’Ax(m7n))) ://Lf(AIr7A2+7_”’A¢L)(y),
T1,22,...,mER
y=f (21,22, ,Tm)

(9)
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where fif+(4,,4,,...,A,,) 1S the membership function of f* (A1, Az, ..., Ay) and p 4+ is the
membership function of the upper approximation Aj of A;. Similarly, u FOAT AL AR
is the membership function of the image f(Af, A3,..., A}).

Proof. It can be proved straightforwardly from the definitions. O

For the lower approximation, we only have an inequality as shown in the following
theorem.

Theorem 3.3. The membership function of lower approximation f~ (A, As,...,An)
of f(A1, Az, ..., Ay) is not smaller than that of f(A],A5,...,4,,), i€,

= (A Az A) (U) = ylg/(l — T Ay, A, ) (YY)

> sup min(ﬂA;($1)7/~LA; (xz),...,uA;(xm)) = ’uf(Af,A;,...,A,’n)<y)7
T1,2,...,2mER
y=f(x1,22,....,Tm)

(10)
where p ,- is the membership function of lower approximation A, of A;. 1 FADAG AR

is the membership function of the image f(A7, A5, ..., A;,) of fuzzy sets A7, A5 ,..., A,..

Proof. For the sake of simplicity, we prove when m = 2. In cases where m # 2, it can
be proved in the same way. From the definition, we have

fp-(a,A)(y) = inf | 1—  sup  min (74, (A1), 74,(A2))
yey A1,A2
Y=f(A1,42)
= Ain£ max ((1 — 74, (41)),n (7m4,(A2))).
1,412
y&f(A1,A2)

Assume uf(A;7A;)(y) > «. By definition of f(A], A5 ), there exist 21 and x5 such that
y = f(x1,22), (VAL Z 21, n(ma,(A1)) > a) and (VA2 Z 22, n(ma,(A2)) > o). Under
this assumption, we prove fi¢- (4, 4,)(y) > . For all Ay and Ay such that y ¢ f(A1, A2),
from the assumption, we have x1 € A; or zo &€ As. Moreover, from the assumption,
x; & A; implies n(m4,(A;)) > a (i = 1,2). Hence, applying those to the equation above,
we obtain fiy— (4, 4,)(y) > c. O

The equality of does not hold generally but in special cases. In the following
section, we investigate the necessary and sufficient condition for the equality of (L0).
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4. THE MAIN RESULT AND ITS IMPLICATIONS

We obtain the following theorem.

Theorem 4.1. We have [~ (A, As,..., An) = f(AT, A, ..., AL), e,

m

= sup min(uAl—(xl),uA; ($2)7~-ovﬂA;,($m)) :/j‘f(Al_,A;,..‘,A;L)(y)a
Z1,T2,..,ZmER
y:f(whw%”-@m)

(11)

if and only if

Va € [07 1)7 ﬂ{f<Q1> QQ ceey Qm) ‘ Ql € (“41)017 (A2)m R Qm € (Am)a}
= 1 (NADa (Ao VA (12)

where (A;)o = {Q | 74,(Q) > a}.

Proof. For the sake of simplicity, we prove when m = 2. In cases where m # 2, it can
be proved in the same way. From Theorem 2, we consider the necessary and sufficient
condition of

[ (A, A0) (1) < Mf(A;yA;)(y)'

This is equivalent to
Va € (0,1], py-(a,,4,)(y) = o implies iy - 4 (y) = o (%)

Then we consider the equivalent condition of (a) f- (4, 4,)(y) > « and that of (b)
Pycar,ap¥) = e
First let us investigate the equivalent condition of (a). By definition, we have

Hf( Ay, A0)(Y) = @& li%fy(l — A, A0)(Y)) =

& y¢Y implies 77(4,,4,)(Y) 21~ @
S TraA(Y) > 1 —aimpliesy €Y

& sup min(ma, (Q1),74,(Q2)) >1— « impliesy € Y
Q1,Q2:Y=£(Q1,Q2)

A AS ﬂ{f(Qth) | Q1 € (A1)1-a, Q2 € (A2)1-a}.
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Now let us investigate the equivalent condition of (b). By definition, we obtain

Mf(Al—,AZ—)(y) Zas sup min (MAI—(M)»NA; (w2)> =

z1,x2:y=f(T1,72)

<~ VE>07 31:17 T2, y:f(xlaxZ)a /J‘Al_(xl) > o —Eg, /J‘Az_(x2> >a—¢
& Ve>0, Iz, 22, y = f(x1,22), Qi%f. (1—74,(Qi) >a—¢e, i=1,2

i i

& Ve >0, 3x, 9, y = f(21,22),
(VQi1 Z 1, ma, (Q1) <1l—a+e), (VQ2 Z a2, ma,(Q2) <1—a+e)
& Ve >0, 31, z2, y = f(z1,22),
i€ (HQi | ma Q) 21 —ate}, i=1.2
& 3wy, @, y = flwr,72), m € [ {Qi | 7a,(Qi) > 1—a}, i=1,2

e e f (Ao A)ia).

From those equivalent conditions of (a) and (b), the necessary and sufficient condition
of () is obtained as

Va € [0,1), {f(Q1,Q2) [ Q1 € (A1)a, Q2 € (A2)a} = f (N(A1)as (A2)a) -
]

The necessary and sufficient condition for f~ (A, Ag,...,An) = f(AT, A5 ..., A,)
obtained in Theorem[£.1]is not easily confirmed. Then we will give a sufficient conditions
which are easily confirmed. To this end, we define a class ZQ;n € ZQ of graded ill-known
sets of quantities A satisfying the following properties:

Ya € [0,1), A(a) = [(A)q is nonempty and convex, and
there exists a family of convex sets {Q;};jes
such that Q; € (A)a,j € J and A(a) = ;c; Qj- (13)

A graded ill-known set of quantities A satisfying can be seen as an extension of an
interval in R. Then 7 Q;,; is considered the set of ill-known intervals.
Then we obtain the following theorem.

Theorem 4.2. Let f : R™ — R be continuous and monotone (monotonically increasing
or monotonically decreasing with respect to each argument). Let A; € ZTQy, @ =
1,2,...,m. Then we have , ie, (A, Agy .o  Ay) = f(ATLAS L AL).

Proof. By the same reason as Theorem [£.I] we prove when m = 2. Without loss of
generality, we assume f is monotonically increasing with respect to all arguments.

From A;(a) = (Ai)a C Qi for Q; € (Ai)a, f(A1(a), Az2(a)) € N{f(Q1,Q2) | Q1 €
(A1)a, Q2 € (A2)a}. Then we prove

y & f(Ai(a), As(a)) implies y & [ {£(Q1,Q2) | Q1 € (A1)a, Q2 € (A2)a}. (%)
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Because f is continuous and A;(«), i = 1,2 are nonempty and convex, f(A;(a), As(a))
becomes an interval (a convex set in the real line). Then we prove (%) dividing
into two cases: (a) y < inf f(A;(«),A2(a)) and y & f(A41(a), A2(a)) and (b) y >
sup f(A1(a), Az(a)) and y & f(A1(a), Az(a)).

Because A; € TQiy, there exists a family Q; of convex sets {Q;;}jes, such that
Qij € (Ai)a and A;(a) = ;e Qij for i = 1,2, From the convexity of Qi;, j € Ji,
i = 1,2, there exist subfamilies Q. = {Qij}jeli C Q;and Q; = {Qij}jeji C Q; such

that sup;c;, inf @, = inf Aj(e) and inf; 5 sup Q;; = sup A;(«).
From the monotonicity, we obtain

Vr1 € Ai(a), Vre € Ax(a), y < f(r1,r2) implies

k€ Jy, Fkp €y, V1 €Q,, V2 €Q,, ¥ < fla1,02),
Vry € Ai(a), Vry € Ay(a), y > f(r1,r2) implies

3y € Jy, 3z € J2, Va1 € Qs Va2 € Qo ¥ > fla1,¢2)-

1()
y & £(Q,.Q,). This implies that y ¢ N{f(Q1.Q) | @ € (A)

Similarly, in case (b) y > sup f(41(a),A2(a)) and y & f(A1(), Aa(a)), we have
(A1)

Hence, (x) is proved. O

If Ai(a) =N(Ai)a € (Ai)a, i =1,2,...,m for any o € [0,1), we have (12)). From
Theorem we have the following corollary.

Corollary 4.3. If A;(a) € (Aj)a, i =1,2,...,m for any a € [0,1), then we have (L)),
Le, f7(A1, Az, ..., Ap) = f(AT A, ..., AL).

Proof. Itsuffices to prove that Q} CQ? implies f(Q1,Q3,..., QL) C f(Q%,Q3,...,0Q%).
This is obvious from definition, f(Q1,Qs2,...,Qm) = {f(z1,%2,. .., Tm) | T; € Qy, 1 =
1,2,....m}. a

When A;(a) € (Ai)a, i = 1,2,...,m for any a € [0,1), we have without
any condition on f. The strong condition A;(a) € (A;)a, @ = 1,2,...,m for any
a € [0,1) is satisfied by a graded ill-known set of quantities defined by lower and upper
approximations. This can be understood directly from the following proposition.

Proposition 4.4. Let A be a graded ill-known set defined by lower and upper approx-
imations A~ and AT. Then we have

(A)a = {A ’ [AT]i—.a CTAC (A*)a}, (14)

where [A7]g is a weak (-level set of A, i.e., [A7]g = {z | pa-(x) > 5}, B € (0,1] while
(AT), is a strong y-level set of AT, i.e., (AT)y = {x | pa+(x) >}, v €[0,1).
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Proof. From , we obtain the following equivalences:

(A

nf (1 — pa-(z)) > o and ,ireljfél,uAJf(m) >

€ A implies pq+(x) > ) and (pa-(z) > 1 — o implies z € A)

)a
Ea
(x
[ ]lfa CAC (A+)oc~

Ae

<
&
<
O

From Proposition we know that A(a) = [A7]1-4 if A is defined by lower and
upper approximations A~ and AT. Because A* is not related to A(a), we may have a
weaker sufficient condition for A;(a) € (A;)a. Namely, we obtain the following theorem.

Theorem 4.5. If the possibility distribution 74, of a graded ill-known set of quantities
A; satisfies

w4, (A) = inf(1—p,-(x)), VA such that igg(l —py-(2) < ing P+ (),
i x i xe v

g A

i=1,2,...,m, (15)

we have (11), i.e., f~ (A1, Ag,..., An) = f(A],A5,...,A), where A; and A are
lower and upper approximations of A;, respectively, and p,— and p,+ are their mem-
bership functions.

Proof. From Corollary it suffices to prove A;(a) € (A;)o under condition (15)).
Because

() 5, () = min (0t (1 (@), 0t s ) < i (1= oy 0),

we obtain

wAi(Ai)>a:>££(1—uA;(a:))>a<:>[A hica CA S [4A] 120 C Ai(a).

Now we prove [A] |1_q = A;(a) = [(A;)q using . From @, for Ve € (0,1 — ), we
have
inf (1 —p,-(x)) < inf pog+ ().
Z‘Q[A;h_a_g ’ xe[A;]l—a—a '

From , we obtain

74, ([47 Jima-e) = inf  (1—py-(@) 2at+e>a
A i-a-c ‘
Namely, we have [A; ]1_a—c € (Ai)q for any € € (0,1 — «). From the property of weak
level set, we have [A ]1_q—e 2 [4; ]1—o and ﬂae(o,pa) [A7]1—a—e = [A; ]1—a. Hence,
we obtain [A; J1_o = Ai(a) O
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5. CASES OF F((A7, Af),..., (Ayp, Afp) = (F(AT, ..., Ay ) AT, ..., ALp)

In this section, we investigate cases where

f(<AI,AT>»<A2_,A§>,...,<Am,Afn>)—<f(AI,A2_,~-.,Am),f(AT,A§~~~7AE)>(- :
16

Contrary to our expectation, does not always hold. Counter examples are given
as follows.

Example 5.1. Let us consider a function f; : R? — R defined by

1 + 22, if z1 + 29 <6,
fl(.’L‘l,.’Eg) = 0, if &1 + a9 € (6, 10],
T, + a0 —4, if 7 4+ 29 > 10.

Let A; and Ay be ill-known sets defined by lower approximations A] = [2,3] and
A5 = [2,3] and upper approximations A} = [1,7] and AF = [1,8], respectively. Then
we have

[478] ¢ fl(Ala-AQ) = f1(<A1_aA-1i_>7 <A2_3A;_>)7

but
{0y U4,8] € fi(Ai, A2) = fL({A7, AT), (A5, A7)

On the other hand, we obtain fi(A], A;) = [4,6] and fi(A], A7) = {0} U[2,11]. Then
we have

[4.8] € (fu(Ar. A7), f1(AT, A])).

Therefore, we have

Even when function is continuous and monotone, we have a similar result. Consider
the following example.

Example 5.2. Consider a function fo : R?> — R defined by fo(z1,72) = 21 + 2.
Let A7 and A} (i = 1,2) be the same as above, i.e., A7 = [2,3], A; = [2,3],
AT = [1,7] and AF = [1,8]. We have fo(A],A;) = [4,6] and fo(A], AT) = [2,15].
Then [4,6] U [11,12] € (fa(A7, A3), f2(AT, AT)). On the contrary, [4,6] U [11,12] &
f2((AT, AT, (A, AT)). This is because there is no @; € R and Q2 C R such that
£(@1, @) = [4,6] U1, 12,

From the examples above, we know that we may have

T AT AT Ay ATy (A A ) V) = Tipar ay ag) patagoany () (A7)

only for Y € f(2R,... 2R).
The following theorem shows that holds for a convex set Y C R and a monotone
continuous function.
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Theorem 5.3. Let f : R™ — R be continuous and monotone. Let A; and Aj be
fuzzy sets showing lower and upper approximations of a graded ill-known set A;, i =
1,2,...,m. Then holds for a convex set Y C R.

Proof. We prove when m = 2. can be proved in the same way even when
m > 2. Let f_l(Y) = {Ql X QQ - R? ‘ f(Ql,QQ) = Y} for Y C R and f_l(y) =
{(z1,22) | f(z1,22) = y} for y € R. For the sake of simplicity, we define graded ill-
known sets A; = (A7, Af), i = 1,2 and F = (f(A7,A3), f(AT, AT)). The proof is
given in two complementary cases: (i) f~*(Y) = 0 and (ii) f_l(Y) #£ (.

First we consider (i) f~1(Y) = 0. Suppose Vy € Y, f~1(y) # 0. Then Vy €Y,
(@1 xQ2)N f~ ( ) # 0 1mpheb f(@Q1,Q2) DY. Tt is 0bV10us that there exists Q1 and
Qo such that (Q1 x Q2) N f~(y) # 0. Let ¢ = infQ; and ¢& = supQ;, i = 1,2.
Because of the monotonicity, we have f(qV,¢%) < infY and f(qit,q}) > supY. Thus,
we may find 0 < A" <1 and 0 < AR <1 such that

FIL=AgE + ARqf, (1= MYy + AVgd) = infY,
and f((1—A%)gr 4+ AR, (1= A5 + AR¢3) = inf Y,

because of the continuity and monotonicity of f. Then we find convex sets Q1 C R and
Q2> C R such that

inf Qq = (1- )\L)q% + )\qu”, inf Qy = (1- )\L)q% + )\LqQR,
sup Q1 = (1 — AM)gft + \Rqf', sup Qs = (1 — AM)glt + A\Rglt,

where @, and Qs include their infimums if Y includes its infimum, and Q; and Q-
include their supremums if ¥ includes its supremum. For Q; and Qs, because of the
continuity of f, we have f(Q1,Q2) = Y. This contradicts f~*(Y) = (. Therefore we
know f~1(Y) =0 implies Iy € Y, f~(y) = 0.

By Definition we have Tpa, 4,)(Y) = 0 from f~*(Y) = 0. Moreover,
infyey uf(AT)A;)(y) = 0 because ﬂf(A;r,A;)(y) =0 for f~1(y) = 0 from the extension
principle in fuzzy sets. This implies 7#(Y) = 0. Hence, we have (17) when f=1(Y) = 0.

We now consider a case where f~1(Y) # (. From the assumption, we have
(A, A2) = f(A7,Ay) and fH(A;, As) = f(AT, AT). Because 7r is the maximal
possibility distribution of graded ill-known sets having lower and upper approximations
f(AT,A5) and f(AT,AT), mra,,4,)(Y) < me(Y). Therefore, we prove

Tra, ) (Y) 2 mr(Y). (*)
Moreover, because A; = (A;, AT), i = 1,2, we have

TyAsa)(Y) = sup  min (4, (Q1), T4, (Q2))
Q1,Q2CR
Y=£(Q1,Q2)
= sup  min | min | inf (1 —p,-(2)), inf p +( )),
Q1,Q:CR < (WQI o 2€Q: "4
Y=£(Q1,Q2)

min( inf (1, (x)), inf uA+(x))) .

TEQ2 2 r€EQ2 2



228

M. INUIGUCHI

expense | Expert 1 | Expert 2 | Expert 3
Ly, [10,13] [8,11] [11,12]
Uy [7,17] [8,18] [6,15]

income | Expert 4 | Expert 5 | Expert 6
Ly, [20, 23] (22, 25] [19, 24]
Uk [19, 25] [18,26] [17,27]

Tab. 1. Expense and income estimations (x1,000 $).

From Definition [3.1] and Proposition [£:4] we obtain

ﬂ-f(Al,Az)(Y) >«

< 3(Q1,Q2) such that Y = f(Q1,Q2),

[AT]1—a € Q1 C (Af)a and [A5 )10 € Q2 C (A7 )a. (#)
On the other hand, from the extension principle in fuzzy sets, we obtain
77(Y) = min| inf [1— sup min (,uAf (1), phy- (x1)> ,
ygy z1,x2€R ! 2
y=f(z1,72)
|, min () e (o0)
y=f(z1,22)
In the same way of the proof of Proposition [£:4] we obtain
1 (Y) > a6 [ f[AT h-a-e [AT]i—a—e) €V C f(AD)ar (A5)a)- (#%)

e>0

Now we prove (x) by showing
7r(Y) > o implies 7p(4, 4,)(Y) > .

For lower and upper approximations A; and A, we have p1 A- (z) >0 implies p AF (z)=1.
Then we obtain [A; ]1—o C [A; J1—a—e C (A]), for any £ > 0 and for i = 1,2.

Assume 7£(Y) > a, from (*), we obtain f([A] ]i—a,[A7]1-a) € Neso [([A] l1—a—-,
[A7]1—a-c) €Y. In the same way that we prove f~}(Y) = implies Iy € Y, f~1(y) =0
from the continuity and monotonicity of f, the convexity of Y and f([A] J1—a» [4] ]1—a) C
Y C f((A)a, (AF)a), we find [A; ]1—a € Qi C (A )a, i = 1,2 such that Y = f(Q1,Q2)
(see Figure . Hence, from (#), we obtain w4, 4,)(Y) > a. O

6. A SIMPLE EXAMPLE

In order to give an image of graded ill-known sets in the real world as well as to demon-
strate the efficiency in computation owing to @ and , we consider a virtual profit
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Z2

Q1 x Q2
' [Al_]n(a) X [AQ_]n(a)

estimation problem. There is a small project requiring some expenses but producing
incomes in future. To estimate the expected profit of the project, we asked six experts.
Three of them are good at the estimation of expenses while the other three are good
at the estimation of incomes. Although they are experts, due to the uncertain envi-
ronment, they cannot estimate them in univocal values. Their estimations are twofold:
highly possible intervals Ly and somehow possible intervals Uy such that Ly C U. As
shown in Table[1] we assume that the estimations of expenses are Ly and Uy, k =1,2,3
while the estimations of incomes are Ly and U, k = 4,5,6

Using Ly, and Uy such that Ly C Uy, k =1,2,...,6, the possibility distributions 7 4,,
i =1,2 about expenses A; and incomes As are defined by

{kILy CACUL keBi=230H .,

T‘-Ai(A) = 3 ) ) &y

(18)

where |B| is the cardinality of set B. For the normality of 7 4,, we assume
Usk—si—23i—1.3: Lk € Nk—3i—2.3i—1.3: Uk, © = 1,2. Moreover, to satisfy 7 we assume
Miksioi_1.8 Lk # 0, i = 1,2, otherwise A;(3) = N(4)1 =0, i=1,2,

Here, we note that the information of experts can be modeled by a basic probability
assignment Bpa; : 22" — [0,1], ¢ = 1,2 such that

if 3k € [3i — 2,3i], C={A| L, C AC Uy},

1
Bpa;(C)={ 3’ (19)
0,

otherwise.

Then 74,, ¢ = 1,2 of can be seen as contour functions of Bpa;, i = 1,2, i.e., we
have

ma(A) = > BpaiC), i=12. (20)
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For i = 1,2, let us define

S = {ACR U Ly CAC Uk ¢ s (21)
k=3i—2,3i—1,3i k=3i—2,3i—1,3i
Mi = SACR| |J LicAc ) U
k=3i—2,3i—1 k=3i—2,3i—1
U Lcac () oo |J LecAC () Uy,
k=3i—1,3i k=3i—1,3i k=3i—2,3i k=3i—2,3i
(22)
W, = {ACR|Lsi—o CACUsi_a, Lzi—1 CACUs—yor Ly, CACUs;}.
(23)

Then m4,, ¢ = 1,2 are obtained by

ifAes;,

if A¢S; and A e M,,

(24)
ingMi andAEWi,

O Wl Wl =

otherwise.

From to , we easily confirm that A;, i = 1,2 satisfy , ie, A € TOQint,
i =1,2. Then we can apply Theorem (4.2

Let us calculate the range of profit A; — A; and ensure Theorems and
First we apply Definition [3.1]to A —.A;. For parameters shown in Table i} we obtain

7T.A2—.A1(A)
1, ifAeS; -8, 1, ifAeS,
2 2
3’ if AZ Sy —8; and A € My — My, 3’ if A¢ S and A € M,
%7 if Ag Mg — M and A € Wy — Wy, %, if A¢ Mand A e W,
0, otherwise, 0, otherwise,

(25)
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where we define

S = {ACR|[6,17] C AC [4,17]}, (26)
M = [ACR|[7,17]C AC[2,17), [6,17] C A C [1,18),
[8,17) C A C [4,17), [7,17) C A C [3,18], [7,15] C A C [4,18],
6,15] C A C [3,19] or [6,14] C A C [4,18]}, (27)

W = {ACR|[9,15] C AC[1,19], [6,14] C A C [0,20],
[11,17) C [0,18], [8,16] C A C [~1,19], [8,12] C A C [4,19],
[10,14] C A C [3,20] or [7,13] C A C [2,21]}.  (28)

Applying , we obtain the following lower and upper approximations (As — A1)~ and
(AQ — A1)+2

f(az—a,)- () f(Ay—ap)+ ()

1, ifxe[ll,12], 1, ifael[4,17),

2 2

3 if x € [8,11) U (12, 14], 3’ if x € [1,4) U (17,19, (29)
= 1 = 1

3’ if z € [6,8) U (14, 17], 3’ if v € [-1,1) U (19,21],

0, otherwise, 0, otherwise.

)

Now let us calculate A, — A7 and A — AT For i = 1,2, we define

S = ﬂ Lk, S = ﬂ Uk,

k=3i—2,3i—1,3i k=3i—2,3i—1,3i
M, = ﬂ Ly U ﬂ Ly U ﬂ Ly,
k=3i—2,3i—1 k=3i—1,3i k=3i—2,3i (30)
Mj = m U, U m U, U ﬂ U,
k=3i—2,3i—1 k=3i—1,3i k=3i—2,3i
- _ + _
W, = U Lx and W= U o
k=3i—2,3i—1,3i k=3i—2,3i—1,3i

For parameters given in Table we obtain S; = [11,11], S;" = [8,15], M; = [10,12],
M;F = [7,17), Wi = [8,13], W[ = [6,18], S5 = [22,23], S5 = [19,25], M, = [20,24],
My = [18,26], W, = [19,25] and W, = [17,27], We note that those sets always become
closed interval because of ﬂk:3i7273i71’3i Ly #0,i=1,2.

Then the lower and upper approximations of A;, i = 1,2 are obtained as

: +
, ifxe ST,

, ifa:%Sii andeMii,
(double sign in same order). (31)

1

2

pigx () i’
3’ if o ¢ ME and z € W7,

0

, otherwise,
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Applying the extension principle in fuzzy set theory, we obtain

Fa;—a; () /v‘A;r_Aj(x)

1, ifxe[11,12], 1, ifxe4,17],

2 2

3 if x € [8,11) U (12, 14], 3’ if x € [1,4) U (17,19, (32)
)1 )1

3’ if z € [6,8) U (14, 17], 3’ if x € [-1,1) U (19,21],

0, otherwise, 0, otherwise.

We have (A2 — A1)~ = Ay — A7 and (Ay — 4A;)tT = A;r — Af. Then we could confirm
Theorems [3.2] and .21

Even in this simple case, the calculation of As — A; is rather complex because we
should consider all combinations of minimal and maximal elements of a-level sets. A
part of the complexity can be observed in the definitions of M and W. On the other
hand, as demonstrated above, calculations of (A, — A7) and (A — Af) are much
simpler.

7. CONCLUDING REMARKS

We investigated the calculations of graded ill-known sets. We showed that the lower and
upper approximations of function values of graded ill-known sets are obtained rather
easily in some cases while the exact calculations are complex. We revealed the necessary
and sufficient condition that lower and upper approximations of function values of graded
ill-known sets are obtained by function values of lower and upper approximations of
graded ill-known sets. Using this condition, we gave the sufficient conditions. From
one of them, we know that the lower and upper approximations of function values of
graded ill-known sets defined by lower and upper approximations are always obtained
by function values of the given lower and upper approximations.

Moreover, we gave counterexamples to show that function values of graded ill-known
sets defined by lower and upper approximations do not always equal to graded ill-known
sets defined by function values of the given lower and upper approximations while their
lower and upper approximations are. However the possibility distributions corresponding
to those function values may take same membership values at function images of sets.
We showed a sufficient condition that those membership values are equal. The results
obtained in this paper are valuable for applications of graded ill-known sets to systems
optimization, decision making, data analysis and so on. Those applications would be
future topics.
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