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MAXIMAL SOLUTIONS OF TWO-SIDED LINEAR
SYSTEMS IN MAX-MIN ALGEBRA

PAVEL KRBALEK AND ALENA POZDILKOVA

Max-min algebra and its various aspects have been intensively studied by many authors
[1, 4] because of its applicability to various areas, such as fuzzy system, knowledge man-
agement and others. Binary operations of addition and multiplication of real numbers used
in classical linear algebra are replaced in max-min algebra by operations of maximum and
minimum. We consider two-sided systems of max-min linear equations A ® x = B ® z, with
given coefficient matrices A and B. We present a polynomial method for finding maximal
solutions to such systems, and also when only solutions with prescribed lower and upper
bounds are sought.
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1. INTRODUCTION

Max-min algebra (R, ®,®) is the set R = R|J{—00, 00} equipped with operations
® = min and & = max. These operations are used instead of the operations of mul-
tiplication and addition, respectively. Algebraically, max-min algebra is an idempo-
tent semiring. In many application, the operations maximum and minimum can be
considered for fuzzy relations [6]. Fuzzy relation equations are important in dynamic
systems, knowledge engineering and other areas.

Max-min algebra belongs to the family of so-called extremal algebras. Interval
systems in extremal algebras were investigated by [3], two-sided systems in max-plus
algebras were studied by [2]. Two-sided systems of max-min linear equations are also
treated in [5].

In this paper an approach to solving the two-sided problem is described. Suppose
A, B are two matrices of dimension m X n and z is a vector of unknown values of
dimension n x 1. The main problem is to find a maximal solution of system

A®zr=B®ux, (1)

sets of indices M = {1,2,...,m}, N = {1,2,...,n}. The second section describes
how to find the maximal solution for two-sided problem for system (1) of dimension
(1,n), as well as solutions with prescribed lower and upper bounds (in a remark).
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Section 3 presents an algorithm with complexity O(m?n), which finds the maxi-
mal solution for system (1) with dimension m z n, and also when upper and lower
bounds for the solutions are given apriori. The theoretical results are accompanied
by numerical examples.

2. MAXIMAL SOLUTION FOR MATRICES A, B OF DIMENSION (1, N)

In this section we are finding the maximal solution of the system (1) for given
matrices A, B of dimension (1, n) without restriction, and also with lower and upper
bound constraint for the solution. In more details, the equation can be written in

the form
X1 €

(a11 aig ... aln)® :(bll bia ... bln)® , or
In Tn

(CL11 ®I1)@(Q12®I2)@.. @(a1n®xn) = (bll ®$1)@(b12®$2)@ ..D (b1n®In)

Equivalently, we are looking for maximal values of the unknown vector z satisfying

the equation
n n

Plar; @ z;) = Pby; @ ;).

=1 =1
Let us denote

j=l.n

n n
a = .mlax (all, N ,(Lln) = @alj, b= .mlax (b117 e 7b1n) = @blj.
j=1l..n )
J=1

j=1

There are 3th three possibilities: a = b, a < b, or @ > b. The following lemmas
describe the first two cases; the third is similar to the second one.

Lemma 2.1. If a=b, then = (00, 00,...,00)7 is the greatest solution of linear
system AQ = B ® x.

Proof. Let a=10. Direct computation shows that T is the solution of (1):

L = A®T:@(&1j®00):®(alj) = a,

R = B®f:é(b1j®oo):@(blj):b.

Thus L = R holds and T is the solution of system (1). Obviously T is the greatest
solution. O

Lemma 2.2. Let us denote Ny = {j € N : a;; > b}. If a > b, then z =

(Z1,%2,...,2Z,)7 is the greatest solution of linear system A ® z = B ® z, where
T = b if je Ny
77 oo otherwise,

forj=1,...,n.
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Proof. Assumption a > b. We can verify by direct computation, whether T is a

solution:
n

R=BoT=(b, 7)) <b.

j=1

There exists k € N, for which by = b holds true, R > (b®7T;) =b,for j=1,...n
hence R =b. Then T; = b for j € N; and T; = oo for j € N — N;. We have

n

L:A®f=®(a1j®@): @(alj@)b) D @ (a1j®00)

j=1 JEN: JEN—N;

JEN—-N;
Therefore L = b = R and T = (T1,T2,...,T,)" is the solution of system (1).
It remains to prove that = is the greatest solution. The proof will be done by
contradiction. Let 2’ = (2,25, ...,2")T be a solution of (1). Suppose that T is not

greater than x’. There exists k € N with T, < z}.. Then necessarily Tj # oo, hence
k € Ny and a; > b = Ty. By substituting 2’ into the original system (1) we get:
L' > ap ® x}, > b, because ap > b and z}, > Ty, = b. On the other hand R’ < b,

hence L' # R’ and 2’ is not a solution. O
T Z1
Example 2.3. (3 7 2)® To :(4 2 5)® Ta ,
T3 T3
a:@(alj):7a b:@(blj):55a>b7
j=1 j=1

so according to Lemma 2.2:
T1 = 00,T2 = b, because az > b, T3 = 00, S0 T = (00, 5, 00).

Remark 2.4. Maximal solution with given lower-bound constraint (I1,...,0,)T <
(x1,...,2,)T is defined analogously as the maximal solution without restriction. If
the maximal solution without restriction is not greater than or equal to the given
lower bound [, than system AQx = Bz, < x has no maximal solution. Otherwise
solution is the same as the solution of the system without any restriction.

2.1. Maximal solution of A ® + = B ® ¢ with defined upper bound for
matrices A, B of dimension (1,n)

We are finding maximal existing solution T = (Z1,Ta,...,T,) of linear system
A®T = B ® 7T, matrices A, B of dimension (1,n), with constraint condition
(1, zn)T < (ury .. un)T.
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Denote a = A® u, b = B ® u. There are three possibilities: a = b, a < b, or
a > b. The following two lemmas describe the first two cases; the third case can be
described analogously as the second case.

Lemma 2.5. If a = b, then vector u = (uy,us,...,u,)T is the greatest solution of
linear system A ® x= B ® z with upper bound wu.

Proof. Let a =b. Direct computation shows, that u is the solution of (1):

n

L:a@u:@(a1j®uj):a

j=1
and
R=b®u=@D(b; @u;)=b
j=1
and because u is the upper boundary, u is the greatest solution. 0

Lemma 2.6. Let us denote No = {j € N : a1; ® u; > b}. If a > b, then the
greatest solution of linear system A ® x = B ® x with the upper bound wu is the
vector Z = (1, Z2, .., T,)" defined as follows:

T e b if je Ny
(N T otherwise,

forj=1,...,n.
By definition of Z, we have Z; = b < a1;®u; < borz; = u; <wuy,forj=1,...,n.

Proof. Let a > b. We verify by direct computation that T is a solution of (1):

R=BeT=@b,®7;) <t

j=1

There exists k € N, for which by ® ux, = b holds true, R > (b®T;) = b, for j € N,
hence R =b. We have

n

L=A07=P(a;97)= | Playeb) |e| P (u;ou)

j=1 jEN, JEN—N;

:b@ @ (a1j®uj) :b

JEN—N;

Consequently L =b = R and T = (T1,T2,...,T,)7 is the solution of system (1).
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It remains to prove that T is the greatest solution. The proof will be done by
contradiction. Let ' = (2,75, ...,2,) be a solution of (1). Suppose that T is not
greater than z’. There exists k € N with T, < «}.. Then necessarily Ty, # us, hence
k € Ny and ay; ® ug > b = Tj. By substituting 2’ into the original system (1) we

get: L' > (a1 @ ug) ® x), > b, because a1 ® up > b and =), > T, = b. On the other

hand R’ < b, hence L’ # R’ and 2’ is not a solution. O
T 1 11

Example 2.7. (10 8 10 )® | = |=(9 9 9)®| T |,u=| 11
T3 T3 11

Set . = u,a(z) = A®u=10,b(z) = B@u=9,a(z) > b(x), so according to
Lemma 2.6: ;1 = 9, because a11 ® xr1 = 10® 11 > 9,73 = 9, because a3 ® r3 =
10 ® 11 > 9. There is the maximal solution T = (9, 11, 9).

Lemma 2.8. Assume a > b and denote No = {j € N : a1; ® u; > b}. Suppose the
interval solution Z:

i‘._{<b,b> if j € Ny
77 <b,uj > otherwise,

forj=1,...,n.

Interval solution # means that value Z;, j € N, defined by Lemma 2.6 can be
changed to a value from the interval £; . Then Vz € £ holds A® £ = B ® 2 and
moreover:

ARt =A%, B®Rit=BQZI.

Proof. We can verify by direct computation that & is a solution of (1), then:
a)Z=0bfor j € N— Ny

n

R=Boi=@Pb,ei)=| P 0,0 || @ @,0b)]=b0b=>h

j=1 JEN: JEN—N2

L=A®i=Pla;2i)=| Playeb) |o| P (a;eu)]=>

Jj=1 JEN2 JEN—N2

Hence holds L = b= R and Z is the solution of system. 0
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Example 2.9.
T T1 20
T _ To o 20
(9 18 7 11)® . =(10 10 4 9)® o R
Ty T4 20

According to Lemma 2.8 there is interval: &7 = (b, u1) = (10, 20),
Zo = (b) = (10), &5 = (b,uz) = (10,20), 24 = (b) = (10).

Lemma 2.8 about interval vector & will be used in the proof of theorem 3.7 in the
next section.

3. MAXIMAL SOLUTION FOR MATRICES A, B OF DIMENSION (M, N)

Algorithm. Maximal solution of linear systems equation & = (71,72, ...,7,)7 is
establihed by the algorithm with four steps. Let us define system A ® t = B® z and
matrices A, B of dimension (m,n). Algorithm works in cycles and identifies 7* in
cycle k and computes with

n n

w(@) =Pa; 0, b@) =Pb; e

J=1 J=1

in ith row. Variable k is increasing during the algorithm. Each row of system
is chosen only once. The maximal possible number of cycles in the algorithm for
(m,n) equals to number of rows in system, so k € {0,..., K}, K < M, K is number
of cycles.

Initial values before first cycle are k=0, u = (00, 00, ...,00)T, 20 = u.
Step 1. Set k = k + 1. Exchange left and right hand side if necessary according

to inequality

ai(@ 1) > () (2)

at the beginning of each cycle.
Step 2. Select ith row of system (1) for next computing such that

My ={reM: a,(ZF71) # br(a_:kfl)} (3)
i € I,

Iy =i € My : bi(z"') = min (2" 1) ¢. 4
= {iemnn@ ) = iy net ) (@
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Step 3. Find solution in the i¢th row, iy, = ¢ € I. The solution in the ith row
is denoted as z* and will be formulated according to Lemma 2.6 with upper bound
—k—1
x )

n

b, = @ (bikj & ff_l) (5)

j=1
Jk:{jEN:aikaQ:E?_l > by} (6)
P b}7€ ) if j € Jg

J T, otherwise,

forj=1,...,n.
Step 4. Check whether z* is the solution to A ® z*¥ = B ® z*. If yes, z* is the
maximal solution and stop the cycle, else continue with Step 1.

Lemma 3.1. Assume Z¥ is defined in the i;th row according to the Step 3 in the
k-cycle. Then z* can be changed to a value from the interval &*:

.’i‘k — <bk,bk> ifj e Ji
7 <b;€,5c;-“_1> otherwise,

for j=1,...,n, and

iy, (‘%k) = bik (j:k)

Proof. Lemma 2.8 defines the interval solution & to the maximal solution z with
defined upper bound u for matrices of dimension (1,n):

R if j € Ny
L= (b, uj) otherwise,

forj=1,...,n.

Analogically Step 3 defines the maximal solution Z* with defined upper bound
z#~1 for the ipth row, then:

.’i‘k — <bk,bk> ifj e Ji
7 <b;€,5c;-“_1> otherwise,

forj=1,...,n. O
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Lemma 3.2. Assume z* is defined according to the Step 3 in the k-cycle and z¥~1

is the maximal solution in the (k — 1)-cycle then

zF < zh 1

Proof. According to the algorithm :E;-“_l > Ui ® 1_7?_1 > by = :Ef if 7 € Ji, hence
P < gkl O

Let us denote

Sy ={s€M—1I;: b (z"') > b}, S0 = {s € M — I}, : by (") < by.}.

Lemma 3.3. Assume by, is defined in the k-cycle (computed with the upper bound
z#%71) and by 1 is defined in the (k + 1)-cycle (computed with the upper bound z*).
Then

bpy1 > by.

Proof. According to the minimal b; = by (4), Z* results from lowering certain

coordinates of 71 to the level by then such s € S; that as(z*) > bs(z*) and
bs(ik) > b. Then for minimal bs, s € S7 in the next cycle holds by = by41 hence
bry1 > bg. O

Lemma 3.4. Assume z* is defined according to the Step 3 then for such s € S,
holds that:
as (%) = by(z).

Proof. According to the Lemma 3.1 solution Z* for sth equation can be changed
to a value from the interval 2% := (by,z¥~1), in the concrete such value is by, in
(k 4+ 1)th cycle and according to Lemma 3.3 bi41 > by is in the interval. ]

k

Lemma 3.5. According to the Ji, (6) certain Z7 is specified then this coordinates

is not changed in l-cycle, | > k,l < K.

Proof. Suppose g’cé“ can change in [-cycle, [ > k,l < K then a;,; ® 565-71 > b, but
3‘:271 = b;—1 and b;—1 < b; according to Lemma 3.3. Hence b;—1 < b; < a;,; ® 535,*17 a

contradiction. ]

Lemma 3.6. A maximal solution to the system (1) does not exceed the maximal
solution to any equation computed in the Step 3 of the algorithm.
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Proof. Byinduction, ' is computed with the upper bound z°, that is the maximal
solution according to Lemma 2.6. Then there exists £ such that maximal solution
does not exceed zF. The proof will be done by contradiction. Let & > Z*F be a
solution. Then necessarily & cannot be greater than upper bound Z*~!, hence Zj,
j€ Jp. Weget; >a;;® f;-“_l > by, then ax(Z) > bi(Z) and Z is not a solution.
Hence z* does not exceed the greatest solution then it does not exceed z*+1, O

Theorem 3.7. The maximal solution Z for system A®x = B®x and matrices A, B
of type (m,n), sets of indexes M = {1,2,...,m}, N ={1,2,...,n} is defined by the
polynomial algorithm defined above. Then ¥ is the maximal solution according
to the polynomial algorithm defined above. The complexity of the algorithm is
O(m?n).

Proof. From Lemma 3.6, it follows that the greatest solution to A® x = B® z
does not exceed the vector found by the algorithm. As this vector is itself a solution,
Theorem 3.7 follows.

The algorithm complexity is stated as a function relating the input equation
system to the number of inner steps. The first step of the algorithm computes
maximal solution of each equation side for n coordinates. This is for all m rows hence
complexity of each cycle is mn. The next limit for the run-time of the algorithm is
the steps count that is determined by rows count m. Hence the presented algorithm
can be said to be of order O(m?n) that express the worst-case scenario for the given

algorithm. 0
Remark 3.8. Maximal solution with given lower-bound constraint (I1,...,[,)T <
(x1,...,2,)T is defined analogously as the maximal solution for system of type

(m,n) without restriction. If maximal solution without restriction is not greater
or equal than the given lower bound [, than system A ® £ = B ® Z,] < Z has no
maximal solution. In other cases maximal solution is the same as the solution of the
system without any restriction.

Example 3.9. Example of using algorithm for matrices of type (m,n):

5 1 3 5 2 3

0 8 6 o 39 7 o
115 [P )T]s823|%|®
5 4 1 o0 710 o0

Following four steps will be repeated in cycle, until maximal solution will be found by
using algorithm defined above. The elements in matrices is lined through if equality
of left and right hands side holds true.

1. To order left and right sides of equations
2. To select ith row in the k-cycle

3. To find solution in selected ith row



510 P. KRBALEK AND A. POZDILKOVA

4. To check whether found solution is also solution of system 1

First cycle, first step:
20 is the maximal solution for the 1st row of the system. Non-ordered set:

A A B ~ A 2 B o a(@)=p b(@T)=p
008 6 | [ V_|3 97|, as(T) =8 bo(z') =9
1 1 5 - 8 2 3 w ] a3(T) =5 b3(T') =38
5 4 1 7 1 0 ar (TH =5 b)) =7
Ordered set:
A A A A 2 B a(@) =5 h(@)=5
3.9 7 |, z oo e |, z a;(fl)=9 b;(fl):8
8 2 3 - 1 1 5 o ] az(T) =8 b3(@) =5
71 0 5 4 1 a(@H =7 @) =5
First cycle, second step:
I, = {3,4}. Ordered set:
A A B p 2 B ai(T)=p bi(T)=5
3.0 7 | z oo 6|, z a;(fl):9 b;(fl):8
8 2 3 - 1 1 5 o ] az() =8 b3(T) =5
7 1 0 5 4 1 CL4(T1) =7 b4(T1) =5

First cycle, third step:
The solution for the 3rd row is computed, 4th row holds equality too. Ordered set:

poA A . P2 s\ @@)=p h@)=p
30 T o0 8 6 o az(@H) =9 by(z') =38
B2 A o LA p ) as@)=p bs(@')=p
ToAp oA A (@) =p bu(@) =
First cycle, fourth step:
5 5
9 8
5 7 5
5 5
Second cycle, first step:
Ordered set:
poA A . P2 oA s\ @) =p h@®)=p
3 9 7 ol o | = 0 8 6 o oo ax(T?) =9 by(7?) =8
B2 oA > 1A P C) @) =5 b(@) =p
r i p A A A ay(@) =5 0a(T%) =}
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Second cycle, second step:
I, = {2}. Ordered set:

poA B . P2 s\ @@ =p h(@®)=p
30 7 08 6 |of a2(T*) =9 b(7%) =8
B 2 B A AP W ) as@)=p ba(@)=p
r i p A A A as(T°) =} 0u(T°) =5
Second cycle, third step:
The maximal solution for the 2nd row is computed. Ordered set:
poA B . po2op s\ @@ =p h(@®)=p
Boo e\l e s s s @@= ne)-s
B2 oA ° AA s o] w@) =5 (@) =5
r i p A A A as(T?) =} 0a(T°) =5
Second cycle, fourth step:
5 5 5
g = g . The maximal solution of the example system is T = 8
5 5 >
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