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CONGRUENCES AND IDEALS IN LATTICE EFFECT
ALGEBRAS AS BASIC ALGEBRAS

SYIviA PULMANNOVA AND ELENA VINCEKOVA

Effect basic algebras (which correspond to lattice ordered effect algebras) are studied.
Their ideals are characterized (in the language of basic algebras) and one-to-one correspon-
dence between ideals and congruences is shown. Conditions under which the quotients are
OMLs or MV-algebras are found.
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1. INTRODUCTION

Effect algebras [6] (equivalently, D-posets, [10]) were introduced as abstract models
of the set of quantum effects (self-adjoint operators between the zero and identity
operator with respect to the usual ordering). Quantum effects represent sharp and
unsharp properties of physical systems and play a basic role in the foundations of
quantum mechanics. They contain the usual quantum logics (orthomodular posets
and lattices) as special subclasses. Also MV-algebras, introduced by Chang [3] as
algebraic bases for many-valued logic, are a special subclass of effect algebras. In this
paper, we consider lattice ordered effect algebras, which are a common generalization
of MV-algebras and orthomodular lattices.

Originally, effect algebras were introduced as partial algebraic structures. Several
attempts have been made to represent them as structures with total operations (e. g.,
[4, 7, 8]). Recently, Chajda, Halag and Kiihr in [2] treated a special subclass of
basic algebras, and showed that they are in one-to-one correspondence with lattice
ordered effect algebras. In this paper, we refer to the special class of basic algebras
as effect basic algebras. Making use of the axioms of the effect basic algebras, we
find a simple characterization of their ideals. We show that these ideals generate
congruences and are kernels of homomorphisms. We find conditions on the ideals
under which the quotients are orthomodular lattices and MV-algebras. In the end
we show that ideals in effect basic algebras coincide with d-ideals (equivalently, Riesz
ideals) in the corresponding lattice effect algebras. Actually, the aim of the paper is
to reformulate results that are known from the theory of (lattice) effect algebras into
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the language of basic algebras and to prove the most important results by the tools
of the basic algebra axioms (e.g. Lemmas 2.11-2.14). We believe that this can be
helpful to understand better the new approach (effect basic algebras) to previously
studied structures (lattice effect algebras).

2. DEFINITIONS AND PRELIMINARY RESULTS

Definition 2.1. (Chajda et al. [2]) A basic algebra is an algebra A = (A;®,,0)
of type (2,1,0) satisfying the following identities (1 := —0):

Remark 2.2. A basic algebra is an MV-algebra iff @ is commutative and associa-
tive.

Lemma 2.3. (Chajda et al. [2, Lemma 3.4]) Every basic algebra satisfies the
equations 0z =2 and -z Pz = 1.

Proposition 2.4. (Chajda et al. [2, Prop. 3.5]) Let A = (A4;®,-,0) be a basic
algebra. The relation < defined by

r<y & zzhy=1

is a partial order on A such that 0 and 1 are the least and the greatest element of
A, respectively. Moreover, for every z,y, z € A we have

(a) x <y iff ~x > —y;
(b) z <yimpliesc@z<ydzand S z>yPz;
() y<zay.

Proposition 2.5. (Chajda et al. [2, Prop. 3.6]) For every basic algebra A =
(A;®,,0), the poset (A; <) is a bounded lattice in which

xVy=-(-zdy) Sy, and x Ay = —(—zV —y).

Definition 2.6. An effect algebra is a system E = (E;+,0,1) where 0 and 1 are
two special elements of E' and + is a partial binary operation on F, satisfying the
following conditions:

(EA1) a+b=0b+aif a+ b is defined;
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(EA2) (a+b)+c=a+ (b+c) if one side is defined;
(EA3) for every a € F there exists a unique o’ € F such that a +a' = 1;
(EA4) if a + 1 is defined then a = 0.
The relation < defined by
a<b & b=a+t+c

for some ¢ € F is a partial order on E such that 0 and 1 are the least and the greatest
element of F, respectively. Such element ¢ is unique and we also write ¢ = b — a. If
a+b exists, we sometimes write a L b. If the poset (E; <) is a lattice then E is called
a lattice effect algebra. The elements a,b € E are compatible iff aVb—b=a—aAb.

Proposition 2.7. (Chajda et al. [2, Prop. 4.5]) Let E = (E;+,0,1) be a lattice
effect algebra. Define

x®y:=(xAy)+yand ~z:= 2

Then (E;®,—,0) is a basic algebra (whose lattice order coincides with the original
one).

Proposition 2.8. (Chajda et al. [2, Prop. 4.9, Lemma 4.10]) Let E = (E;+,0,1)
be a lattice effect algebra. Then the derived basic algebra A(E) = (F;®,—,0)
satisfies the quasi-identity

r<-wyandz@y<-z = 2Ry =Dy ® 2. (1)
The quasi-identity (1) is equivalent to the identity

@Ay e-EoyAz)oy =@y o (-(zoy)A2). (2)

Proposition 2.9. [2, Prop. 4.11] Let A = (A; &, —,0) be a basic algebra satisfying
(1) (or (2)). Define a partial addition + on A as follows: a + b is defined iff a < —b
and in this case a +b:=a ®b. Then £(A) = (4;+,0,1) is a lattice effect algebra.

Moreover, £(A(E)) =E and A(E(A)) = A.

In what follows, we will consider basic algebras satisfying (1) (or (2)) and we will
call them effect basic algebras (eba’s in short). If not said otherwise, we write A for
A= (A;®,-,0). We will write a L b if a < —b, and say that a and b are orthogonal.
We will write a <> bif =(aVb)+b=-a+aAb,ie.,if a and b are compatible in
the corresponding effect algebra.

Proposition 2.10. [2, Prop. 4.11] In A, if a < —b, then a ® b =b P a.
If a < —b, we write a + b instead of a & b.

Lemma 2.11. If a < b, then there is ¢ € A such that ¢ L ¢ and ¢+ a = b.
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Proof. If a < b, then a L —b, =(-b+a) L a and =(-b+a)+a =bVa =b.
Putting ¢ = =(—b + a) gives the desired result. O

Lemma 2.12. If a,b,c € A with a < —¢,b < —¢, then

c+anb=(c+a)A(c+D). (3)

Proof. First, it is clear by Prop. 2.4 and Prop. 2.10 that c+aAb < c+a,c+b.
To show that it is the greatest lower bound of ¢+ a and ¢+ b, let w be another lower
bound of ¢+ a and ¢+ b. As we can write a as a A ¢ = —(-a V) = ~(=(c+a) +¢)
and also b = bA =¢ = =(=bV ¢) = =(=(c+ b) + ¢), we have a > =(—w @ ¢) and
b>-(~wdc). ThusaAb > =(~wdc). Nowc+aAb> ~(~wdc)+ec=wVe>w
and therefore c+aAb= (c+a)A(c+D). O

Lemma 2.13. If a,b,¢c € A with a < —¢,b < —¢, then

c+aVvb=(c+a)V(c+b). (4)
Proof. Similarly as in the last lemma, we have c+a Vb > ¢+ a,c+ b. Let
w > ¢+ a,c+ b and let us write a = =(=(a+c¢)+¢) < 2(—~wDe) and b =

—(=(b+c¢)+¢) < ~(-wdc). Again, we have a Vb < ~(-w D ¢), so that c+a Vb <
“(rwd®c)+ec=wVe=wandc+aVb=(c+a)V(c+Dh). O

Lemma 2.14. If z,y,z € Aand if z,y L zand z + 2z =y + 2z then z = y.

Proof. Ifz,y L zthen z < —z,~yand ~x = ~zVz = =(z+2)+2 = ~(y+2)+z =
-y Vz=-y. ([l

Lemma 2.15. For a,b,c € A such that a L b:
a+b=c = a=-(-c+b). (5)

Proof. Ifa+b = cthenc > band ¢ = ¢V b = —(-c+ b) + b Therefore
a+b=—(-c+b)+0b and from cancellativity (Lemma 2.14) we get a = —(=c+b). O

3. IDEALS AND CONGRUENCES IN EFFECT BASIC ALGEBRAS

Definition 3.1. A subset I of A is an ideal if (id1) a,b € I implies a @ b € I and
(id2) a € I, b € A implies =(-a ® b) € 1.

Lemma 3.2. If T is an ideal in A, then (i) if a € I and b < a then b € I. (ii) if
a,be I, thenaVbel

Proof. (i) Let @ € T and b < a. Then we have by (id2) —(—a ® b) € I and
also =(—a & =(-a ® b)) € I. As a > b, by Prop. 2.10 =(-a & =(—a ® b)) =
—(=a+—(-a+b)) = =(=(b+—a)+ —a) € I. And by Prop. 2.5 =(=(b+ —a) + —a) =
—(=bV —a) =bAa="b,so that b e I.

(i) If a,b € I, then =(—a®b) € I by (id2), and aVb = =(-a®b) Db € I by (id1). O
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Definition 3.3. The symmetric difference of a,b € A is defined by
Aa,b) = =(a ANb® —a A —b) = =(a ANb+ —a A -Db). (6)
Lemma 3.4. Properties of A:
(i) Ala,b) = A(b, a);
(ii) A(a,b) = A(—a,—b);
(iii) A(a,b) =0iff a =b.

A(a,a) = —=(a ® 7a) = -1 = 0. Assume A(a,b) = 0. Then 0 = A(a,bd)
—(aAb+—aA—b), which implies —=(aVb)+aAb = 1, this in turn implies aVb < aA

Proof. (i) and (ii) are clear from the definition and Proposition 2.10. (iii):
b,
and from a Ab < a,b<aVbweobtain a = b. O

Proposition 3.5. For any a,b € A,
Aa,b) ==((ma+aAb)A(-b+aAb)) (7)

Proof. Apply Lemma 2.12 with —a replacing a, —b replacing b and aAb replacing c.
O

Proposition 3.6. Let I be an ideal of A. For any a,b € A, the following are
equivalent:

(i) A(a,b) € I;
(ii) there is k € A, k L —a, b such that ~(-a+ k) € I,~(-b+ k) € I;
(iii) there are i,5 € I, 4 L —a,j L —b with ¢ + —a = j + —b.

Proof. (i)= (ii): Assume (i) and put k¥ := a A b. Then from k + -a A =b <
k+—a, k+—b we obtain ~(—a+k), 7(-b+k) < =(-aA-b+aAb) € I, which implies
the desired result.

(ii) = (iii): Assume (ii) and put i := =(-a+k),j = ~(-b+ k). Then 4,5 € I and
i L —a,j L =b. Moreover, i +-a = —a+1i=-a+-(-a+ k) =-(k+—-a)+ —-a=
-k V —a = —k. Similarly, j + —-b = —k. Hence i + —a = j + —b.

(iii) = (i): Assume (iii). Put k := -a +i = =b+ j. Then we have k > —a, b, so
that aAb > —=k. Moreover, ~a+—-k = -a+-(—a+i) = ~(i+—a)+—-a = —i1V-a = —i.
Similarly, =b + -k = —j. Then by Lemma 3.2

“(maA-b+aAbd)

=(=a A —b + —k)

= =((—a+ k) A (-b+ —k))

— S(mat k) V(b k) =ivjel

IA
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Definition 3.7. Let I be an ideal of A. For a,b € A, define
a~rb & Aa,b) el (8)
If there is no danger of confusion, we write a ~ b instead of a ~ b.

Theorem 3.8. For every ideal I, the relation ~; is an equivalence.

Proof. Reflexivity and symmetry are ensured by Lemma 3.4 (iii) and (i). To
show transitivity, we use Proposition 3.6 (iii). Let a ~ b and b ~ ¢. Then there are
i,7,k,l € I such that ~a+i=-b+j and -b+k = —c+1[. As -b < —j and —b < —k,
we have =b < -k A—-jand b > kVj. Now -b+ kVj > b+ j, so there is a d
such that =b+kV j=-b+ j+d. From (5) we get d = ~(=(=b+k V j) + —b+ j).
But =(=b+kVj)+-b==(kVj)V-b==(kVj). Thus by (id2) we obtain
d=—(=(kVj)+j) €I. Similarly -b+ kV j = -c+ 1+ e where e € I. The equality
—a+i+d=-b+j+d=-b+kVj=-c+1l+ealong with i +d,l + e € I then
implies the result a ~ c. (]

Theorem 3.9. Let [ be an ideal of A. For any a,b,c,d € A, a ~c¢,b~dand a L b,
c L dimplies a + b~ c+d.

Proof. By Prop. 36 a ~¢c = i+ -a = m+ —¢, i,m € I and similarly
b~d = j+-b=n+-d, j,n € I. It suffices to show that =(—(—a+i)+-(-b+7)) =
—(a+b)+i+j, because then we will have =(a+b)+i+j = =(=(—a+i)+—-(-b+j)) =
—(=(mc+m)+-(-d+n)) =—=(c+d)+m+n where i + jm+n € I.

But this is clear while a = aVi (because ~a L i = i <a)and aVi = —(-a+i)+i
(=(—a+1i) L i because ma+i > i). The fact that ~(—a+i) L —(=b+7) is provided by
a L band —a+i > —a (= —(-a+i) < a). Thus a+b = —(—-a+i)+i+-(-b+j)+j =
=(=a+1)+ —~(=b+j) + i+ j and by (5) we get the desired result. O

Theorem 3.10. Let I be an ideal of A. For any a,b,c,d € A, if a ~ b, ¢ ~ d, then
aVer~bVd.

Proof. It suffices to prove that a ~ b implies aV ¢ ~ bV ¢ for any a,b,c € A. First
we prove the following: a ~ 0 implies a V ¢ ~ ¢ for any ¢ € A. Indeed, a ~ 0 implies
a € I, hence ~(—a®c) € I and A(aVe,c) = = (=(aVe)+c) = ~(=(—(-adc)+c)+c¢) =
—(-a @ c) € I (by [2], Lemma 3.8), which entails a V ¢ ~ c.

Now assume a ~ b. Then r := —(-a A =b+ a) ~ 0. Clearly, a < —r and
r+a = —(=(aVb)+a)+a = avbVa = aVb. Further, d := =(-aA-c+a) ~ dVr. Since
—aA-c+a > a, we have d < —a. Moreover, d+a = =(-aA—c+a)+a = aVeVa = aVe.
SoaVe=a+d~a+dVr=(a+d)V(a+r)=aVbVc (Lemma 2.13). Similarly
we prove that bVe~aVbVe henceaVe~bdVe. ([l

Notice, that Theorem 3.9 and Theorem 3.10 together with an obvious fact that if
a ~ bthen —a ~ —b (cf. Lemma 3.4 (ii)) give the result: a ~ b,c ~d = a®c~ bdd
(Prop. 2.7).
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Corollary 3.11. For every ideal I, the relation ~; is basic algebra congruence.

Lemma 3.12. If a € A is such that —a ~; 1 and —a + x ~; 1, then z ~; 0.

Proof. If ma+x exists, then x <a and while a~;0, we have €l = x~;0. O

Corollary 3.13. Ideals and congruences in effect basic algebras are in one-to-one
correspondence.

Proof. By Corollary 3.11 every ideal defines a congruence. We need to prove the
opposite. Let ~ be a basic algebra congruence and let [0]. = {a;a ~ 0} be its zero
class. We show that I := [0]. is an ideal and that for congruence defined by this
ideal holds ~j=n~.

For a,b € I we have a,b~0and a®b~ 0P 0=0and a®b € I, since ~ is a
basic algebra congruence. If a ~ 0 and b € A is an arbitrary element, then —a ~ 1
and "a® b~ 1@ b =1, thus =(—a @ b) ~ 0. This proves that I is an ideal.

If a ~ b, then aAb ~ bAb=10>band -a ~ —=b. Also -a A =b ~ —b. Thus
aNb+-aAN-b~b+-b=1and A(a,b) ~0 = A(a,b) € I = a~;b. On the
other hand, if a ~7 b, then ~a+aAb,-b+aAb~; 1. From —ma+aAb < 1 we obtain
—a+aAb+z =1 for some x and by Lemma 3.12 & ~; 0. Similarly -b+aAnb+y =1
for some y ~; 0. Moreover ~a+aAb+2x =1= -b+aAb+y and by cancellativity
—a + x = —b+y where x,y ~; 0. So that =a ~ -b = a ~ . ]

As in every variety there is a one-to-one correspondence between homomorphisms
and congruences, we wanted to see how this correspondence works on the structure
of eba. Define a homomorphism of basic algebras as usual, that is f : A — B is
a homomorphism from the basic algebra A to the basic algebra B iff f(0) = 0,
fla®b) = f(a)® f(b) and —f(a) = f(—a). Notice, that this implies that also other
operations are preserved (+, A and V).

Let us have a homomorphism f of basic algebras and let ker f := [0]; = {a €
A; f(a) = 0}. Then ker f is an ideal in A. Indeed a,b € [0]; = a® b € [0]; and
ac0lf = f(ma)=1 = f(-ma®b)=1® f(b) =1. Thus ~(-a®b) € ker f.

Now let a ~ b &  f(a) = f(b) for a homomorphism f. Then clearly ~ is
a congruence (a ~ b < —-a ~ —-band a~bc~d = a®c~bdd) and
[0]f = [0]~. Conversely, if we have a congruence ~, we will define a mapping f such
that f(a) = [a]~ for every a € A. Then f is a homomorphism of basic algebras
A and B, where B := A/I and I is the ideal defined by ~. Indeed, we have
fla)@ f(b) = lal~ & [b]« = [a®b]. = fa®b) and f(-a) = [~a]~ = —la]~ = —f(a).

4. QUOTIENTS AS MV-ALGEBRAS AND OML’S

Definition 4.1. An ideal I is called prime, if aAb€el = a€Torbel.

Proposition 4.2. [ is a prime ideal of A iff A/I is linearly ordered.
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Proof. Let I be a prime ideal in A. By Lemma 2.13 (ma4+aAb)V (=b+aAb) =
—aV-b+anb=-(aAb)+aAb=1 and therefore =(-a+aAb) A=(=b+aAb) =0.
So we have ~(-a+aAb) € I or =(-b+aAb) €. As—(aANb+—a)=—-(aNaAb+
—a A (—aV -b)) = Aa,a Ab), we have that either a ~a Ab or b ~ a Ab. But then
either [a] = [a] A[b] = [a] < [b] or [b] =[a] A 0] = [b] < [a].

On the other hand, let A/I be linearly ordered and assume that a Ab € I. Then
[a] < [b] implies [a] = [a] A [b] = [a A b] while [b] < [a] implies [b] = [a] A [b] = [a A D].
So we have a ~ a Abor b~ aAb which means that either a or b is in I. g

We also note that if A is linearly ordered, than A is an MV-algebra. Indeed, A is
an MV-algebra iff the operation & is commutative [2, Corollary 4.7 ]. So that if A
is linearly ordered and a,b € A, then either a < —b or —b < a. In either case a < b
in the corresponding effect algebra, and so a ® b =0 ® a ([2, Theorem 4.6]).

Definition 4.3. Commutator of elements a, b € A is the element com(a,b) := A(a®
b,b @ a).

Theorem 4.4. If T is an ideal of A then A/I is an MV-algebra iff com(a,b) €
IVa,be A

Proof. Assume com(a,b) € I. Then a ® b ~ b @ a. Therefore [a] B [b] = [a B b] =
[b® a] = [b] & [a].

Conversely, if A/I is an MV-algebra then for every a,b € A: [a] ® [b] = [b] ® [a]. So
[adbl=[0Palanda®db~bPa = Aladbbda)el. O

Corollary 4.5. If I is a prime ideal, then com(a,b) € I V a,b € A.

According to [9, Prop. 3.4] and a fact, that ideals of ebas coincide with Riesz
ideals (d-ideals) in corresponding lattice effect algebras (see section 5), we have also
the next result.

Theorem 4.6. A/I is an MV-algebra iff I = (I,, where I, are prime ideals for
all a.

Recall that an effect basic algebra is an orthomodular lattice (OML) iff the oper-
ation @ is idempotent [2, Corollary 5.5, Remark 5.6 ¢]. This implies the following.

Theorem 4.7. A/I is an OML iff A(a ® a,a) € I Va € A.

Remark 4.8. We may look properly at A(a @ a,a) and see that it is in fact a A —a.
Indeed, A(a®a,a) = ~(aA(a®a)D—-an—(a®a)) = —~(a®—(aBa)) = ~(~(aPa)Da) =
S(=(-ma @ a)®a) = -(aV-a) =aA —a. It follows that A/ is an OML iff all
classes are sharp (i.e., [a] A —=[a] =0 for all a € A).
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5. CONCLUDING REMARKS

In this section, we show that ideals in effect basic algebras coincide with d-ideals in
lattice ordered effect algebras.

Recall that a subset I of an effect algebra E is an ideal if a +b € I &
a € ITand b € I whenever a,b € E are such that a + b is defined. An ideal I
in lattice ordered effect algebra F is a d-ideal if a V ¢ — ¢ € I whenever a € I and
¢ € E [1]. Notice that the notion of a d-ideal coincides with the notion of a Riesz
ideal considered in [9].

A binary relation ~ on an effect algebra E is a congruence if (i) ~ is an equiva-
lence, (ii) @ L b, a1 L by, a ~ ay, b ~ by implies a+b ~ a1 + by, (iii) a ~ b, c L a
implies 3d with d ~ ¢ and d L b. In the quotient E/ ~ we define [a] L [b] if there
are representatives a1 € [a],b; € [b] such that a; L by, and put [a] + [b] = [a1 + b1].
If ~ is a congruence, then E/ ~ is an effect algebra.

If I is an ideal of an effect algebra F, define a binary relation ~; by a ~j b if
there are ¢,7 € E such that ¢« < a,7 < band a —i = b — 5. The relation ~; is a
congruence iff T is a Riesz ideal [5]. In particular, if I is a d-ideal (equivalently, Riesz
ideal) of a lattice ordered effect algebra E, then the quotient with respect to ~j is
again a lattice ordered effect algebra.

Let E be a lattice effect algebra and A the corresponding effect basic algebra.
Let I be a d-ideal of E. Then a € I,¢c € E implies that a V¢ —c¢ € I. Now
aVe—c=(a N +¢) =-(-a®c)in A. Moreover, if a,b € I, then a AV ,b € I,
whence a AV +b€ I, butaAb +b=a®bin A. It follows that I is an ideal of A.
Conversely, if I is an ideal of A, then a,b € I and a L b impliesa+b=a® b € I,
and if a +b € I, then a,0 < a®b=0Fa € [ implies a,b € I, hence I is a d-ideal
of E. By Proposition 3.6 the relations ~; in both structures are equivalent. From
this we easily derive the following statement.

Theorem 5.1. Let E be a lattice effect algebra, and A(E) the corresponding effect
basic algebra. If I is a d-ideal of E, then A(E/I) = A(E)/I.

Conversely, let A be an effect basic algebra and £(A) the corresponding lattice
effect algebra. Let I be an ideal of A. Then E(A/I) = E(A)/I.
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