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HOW TO UNIFY THE TOTAL/LOCAL-LENGTH-
CONSTRAINTS OF THE GRADIENT FLOW
FOR THE BENDING ENERGY OF PLANE CURVES

YUKI M1YAMOTO, TAKEYUKI NAGASAWA AND FUMITO SUTO

The gradient flow of bending energy for plane curve is studied. The flow is considered
under two kinds of constraints; one is under the area and total-length constraints; the other
is under the area and local-length constraints. The fundamental results (the local existence
and uniqueness) were obtained independently by Kurihara and the second author for the
former one; by Okabe for the later one. For the former one the global existence was shown
for any smooth initial curves, but the asymptotic behavior has not been studied. For the
later one, the global existence was guaranteed for only curves with the rotation number
one, and the behavior was well studied. It is desirable to compensate the results with each
other. In this note, it is proposed how to unify the two flows.
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1. INTRODUCTION

Let ' = {f(s)|0 £ s < L} be a closed plane curve whose curvature vector, unit
normal vector, and unit tangent vector are k, v, and 7T respectively. Hereafter s is
the arc-length parameter. Define the bending energy W and the area A by

1 E 1t
Wi =1 [CIsitas agp=1 [ (f)as
0 0
Here || - || stands for the Euclidean norm in R2. Note that A is not always positive,

however, it is an enclosed area when I' is simple and positively oriented. The gradient
flows of W under constraints of area and either total- or local-length have been
investigated in [2] and [8] independently. In this note we would like to study the
relation between two gradient flows and their variants.

The equation of gradient flow is

hf =—W(f)+a+p,
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where 0 is the first variation. Two vector-valued functions a = a7 and 8 = (v are
unknown determined by constraints.

The second author of this note considered with Kurihara in [2] under the con-
straints of area A = A and total-length L = L, where A and L are the area and
length of initial curve respectively. It follows from the first variation formulas and
the constraints that

dA L dL L
O:a:/o <V,atf>d8, O:E:_/O <I<.',,3tf>d8.

That is, 0, f L span {v, k}. Here span is in the sense of L?(R/LZds), not pointwise
sense. We decompose a + 3 into span {v, k}-part and its complement:

a+B=MNKk+Nv+w, wcspan{v, K}t

Lagrange multiplies A\; and Ay are functions of ¢ but independent of s, which are
determined by the orthogonality 0;f L span {v,k}. We derive w = o as follows: If
f(t) is a gradient flow of W(-), the time-derivative of W (f) is equal to —[|0; f||%..
This shows (w,d;f)r2 = 0. Using this, we calculate the time-derivative again, and
obtain

dW(f)
dt

Note that A\; and Ay, are determined independently of w. Hence the energy W
decreases fastest when w = o under the constraints. Consequently we get

= —[l6W ()7 + Mk + Aav| 32 + lw]|7-.

a=o0, B=MNkKk+ \v.

On the other hand, Okabe [8] investigated the flow under the constraints of area
A = A and local-length v = 7. The local-length is defined by v = ||0g f||, where 6 is
the parameter of reference curve. And 7 is that of the initial curve. We may assume
that 4 = 1, because we choose the initial curve and its arch-length parameter as the
reference curve and 6 respectively. We can derive

a={0,(&)}7, B=E&k+ I (1.1)

from constraints % = %’ty = 0. Here £ = £(s,t) and A = A(t), Lagrange’s multipliers,

are determined by
—0W(f) + 0s(&yT) + Av L (Y + span {v}),

where

Y = span {9;(p77) | ¢ € C*(R/LR)}.

The closure is in the sense of L?(R/LZds). The complete derivation of (1.1) is more
or less complicated but basically in a manner similar to the case where A = 4 and
L = L. We can find it in papers [7]. See also [8], which is accessible easier than [7],
but notation is different from ours.

In [2] the global existence of total-constraint-flow were shown for any smooth

initial curve, however, its asymptotic behavior as ¢ — co had not been investigated.
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Okabe also showed the local existence of local-constraint-flow in [8]. He also showed
the global existence and its behavior, however his argument is available only for
curves whose rotation number is one. It is natural to clarify unknown parts. To
this end, we would like to unify both arguments and compensate each other. In this
note, we propose a family of gradient flow under the intermediate constraints which
unifies two gradient flows in [2] and [8].

2. A RESULT AND ITS PROOF
In what follows, we denote the gradient flows considered in [2] and [8] by f, and f,

respectively. We write geometrical quantities derived from f; with subscript “j”.
For example, the curvature vector of f; is k;, and so on.
Let p € [0,1] be a constant. Consider the gradient flow of W under the constraints

A=Aandy=(1—p)y + p. It follows from constraints

dA oy 1087
Y 8t*(1 )(’%

o = {85(5#'7)} T, B= g,u'yﬁ + )‘;LV~
Lagrange’s multipliers &, = £, (s,t) and A\, = A, (t) are determined by

that

ds7T L (Y + span {v}).
For details, see [7].

We had better write down our equations explicitly. Note that notation is slightly
different from those of [2, 8]. Since we shall compare one gradient flow with each
other below, we had better use the coordinate 6, which is arc-length parameter of
reference curve, than s. The range of § is [0, L]. In the following k is the rotation
number of initial curve, and k; = (k;,v;) and k = (k,v) are curvatures of f; and
f respectively.

The gradient flow with total-length-constraint ([2]):

Ofo=—0W(fo) + Mko + Aawo, (2.1)
L 1
/ {(’}/089,‘{0)2 — 2&3} Yo dé + 2W(f0))\1 - 271']{7)\2 = O, (22)
0
Ly
- / 5/‘68’}/0 df — 2mkA1 + AoL = 0. (23)
0
The gradient flow with local-length-constraint ([8]):
Ofr=—0W(f1)+ Vflae(fae.ﬁ) + Ay (2.4)
_ 1 _
k1 (71 180)2 K1+ 5"511 + (11 180)2 (ém1) — &R — Ak =0, (2.5)

L/
/ (—QK:{) + fm’yl> y1df + AL = 0. (2.6)
0
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The gradient flow in this note:

Ouf = —0W(f) + 77" 9(6u00 f) + N (2.7)

1
Kk (7_189)2 K+ 554 + (’7_189)2 (&/7) - fu”27 - )‘u”@ =(1- U)7_18t707 (2.8)

L/
/ (—2/@3 + §ufw> vdf + X\, L =0. (2.9)
0

For the derivation of these, see [7].
Consequently (2.7)—(2.9) with x4 = 1 is the same as (2.4)—(2.5). It, however, is
not clear that (2.7) - (2.9) with p = 0 coincides with (2.1)—(2.3).

In this note we shall show

Theorem. Let f(t) satisfy (2.1)(2.3) on a time-interval [0,7;), and let f(t)
satisfy (2.7)~(2.9) with u = 0 on [0,7). Assume that both intervals are maximal
ones. If f,(0) = f(0), then Ty =T and f,(t) = f(¢t) for t € [0,T).

When p = 0, it follows from the constraint on length that d;(v — 7o) = 0. Since
v = 7y holds for the gradient flow (2.1)—(2.3), it satisfies (2.7)—(2.9) with pu = 0.
We would like to show the converse. Hereafter f is a solution of (2.7)—(2.9) with
u = 0. What we should show is f, = f provided f,(0) = f(0). The quantity u
seems to be related with “tangential redistribution” ([3]—[6]).

If the initial curve is a circle with rotation number k, then the curve at ¢ coincides
with the initial curve, so the gradient flows are completely static. Hence we have
nothing to prove, and we may assume that the initial curve is not a circle. This is
equivalent to 2LW (f£(0)) — (2mk)? > 0. Because the rotation number is invariant
under each gradient flow, there exist § > 0 and 7" > 0 such that

. 2 : 2
tel[%,fT] {2LW (f,(t)) — (27k)*} > 6 > 0, tel{éfT] {2LW (£ (1)) — (27k)*} > 6 > 0.

Under this situation, A; and A in (2.2)—(2.3) are determined by

L
g s L
<)\1 >_ ( W (f,) —2rk )1 /0 { (’Yo aglio) +21€0}’Vod9
A - —onk L Lq
? / — K30 do
0 2
We denote these quantities A1 (f) and A2(f). If £,7|u=0 is independent of #, then
from (2.8) —(2.9) we have
EVlu=0 = M (f),  Aulu=o = X2(f),
where _
s (7 0pr)* + 2kt by
(Al(f)>:<2W(f) —2rk )‘ 0 AR

Xo(f —2mk L Ly,
2( ) / 5,{3’7(19
0
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And therefore (2.7) coincides with (2.1). This is our strategy to prove Theorem.
Now we put

p1 =m0 — ArlFo)s 2= Aul,mg — A2(Fo);

and shall show p; = 0, which implies that §H7|#:0 is independent of 6.
It is not difficult to show that v, satisfies

1
o 'k (75 06) Ko + Eﬁfﬁ — ko (M(fo)ro + A2(fo)) = 0.

Combining this with (2.8), u =0, and v = v, we get

1
K (’7_139)2 K+ §K4 + (’7_186)2 (£MA|H=0) - 5#“27‘u:0 - )‘HK|M=O

=190 = 75 00

= ko (v'86) " Ko + %%‘ — ko (A1 (fo)ko + A2(fo))-

Therefore we have )
(7_189) p1— nzpl — Kkpy = Aq, (2.10)

where

A1 = Ko (7_1&9)2 Ko — K (7_189)2 K
L, (2.11)

+§’€0 - 5“4 — (ko — K%) M(Fo) — (50 — &) A2(Fo)-

L
Since/ 70 df = L, we have
0
L L L B B B
L:/ fde:(l—,u)/ ’yodH—i-u/ d=(1—p)L+ pL = L.
0 0 0

L
From this relation, —27k = / kvd#, and y9 = -y, we obtain
0

2
L 1 L
_ / Laydo+ / R (fo)7d6 + A () L.
0 0

L
1 _
0= _/ 71@gfyod9 — 27Tk/\1(f0) + )\2(fO)L

2

Combining this with (2.9), we get

L L
/ p1ydl + poL = / Agydb, (2.12)
0 0

where

Ay =2 (K° —K). (2.13)

DN | =
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We multiply both sides of (2.10) by —p17y, and integrate. Using (2.12) and
Schwarz’ inequality, we have

L L
/ {(7_13601)2+pfﬂ2}7d9:—/ (p2ki + Ar) pryde
0 . 7 I 0 .
= Z/ (PlH—Az)Vde/ vadﬂ—/ Alpl'de
0 _ JO _ 0 _

L 1 L L L
< [ v [ aevas [ pumrao - [ aipras.
0 0 0 0

This shows

L 5 1 L L L
| Grtawm) v~ [ Ands [ piras— [ aipnas. @y
0 0 0 0

Put Q7 = R/LZ x [0,T]. In what follows C is a generic constant depending
possibly on
Sclglp (16l + Iy~ 99| + |wo| + v~ Borol +7) -
T

C(9) is that depending on the above quantity and . Another notation C(-,§) has a
similar meaning.

Lemma. Assume that i[%fT] {2LW(f(t)) — (27k)*} > 6 > 0. Then it holds for
telo,
each ¢t € [0, 7] that

ol + v~ Bup 2 < C(6) {llx = rolluz + 17700k = ko)llzz §
Here L = L>°(R/LZ), L2 = L*(R/LZ,~ df).
Proof. It is enough to show
o1l < C) (I BoprliZs + 15 — ol + Iy Bl — so) 32} (215)

and

Iy 0epil3: < CO) [llorllz {1l = rollzz + 17~ Bu(s = ko)llzz }

i X , (2.16)
+ 1k = rollzz + 1y 9 (k — ﬁo)HLg]

Firstly we shall show (2.15). By the mean-value theorem of integration, there
exists 8y = 0y(t) such that

L
2 pilg_g, W = /0 p1r7y df.
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Multiplying both sides of (2.10) by v, and integrating, we get

L L
—/ p1E2yd0 + 2mkps = / Aqydo.
0 0

It follows from these and (2.12) that

L
2 pilg_g, W = 2mkpa — / Ay do

/0 _ _

Ok L L L
_ 2mr / Azfydﬂf/ p1ky do 7/ Aqyydé

L 0 0 0

27k)? ork L 0
= 2 -2 ( aeplcw) oy o
0

0o
L
2rk
+ / (—A1 + ”A2> 5 df.
0 L

Here we have used 0

p1 = p1|9:90 +/ Ogp1 db. (2.17)

[
Consequently
| _ 1
Prio=60 = STW — (21k)2
L 0 L
X 727rk/ Ogp1d0 | kydl +/ (=LA 4+ 27kAg) v dl ».
0 6o 0

Furthermore we have easily

0

/ Daprd6] < Clly ™ Bupr |12, (2.18)
0o
L
[ whas=c.
0

L L
/ Ay df| = ‘/ ({7 106(k — ko) } {7~ 06(k + o)}
0 0

- 5(,% — ko) (K® + k%Ko + KKG + K]
—(r = ko) (K + Ko) A1 (fo)] 7y do

< ) {00 = ko)llzz + Il = ollzz },

1 E
5/ (K — ko) (K* + kKo + K3) v db
0

L
0

< Cllk—rollpz. (219)
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Hence it holds that
| P1lo—e,| = C(6) {||77139P1||L3 + & = rollzz + [Iv~ ' De(r — H0)||L3} :

From (2.17) and (2.18) we obtain

6
/ Doprdd
0o

Consequently (2.15) has been proven.
Next we shall show (2.16). It follows from (2.14), (2.19) and

lp1| = |p1|e:90| + = ‘P1|9:90| + C||’Y_139P1||L3~

L
| ot < Clonlo~
0
that L
v tupnlits < Cllor o s = wollzz + | [ Arprya).
0
Hence
L L ) 9
/ Aiprydd §/ {ﬁ(v_lae) K — ko (Y ) Ho}pwcw
0 0

L1
/0 { (k" = kg) + (5* = K5) M (Fo) + (i — no)A2<fo)} prydf

N 2

The second term in the right-hand side can be dominated by C(6)||pz| Lo || —roll 2 -
By the integration by parts, the first term is estimated by

L
’/o [ {7706k — r0) } {7~ Bo(k + r0) } 2

— (kv '0pk — Koy ' Ogro) Y Ogp1] v dO

_ 1, _
< Cllprlles 79005 = Ko)llzz + 511y Bop 2
+C{lls = moll3z + I~ Aol — o) 32 }-

Thus (2.16) has been proven. O

Corollary. Assume that i[lng] {2LW(f(t)) — (27k)*} > 6 > 0. Then it holds for
te(o,
each ¢t € [0, 7] that

o2l =€) {Ils = Rollzz + 700k = ro)llz2 |

Proof. The assertion is derived from (2.12) and Lemma. O



Length-Constraint Gradient Flows for the Bending Energy 623

Proof of Theorem. As stated before, we may assume

tei[ré:fT] {2LW(f(t)) — (27k)*} > 6 > 0.
We would like to show p; = ps = 0, k = kg. It is not difficult to see
252 (7_189)2 Kk — 3K (7_189,%)2 - %55
+ (77'98)" (6ury + Ao+ A (Eury + A0

+ {7_189(§M’y|u:0)}7_169n,

Ok = — (7_189)4 K —

5 1
Okio = — (7_169)4 Fo = 5”(2) (7_159)2 Ko — 3Ko (“Y_laemo)Q - §H8

+ A (Fo) (77100)" Ko+ K5 (a(Fo)ro + Aa(fy))-
We have used vy = v when deriving the equation for kg. We subtract the second
equation from the first one, multiply both sides by (k — ko)7, and integrate. Using
Lemma and Corollary, we get the estimate

I 2
5 e = rollzs — 3 /0 (k — #0)* (D) A6 + H (v106)" (ki — Ho)‘

2
L'Y

< C{lls = kolliz + Iy Dol — ro)l3z + a3 + 11y oprlE: + ool
< 0(6) {lIn = roll3z + I~ Bulrs — wo) 32 }.
Since v = 7, it holds that

1

L
3 | k@) a8 £ (sup ortogal ) = ol
0 T

By the integration by parts and Schwarz’ inequality, we obtain

I = o)ty = = [ (= w0) {(37100)* (= o) 7o

H (v"0)" (s — Ho)’ 2

L

A\
2k
B
=
=
o
M
+
™

= 4e
Here we can take € > 0 as small as we like. Therefore we have

d
il ol <€ (suploctogl.8) I~ ol

T
We integrate with respect to ¢, and apply Gronwall’s lemma. Since &|,_,— Ko|,_,=0,
it holds that ||k — ko2 = 0. It follows from Lemma and Corollary that p; = pz = 0.
Thus we have shown that f(¢t) = f(t) as long as they are not circles.
Now we assume that one of f,(t) or f(t) becomes a circle at t = T, < co. Then
both must become circles simultaneously. Clearly both have the same length and
the same rotation number. Since we can show the centers of gravity % fOL Fo(t)vodo

and T foi f(t)yd6 are independent of ¢, we can conclude that f,(7%) and f(T\) are
congruent and concentric circles. Hence f(t) = f(t) for t = T. Thus the proof is
complete. |
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Remark. If the rotation number is one (or minus one), and if the initial curve
is not a circle, then curve at t > 0 is also not a circle. This is derived from the
constraints A = A, L = L, and the isoperimetric inequality. This is the reason
why Okabe [8] assumed that the initial curve has the rotation number one. It was
shown in [2, Proposition 4.1] without assumption of rotation number that for the
gradient flow constructed by a singular limit there, f,(¢) is not a circle for every
t > 0 provided f,(0) is not a circle. It has not been shown that the same property
holds or not for every solution to (2.1)-(2.3). However, it still holds under some

additional conditions, see [9].
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