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We prove the complete convergence of Shannon’s, paired, genetic and a-entropy for
random partitions of the unit segment. We also derive exact expressions for expectations
and variances of the above entropies using special functions.
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1. INTRODUCTION

Entropy is a measure of uncertainty or information. Shannon’s entropy
k
H(p07 cee 7pk) = - sz Ingl
i=0

(cf. [21]) for probabilities po, . . ., Pk, Zf:o p; = 1, is the most common used measure
of randomness. There are known many generalizations of this entropy (cf. [18]).
Burbea and Rao [3] introduced ¢-entropy defined as

k
le = Z ¢ (pi)
i=0
where (po,...,px) is a probability distribution and ¢ is a twice differentiable real
function on (0, 1). Special cases of ¢-entropy are
e Shannon’s entropy if ¢(x) = —zlogz ,
e paired entropy if ¢(z) = —zloga — (1 — ) log(1l — x),
e genetic entropy if ¢(z) = z — 22 — 22(1 — 2)? (cf. [17)).
Menendez et al. [18] generalized ¢-entropy and defined a family of (h, ¢)-entropies,

k
D =h (Z 6 (p») :
1=0
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where h: R — R and ¢ : (0,1) — R are twice differentiable real functions. Examples
of (h, ¢)-entropies are as follows

e a degree entropy if ¢(z) = 2* and h(z) = 725, a >0, a #1 (cf. [14]),

e « order entropy if ¢(z) = z* and h(x) = logw ,a>0,a#1 (cf [20]).

The Shannon entropy of spacings is the quantity

k
Dy == YjilogYjp,
j=0
where .
Yie=Xjr16 — X5, 0Z7 <K,
and 0 < Xy < ... < X <1, Xo.r =0 and X1, = 1, are order statistics of a
sample (X 1, ..., X,) from a distribution F. The asymptotic behaviour of Shannon’s
entropy Dy, when F is the uniform distribution, was studied in [7],[22] and [23].
Goldstein [7] proved that the sequence (Dy — log(k + 1)) converges to v — 1 in
probability as k& — oo, where v = 0.577215... is the Euler-Masheroni constant.
Slud [23] showed that the convergence holds almost surely. Shao and Jimenez [22]
proved that if the spacings come from a continuous distribution F then the almost
sure convergence of D;C9 to v7—1 characterizes uniform distribution among continuous
distributions. Some related problems were investigated in Ekstérm [10], Hall [11],
[12] and Misra [19]. In that papers limit theorems and tests of uniformity for sums
of mth spacings were considered. We are interested in the complete convergence of
Shannon’s entropy of spacings D,f .
Recall that a sequence (X,,) converges completely to X (X,, < X) if for all € > 0

o0

ZPr(|Xn —X|>¢e)<oo (cf [16]).

n=1
We consider also the complete convergence of paired, genetic and a-entropy of spac-
ings. Namely, we investigate the asymptotic behaviour of D,f ,

k
Df = Z iklog Yk + (1 =Y ,)log (1 —Yj))
7=0
k
D¢ = Z (Y]k) Yjr) — Ygzk (1- Ych)Q)
7=0
and
DY = 210{_ Z a>0, a#l,

where Y}, are uniform spacings, i.e. F' is uniform distribution on (0, 1).

The paper is organized as follows. In Section 2 we present definitions and auxiliary
results containing some formulae for sums and integrals. The explicit expressions
for expectations and variances of the above entropies are given in Section 3. Finally,
Section 4 is devoted to the complete convergence of D;f , D,f , D,? and Dy.
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2. PRELIMINARIES

Denote by H,gr), r € N, k € N, the harmonic number of order r, i.e.

k
1
H(T) — - >
k Z ir’ r=>1
=1
(cf. [9]). For simplicity we write Hy, := H,il). For r > 1 we use Riemann (-function
and Hurwitz generalized (-function defined, respectively, by

g N~ L DR S
C(T)*Hoo 7;27‘7 C(T7Q)*C(T) Hqili;(@‘i‘q)’r, qzl

We also use the relation between the harmonic numbers, Psi (or Digamma) function

¥(e) = < logI(z)

and the derivatives of Psi function (or Polygamma functions).
Here I'(z) = [;~ t*te~dt, > 0, is the Gamma function. It is known that

Hy = HY =~ + ok +1) (1)

(cf. [8]) and for r > 2

7 = EU (pr=0(1) - 6Dk 1)

(r—1)!
as P G DY
By B(z,y) we denote Beta function, i.e.
1
B(z,y) = / "Y1 —t)¥tdt, x>0, y>O0. (2)
0

(M), denotes the Pochhammer symbol (or the shifted factorial) defined by

() = INOE Y 1 r=0,
T MM+ ... (A7 —1) reN.

Also let B(x) be the function defined by
1 z+1 2\ = (=1)
5(33)—2[1/)( B >—¢(2)]—Zj+m, x>0,

j=0
COEEDY

Jj=0

and

(-1) :
e

We need the following lemmas.
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Lemma 1. The following summation formulae hold true

J+1
( ) 1) 47 (cf. [8], 0.155.4), (3)
Z—:0 (f) Hjy, =—B(k,r+1), reN (cf. [25]), (4)
k+2 7{'2
Z j2 =5t D*G'(k+3)  (cf. [13], 5.12.50), (5)
k+1 L1 1 /72 )
~j 2 ((k+2) +7)° + 5 (6 — ' (k+ 2)) (cf. [9], 6.71), (6)
= 1 Pk+2)+~y Y(k+2)
;j(l”lﬂ) EE T keN (cf. [13], 6.1.82). (7)
Lemma 2
S (k+1 (-1 DP@E+) ) 1
j_0< j )(k+1—j)(j+1)_ k+2 +(k+2)2’ (8)

k+1 JIH.
<k+2>(—1)f5  (—1yR+ ((7+¢(k+3))2 —¢’(k+3)) +26'(k +3), (9)

(k - 2) (-1)7 (DR (v +3) - 1)
2\ ) E=PG+DG+2) k(K2 = 1)(k +2) 10)
1 1
TEIDET)  RE-Dk12?
2 k-2 (=1)7Hj 5 2R+ 2)B(k+3)+1 1
Z( | ) “RGANGT2) | kE-DEF2? (k- DR+ 12
(=1F (v + vk +3)° = (7 + 0k +3)) = v/ (k +3))
+ R Dk 1 2) ‘
(11)

Proof. To prove (8) we use

1 1 ( L 1)
(k+1-5)G+1) k+2\k+1-j j+1
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and next by (3) and (1)
k ; k ;
Z (k + 1) (—1) _ 1 Z (k + 1) (—1)7
i)+ T=G+D  k+2\ G k1]

=0
1 B k+1\ (-1 (~1)F
+k+22< j >j+1+(k+2)2

1

(DR R\ (1T 1 (D (DR ((k+3) +9)
T k42 ( J )

Mz

Now we prove (9). Let

k .
k+1) (-1)7H;
S, = ) S

g ;( J Jk+1—3

k+2 1 1
J J J—1 -1
we get

S ’““ ket +’§ k+1\ (1) H,

LT k+2—j Z\j-1)k+2-]

_ Zkiz (k-Js-2)( 1)jHj _( )Hk+2 _Zk: (k}-l)(_l)j
k+2 k+2 jzo(j+1)(k:+1—j)

Using

Then by (4) and (8) we get the recurrence relation

2 2(—1)FHyy o
Skl = — — -5 k=0,1
k+1 (k+2)2 k+2 k> ) 4y
where Sy = 0. Hence
k+2 i—1 k42
—1)J H.
Sipr =213 D ey
= =7

which by (6) and (5) gives (9).
Now consider (10). We see that

IIM

— Sk.

79

j (k+2)2 k+2 (k+2)%

— (_1)j _ 1 k+1 k42 jk‘—l-l—j
( ) + D +2)(k - )Q_k(k21)(k+2)jz=;(j)(—1) [T
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and changing the order of summation we have
k—

: B )k Xk: VIS
: j 1)2(j j B k+2 j
7=0 J

B (—1)k (k42 ; (k4 2\ (—1)+!
“ s |2 () _HZ( )

_|_

(V)
/N

Bl
<.

N}
~_
—
En
I
<
=
[\v]
—~|—
=
+1=
| =
S—
—~
<
+
N}
N
>
—
w

k—1D(k+1)2  k(k—1)(k+2)?

Finally using (3) we get (10).
Now we prove (11). Applying the same evaluations as above we see that

k—2 - k—2 .
)i Hj k+2 e
J_0< j >J+1)(J+2)(kr —)?  k(k k+2 JZ:<J+2> P Hje k—j
1 2k +2 ; . &Kk +2\ (—1)7H;
NI (Z( j )H’ Hj‘<‘1)kH’““‘;< i
1
TR DRI D
which after using (4) and (9) gives (11). O
Corollary 1.
’S(k—2) (1 (Hyo=1) (4 h+3) 1)~ (k43))
=\ 7 ) UFDE+2)E ) k(k? —1)(k +2) (12)
26'(k +3) 1
TERE Dkt oDkt
Lemma 3.

1 q
_ 1 1
/0 1 (log x) dz = pq+1l"(q+ 1), p>0, ¢>-—1 (cf. [8],3.653.2), (13)

and for p>1,q>1
1
/0 a?7H(1 — z)7 log % dz = B(p,q)(d(p+q) —¥(p)) (cf. [§], 3.628.1), (14)

! 1 1 Yp+2)+y Y(p+2)
P ] It = — 1
/o zP log — og1 xdm TESIE P (15)
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forre Nand ¢ € N

1 1 q
/ (log ) dz
0 11—z

m, (i— 1) (i—1) r
_ q! Z H (¥ (1) =yt (r+1)) (cf. [2]),

a:l(z!)a
ai1+2az+...+qag=qi=1 ( )

where the summation is over all a; € N, i = 1,...,q, and ¢(j, q) are the unsigned
Stirling numbers of the first kind. In particular
1 2 2 w2 /
. 1 r+1)+ + &= =y (r+1
0 1-—2z r

Proof. We prove (15). Using the expansion

_Z ) |$|<17

log

1 [e%e)
z" 1o 10
_/0 51 %1 231 J—I—r—i—l

which by (7) proves (15). O

and (13) we get

3. MEAN AND VARIANCE OF ENTROPY FOR RANDOM PARTITIONS

In this section we present formulae for the expectation and variance of Shannon’s,
paired, genetic and a-entropy of spacings In what follows we use Darling’s (cf. [4])
moment formulae for the statistic 3% =0 f(Yjk), which are given by

k 1
> 1) | = k4 1) [ (=2 @) do, (1
§=0 0

k 1
B3 70 :k<k+1>/< 2P 2 () da

Jj=0

sy [ [T a-e-prwsaas

and

k k 1
> 050 Y 0¥ | = klk+1) [ (1 =)@l ao

7=0
FR02 1) / / 12— )P f()g(y) dy da,
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for any real functions f and g such that the above moments exist.

First we consider D,‘j . The results regarding the moments of Shanon’s entropy of
spacings are partially known (cf. [7, 23]) but we establish explicit formulae in terms
of Polygamma functions.

Proposition 1. The expectation and the variance of D,f are given by

ED} = (k+2) +7 -1, (20)
2 _
var D = ?:(TTFE) —C(2,k+2). (21)

Proof. Using (17) and (14) with f(z) = —xlogx we get

ED; = k(k+1) /1 z(1 —x)* 1log Lz
0 x
= k(k+1)B(2,k) (¥(k+2) —(2)) (cf. [7, 23])

which gives (20).
Now by (18) we have
1

E (D,f)Q =k(k+ 1)/0 (1 —z)fF 122 log? z dx

1 11—z
+ E*(k* - 1)/ / (1—z—y)*2zlogzylogydydz,
0o Jo

and substituting y = (1 — x)¢ in the second integral we get

1
E(Df)” = k(k + 1)/ (:c‘f“ log?
0
! ! 1 1 ! 1 1
+ k2 (k? — 1)/ t(1 — )2 dt (/ z* log = log dz — / ¥+ 1log = log dx)
0 0 T 1—= 0 z 1—=2

1 1
1 1
+ k2 (k% — 1)/ z(1 — z)*log - dsc/ t(1 —t)*2log n dt,
0 z 0

1 1 1
— —2Flog? —— + 2Pl log? —— ) dx
1—=x 1—-=z 1

Therefore by (2), (16) and (14) we obtain

E(DS)? = ht2) - 1) — (2. k4 2) 4 =0
( k) =(y+Y((k+2)-1)" =2,k + )+m7
which with (20) leads to (21). O
Sh;(:ek . 1 1 1 R
2kt 2 T TG T rGen) T hro

we get
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Corollary 2 ar DY < m — 9
. % _—
Y b= 3(k+2)

For paired entropy D,f we have

Proposition 2. The expectation and the variance of DY are given by
EDY = ¢(k+1)+7, (22)

72 -6 k k+2 k(2k + 3)
3(k+2)_C(2’k+2)_k+2C<2’ 2 ) CESE (D))

var DY =

Proof. Write Ei =- Z?zo(lij,k) log(1—Yj ). Then using (17) with f(z) =
—(1 —x)log(l — x), we have

k
E+1

1
— 1
ED: =k(k+ 1)/ (1 —xz)*log T dz = (24)
o _

Since EDY = EDY + Eﬁi then by (20) we get (22).
Now using (18) we have

B (35)2 (k4 1) /01(1 o)l log(1 — 2) da + K2(K2 — 1)

. /0 /0 x(l —z— )21 - x)log(l — x)(1 — y)log(1 — y) dy dz := Ay + By,
say. By (13)

Ap = k(k+1) /01(1 o) log?(1 — 2)de = RR D)

(k+2)3
Next setting t = 1 — y in By we have

By = k(K% — (/ / 2)*72(1 — z)log(1 — z)tlogt dt dx

_/O /O (t—x)k2(1—m)1og(1—z)tlogtdtdx>.

Then using the binomial expansion for (t—2)*~2 in the first integral and substituting
t = zx in the second we get

2 k-2 1 1 1 1
B =k*(k* -1 B —11'/ i(1—z)1 / F=i=11og =
v =k°(k )Z(J)( ) Oa:( m)oglixdxot ogtdt

=0

—(=1)*E*(k* - 1) </01 281 — z)log(1 — z) log z dx /01 2(1—2)F2dz

1 1
1 1

+/ z(1 —x)klogfdx/ z(1 —z)k_Qlogdz) .
0 X 0 z
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Applying (2), (14) and (15) we see that

k—2 j _
By = k(2 -1)Y (k - 2) e (=17 (Hjz — 1)

2\ NG + 20— )7
\k
~EUE (4 +8) - 102 - g/ +9))
Hence by (12) we get
Bo= P gy,

(k+2)2 k+2

Therefore k(k2 + 4k +2)

=5\ 2 2k
E(D)) =225k A

( ’“) k+26( +3)+ (k+2)3
which by (24) and the equality 8'(k+3) = =3 (k +2) — ﬁ gives

2k k

=S
V&I’Dk = mﬁl(k + 2) + m

Now using (19) with f(z) = —(1 — z)log(1l — z) and g(z) = —xlogx we get
1
EE?DE =k(k+1) / (1 —x)*zlogxlog(l — x)dx
0
1—x
+ k2 (k2 / / (1—z—y)F 21 —2)log(l — z)ylogy dydz := Cy + Ey,
say. For C} we have
1
Cr = k(k + 1)/ (1 —z)kzlogzlog(l — z)da
0
1
=k(k+ 1)/ (¥ log zlog(1 — z) — 2* ' log zlog(1 — z)) dz,
0

which by (15) gives

k(2k 4 3)
(k+ 1)(k+2)2

Substituting y = (1 — )t in Fy, we get

1
Ek: = k}z(k'Q — 1) (/ (1 )k+1 log 1 L
0

2k(k+1)  k
(k+2)3  k+2

Cy = (v + ¥k +2)) - €2,k +2).

1
1
dx/ t(1 —t)*2log ~ dt
— 0 t

1 1 1
+/ (1—m)k+1log2—dz/ t(l—t)’“‘th>,
0 - 0

which by (13) and (14) gives

k(k+1)
(k+2)2

k(k? 4 2k + 2)
(k+2)3

k= (Y +o(k+2) -
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Therefore

— k k
EDDf = =g (v + 0k +2)) = 55¢(2k+2) -

k+1 k+2’

and S kj k‘
cov(Dy, DS = —— ¢ h+2)+ —n
(Dy» Di) k+2g( ) (k+1)(k+2)
Hence
var Df = Varﬁi +0? Dy + 2cov (Ef,Df)

™ —6 2k k(2k + 3)

:W—C(Qak‘F?)—m(C(Qak+2)—5/(k+2))+m

which proves (23) after using the equality

> k+2 O
2 2 2) (2, —.
C2k+2)—Fk+ JZ +k:+2 2C(’ 2 )
2 _
Corollary 3. V&I“le < ?:(Tk;i—i—;)
Proof. Since —((2,k+2) < m and C( ) < —m then

-7 (k-1 -1)+3

DF
VD S 3 ) T 3k )2k 22
which proves the required assertion. O
Remark 1. For k>7 m2 -8
var Dk <
3(k +2)

Now we present the moments of D,?.

Proposition 3. The expectation and the variance of DS are given by

k(k* + 5k + 10)
(k+2)3
16k (kS + 15k5 + 103k* + 435k3 + 1282k2 + 2700k + 3240)
(k+2)3(k + 2)7

ED{ =

var Dy =

Proof. Using (17) with f(z) = z(1 —z) —22(1 — z)? write EDS = ED¢ —&-Eﬁkc,
where

1
EDS = k(k+1)/ z(1—z)fde =k(k+1)B(2,k+1) = R
0 k+2
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and

G

1
Eﬁk = —/4}(]{ + 1)/ 3;'2(1 — J;)k+1 dx = _k(k + 1)B(3J€ + 2) _ _w
0

(k+2)3 ’

which gives (25).
Next using (18) with f(z) = 2(1 — )

E (15,?)2 = k(k+1) /01 2(1 — z)"+ldz
1 11—z
+ k2 (k% — 1)/0 /0 (1—z—y)" 2z - 2)y(l —y)dydz.

Making the substitution y = (1 — z)t in the second integral we get
N\ 2 !
E (D,?) = k(k + 1)/ 22(1 — )"+ dz + E2(k? — 1)
0

k(k* + 5k + 2)

. 1 135 — z)ktl — )21 - —x T =
/0/0 (1— )P+ 41— £)F2(1 — (1 — 2)t) dt d T

Similarly, from (18) and (19), we get

2k(k* + 8k + 3)

N2 k(K + 18k + 59k + 1 A
E(Df) _ AR A ISR 50k 18) - g oY - -

(k+3)6 (k+3)a
Hence
A 4k
DY = —n—
Y (k+2)(k +2)5°
—G 4k (kS — 3k5 — 59k* + 147k + 1714k + 2520k + 864)
varD, =
(k+2)3(k+2)7
and ( ~G —G) B 4]€(/€2—7I€—6)
Dy, Dy )= 7.
AT TE ) Tk 2)(k + 2)s
Finally (26) we obtain from
var DS = var f),? + var ﬁkG + 2cov (b,?jf) . O
c 16
Corollary 4. var D7 < e

For a-entropy Dj; we get

Proposition 4. The expectation and the variance of Dy are given by

1

ED{ = 30—

(k(k+ 1)B(a+1,k) — 1), (27)
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var Dif = k(k+1) 5 (B(2a+1,k)(1+akB(a+1,0))—k(k+1)B*(a+1,k)) . (28)

@1

Proof. Using (17) and (18) we get

k 1
EY YR = k(k+ 1)/ (1— )1z de
§=0 0
and
k 2 1
E(> V3| =kk+ 1)/ (1—z)F 12> da
7=0 0
1 1—x
+ k% (k* — 1)/ / (1 -z —y)F 20> dydz,
o Jo
which gives (27) and (28). O

Corollary 5.

o 1 Na+1)
ED} ~ 5o ( - 1) : (29)

F2a+1)— (e +1)T?*a+1)
(217o¢ _ 1)2]{2&71

(ct. [4]). (30)

var Dy ~

Proof. Using the formula

Tk 1 5(51)+0<k61+1>’ 550, koo

L(k+p5) k8 2kA+1
(cf. [4], [24], p.67, 3.31) in (27) and (28) we get the desired assertions. O

4. ASYMPTOTIC PROPERTIES

Let Uy, Us,...,U; be exponential distributed random variables with mean 1. It is
known that
a U .
Yik=——— for 0<j<k (31)
> im0 Ui

(cf. [6]), and the equality holds in distribution. Slud in [23] established the rate of
the almost sure convergence of the sequence (Dy — log(k + 1)). Using the above
representation and the law of iterated logarithm he proved that

log(kz+1)—D,f+~y—1:()((1oglogk;/k)%) a.s., k— oo.

We prove the complete convergence of that sequence.
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Theorem 1. Dy —log(k+1) S~y -1, k— 0.
Proof. Let € > 0. Using (31) we see that

k
Z?:()Uj >j—o Ujlog U%

Pr(| Dy —log(k+1)—y+1| > ) =Pr/| |log - —v+1] > ¢
k+1 Zj:OUj
k k 1 k
L Uj > im0 Ujlog - e U;
< Pr log@ >§ + Pr Mf’erl >%
k+1 2 k+1 4(k+1)

k k
1 € 1
pr||l—Su 1> - Sy,
o /erljZ::0 J >4(1—’y)k+1z 7

Now let 0 < § < 1. Then

< Pr

k k k
1 £ 1 1
- - - - - P 1l > 6
+Pr(k+1ZUJ ! >4(1—’y) +1ZUJ’k+1ZU’ ”

Similarly

k k
1 1 e 1
Pr(|——= Ulog——7+1|> =1,
g k41 PR TR 1 &

Also by the Theorem of Hsu and Robbins (cf. [5], [16])

e(1—9)

> 1 & 1
Pr||—— S Uilog — —y+1| > < o0,
1;1 g k+12) PR T 1 >

and 0 1 &
k=1 7=0
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Moreover, we see that

> YicoUi| ) & (| Zi=U
Pr{flog==2"|>2)1<N¥°P =0 1> et -1
> (jos > ) = e (B o
k=1 k=1
oo Zk
P 100 1 >1-ef
B <| P 2><oo,
k=1
which ends the proof. O

Additional information can be obtained from Heyde’s theorem [15], who proved

that o > )
313%6 ZPr(|Sn—nu| > ne) =07, (32)

n=1
where S, is the sum of n i.i.d. random variables with mean p and variance var.
Here we obtain

Corollary 6.

> 2
lim £ > " Pr (|Df —log(k+1) — v+ 1| > £) < 18+16 <(1 — )2+ (2-9)+ ”) :
e—0 1 3

Proof. Letting § = € in the inequalities of Theorem 1 we get

Pr(|D}§—log(/€+1)—'y+1|>s)§2Pr kiljﬁ%(]j_l S ¢
1 e(l—e) 1 & 1 c(1—e)
+Pr mjz::on—1>m +Pr m;UjlogE_7+1> .
R . Lk E
b ki—l-ljgon71>e§71 +Pr m;Uj*1>1—e*§

which by (32) gives

lim g2 § Pr (|Dg —log(k+1)—y+1| > &) < (2+ 16(1 — v)*)var U; + 16var (U; log Uy ).
E—
k=1

and after using var Uy = 1 and var (Uy logU;) = (2 — )2 + %2 + 1 we complete the
proof. O



90 M. BIENIEK AND D. SZYNAL

Theorem 2. DF —log(k+1) % v, k — oco.

Proof. Since DF = Dy + ﬁi then it is enough to show ﬁf £ 1. Using the
inequality

1
(l—x)xg(l—x)logl <z, z<lI1,
-z

we have

M=
~!

k K k
—s
=D YA <Dr == (1-Yu)log(1-Yjx) <Y Vi
=0 i=0

=0 =0

Hence for any given € > 0

iPr(‘E:—l‘>5) ZPI Z k>5 7%%%:16§§S)<00,
k=1 k=1

which ends the proof. O

Now taking into account that
Pr (|DF —log(k +1) — 5| > 2¢) = Pr (‘D,f —log(k +1) —7+Ef’ > 2a)
<Pr(|Df —log(k +1) — 7 + 1| >£)+Pr<‘ﬁf—l‘ >e)

we get

Corollary 7.

313%52 > Pr(|Df —log(k+1) — 4| > ) < 72+64 ((1 )2+ (2-7)2%+ %2 + 4(3)) .
k=1

Theorem 3. DY 51, k— oo

Proof. Let € > 0. If k — oo then ED,? — 1 and by Chebyshev’s inequality
and (26)

Nt var D¢ 16 16¢(3)
’;Pr(|D,§—ED,§]>5)§; 22 _€2k1k3_ 2 <%

which implies the theorem. O

Remark 2. Note that by (26)

i S .16  8n?
;%EQ;kPr(‘Df—EDﬂ > ¢) Sk—lﬁ =

In the proof of complete convergence of a-entropy we use the following theorem
of Baum and Katz [1].
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Theorem 4. (cf. Baum and Katz [1]) Let £ < a <1 and {Xy,k > 1} be the i.i.d.
random variables. If E[X;|a < oo, EX} = pand S, = X1 4 ... + X,, then for all
e>0 )
Z Pr(|S,, — nu| > n%e) < oo.

n=1

Theorem 5. For o > %

« 704]:‘(0[4»1) ¢ 1
D¢ — (E+1)! gica 1 ] _gi-a’ k — oo.

1

Proof. Let ¢ > 0. If @ > 1 then by (29) EDy — T oia

Chebyshev’s inequality and (30)

ipr(wa ED| > ¢) gi
k=1 k=1

which implies the theorem.
Now let o € (3,1). Using (31) we see that

k — oo. Using

o0

D¢ C
o <Zk20z 1<OO,

_ola+1) 1 _ 1
« 11—« . l—« e%
Pr(‘Dk(k+1) a1 T oia >5>Pr (k+1) m;on
K “ k “
—T(a+1) LZU >e (27 —1) LZU,
k+14 ’ k+1+4 !
j=0 7=0
Nowlet 0<d<lande; =¢ (21_0‘ — 1). Then
1 i 1 < )
P E+1)! U — H|—— U, — U,
N k+1z Pla+1) k:+1jz=:0 / - k+1]z=:0 /
- 1-6 1 & ’
<Pr| D (Uf-T(a+1)|>e (k+1)* | +Pr mZUj —1/>46
j=0 7=0
1 & : e1(1— )
P E+ D) —— N | P S A
P (kD) k+1j§0UJ 7 (a1 1)
Using Theorem 4 we see that
= k e1(1 —9)
ZPr Z (o +1)) >1T(k+1)“ < 00,

k=1 =0
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and by Theorem of Hsu and Robbins (cf. [5, 16])

0o k ) k
1
> Pr kHZUJ —1|>45] <> Pr - 1ZUJ—1>(5+1)a71
k=1 7=0 k=1 7=0
) 1 k
1
+) Pr ; 1ZU] I>1-(1-6)" | <o
k=1 + =0
Now let €9 = 25;&:51)) Then
Lk ¢ k
Pr( (k+1) k+1ZU] —1>e | <Pr||D (U -1)|>(k+1)
j=0 Jj=0

Since ((1+(,€f12)1_a) -1

then

oo 1 k @

> Pr(k+1) kHZUJ —1] > e

k=1 7=0
0o k 0o k

gz —1)| > 2R+ | + > Pr( Y (U;-1) (k+1)* | < o0,
k=1 j:O k=1 j=0

by Theorem 4. The proof is complete. O

Moreover for 0 < a < % we get the following statement

Theorem 6. If0<a< % then

ka_lDl(: a.s. F<a + 1)

Proof. We see that ko"lED,‘: ~
and (30)

1
a1 Now by Chebyshev’s inequality

var D?k?*=2  C
kY < —

Pr(|ka—1Dg _ ka—lEDg| > 5) < 2 ST
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But for every k there exists an integer m = m(k) with m? < k < (m + 1)2. Hence
0 < k—m? <2m and k — oo implies m — co. Moreover

= C
>€)§272<OO,
m

m?2

Z Pr (’mz(aq) o, _mAe-Dgpa,
m=1

which gives . Tla+1)
N

mQ(Q_I)D?;Lz ﬁ, m — OoQ. (34)

Since under the constraint 2?21 x; =1, z; > 0, we have Z?Zl x¢ < ka—l,l, then

kaleg - m2(a71)D$¢n2

m? k
(kafl - mz(afl)) PR ZIEE S W 8
=0

j=m2+1
El-a _ p2(-a) (k _ m2)1*a 1)\ 20— 9\ 1-
< i a + 1o < {1+ 1+ a.s..

Therefore we get

_ Ma+1) _ _ _ [la+1)
a—1na a—1 o 2(a—1 e 2(a—1 «
k Dk_21a_1’§k Djt —m* )szwm( Dhe - Sia
1 2(1—a) 9 11—« F(Oé+ 1)
<(1+= 14 (2 Aa—tpe,  TT )
<(1+2) +(2) o+ |enga - o
which by (34) implies (33). O
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