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INVARIANT COPULAS 

ERICH P E T E R KLEMENT, RADKO MESIAR AND ENDRE PAP 

Copulas which are invariant with respect to the construction of the corresponding sur
vival copula and other related dualities are studied. A full characterization of invariant 
associative copulas is given. 

1. INTRODUCTION 

The investigation of copulas and their applications is a rather recent subject of 
mathematics. Prom one point of view, copulas are functions that join or 'couple' 
one-dimensional distribution functions and the corresponding joint distribution func
tion. Alternatively, copulas are two-dimensional distribution functions with uniform 
marginals. Copulas are interesting not only in probability theory and statistics, 
but also in many other fields requiring the aggregation of incoming data, such as 
multi-criteria decision making [4], probabilistic metric spaces [6, 17] and the theory 
of generalized measures and integrals [8]. Associative copulas are special continuous 
triangular norms (t-norms for short, see [7]), and hence they are applied in several 
domains where t-norms (t-conorms) play a role. For an extensive overview over 
copulas we recommend [16]. 

The invariance of copulas with respect to a given operator plays an important 
role in several applications, e.g., in fuzzy similarity measurement (3] and in the 
aggregation based on the Choquet integral [8]. 

The aim of this contribution is the characterization of copulas which are invariant 
with respect to the construction of the corresponding survival copula [16] and other 
related dualities. 

The paper is organized as follows. First we recall the notion of copulas and 
some operators leading to new copulas. Next we discuss the invariance of general 
copulas with respect to these operators, and finally a full characterization of invariant 
associative copulas (i.e., of copulas which are also t-norms) is given. 

2. COPULAS 

The notion of n-copulas was introduced in [18, 19] in the course of the investigation 
of the relationship between multivariate distribution functions and their marginal 
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distributions [16]. Since we shall restrict ourselves to the two-dimensional case, we 
shall briefly speak about copulas instead of 2-copulas. 

Definition 2.1. A binary operation C : [0, l ] 2 —> [0,1] is called a copula if 1 
is its neutral element, 0 is its zero element, and if C is 2-increasing, i.e., if for all 
£1,^2,2/1,2/2 e [0,1] with x1 < x2 and 2/1 < 2/2 we have 

C(xi,2/i) + C(x2,y2) - C(xuy2) - C(x2,Vl) > 0. (1) 

The importance of copulas in probability and statistics comes from Sklar's Theo
rem (appearing first in [18], see also [16, Theorem 2.4.1]) which shows that the joint 
distribution of a random vector and the corresponding marginal distributions are 
necessarily linked by a copula. 

It is interesting that each copula itself can be regarded as a joint distribution (if 
we extend its domain in a natural way to [—00,00] ) whose marginal distribution 
functions coincide with the uniform distribution on [0,1]. 

This connection between copulas, joint and marginal distributions provides a 
natural interpretation of property (1): it simply makes sure that the probability of 
the rectangle [xi,x2] x [2/1,2/2] 

-PC([-Zi,x2] x [2/1,2/2]) = C(xlyyi) + C(x2,y2) -C(xi ,2/ 2 ) -C(x2,y1) (2) 

is always non-negative. 
Observe that each copula is necessarily a continuous binary aggregation operator 

in the spirit of [10, 11] and that it is always a 1-Lipschitz function. If a copula is 
associative then it is also commutative and, subsequently, a t-norm [7, 16, 17]. 

In the framework of copulas, two types of dualities have been introduced [16]: 
For each copula C, its duai C : [0, l ] 2 —> [0,1] is defined by 

C(x,y) = x + y- C(x,y), (3) 

while its co-copula C : [0, l ] 2 —> [0,1] is given by 

C(x,y) = l-C(l-x,l-y). (4) 

Hence the co-copula C is the dual of the aggregation operator C in the terminology 
of aggregation operators [1], while the dual C is an operator which is adjoint to C 
in the spirit of [12] (for more details see [16]). 

Further, the dual C or the co-copula C of a given copula C is never a copula 
(e. g., if C is also a t-norm then C is the corresponding dual t-conorm and, therefore, 
not a copula). 

Applying consecutively formulae (3) and (4) to a copula C we obtain the binary 
operation C : [0, l ] 2 —r [0,1] given by 

C(x, y) = x + y - 1 + C(l - x, 1 - 2/). (5) 
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Note that the following relations always hold: 

C(x,y) = x + y-C'(x,y), 

C(x,y) = l-C(l-x,l-y). 

Moreover, it is not difficult to check that C is always a copula and that the operator 
" is involutive, i. e., (C)"= C. Because of its natural applications in reliability theory, 
C is often called a survival copula (see [16]), it also plays an important role in the 
copula-based integration with respect to fuzzy measures as discussed in [8]. 

Recall that, for each copula C and each point (a,b) G [0, l ] 2 , we can define a 
copula Ca,b putting 

Caib(x,y) = PC([a(l -x),x + a(l - x)] x [b(l - y),y + 6(1 - y)]) 

(compare [16, Exercise 2.6]), where Pc is defined in (2). In this terminology we 
obviously have Co,o = C and C1^1 = C for each copula C. 

Two other important involutive operators on the class of all copulas correspond 
to Co,i and Clj0 (see also [4, 7]) given by, respectively, 

C0ii(x,y) =x-C(x,l-y), (6) 

Clj0(x,y)=y-C(l-x,y). (7) 

Observe also that for all i, j , k, I G {0,1} and for each copula C we have 

(Cij)kj = Ci®kj®h (8) 

where l f f i l = 0 f f i 0 = 0 and l © O - = O 0 l = l. Note also that for arbitrary copulas 
C, D and for all A G [0,1] we have 

(AC + (1 - \)D)ij = Xdj + (1 - \)Dij. (9) 

Furthermore, for each copula C and for all (x, y) G [0, l ] 2 

C0A(x,y) = Ch0(y,x). (10) 

E x a m p l e 2.2. Consider the copula C H : [0, l ] 2 —> [0,1] which, for (x, y) ^ (0,0), 
is given by 

xy 
Cц(x,y) = 

x + y -xy 

and which is called the Hamacher product [7] (it occurs also in connection with the 
Gumbel bivariate logistic distribution [16]). Then we obtain (supposing (x,y) ^ 
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(0,0)): 

(Cu)'(xìУ) = 

(Cн)i,i(x,y) = 

x + y - xy 
x + y - 2xy 

1-xy 

xy(2 -x-y) 

1-xy 

(Cн)o,i(x,y) ~ ^ 
1-y + xy' 

(OH)i ,o(x ,y)= 1

 Xy] . x 1 — x + xy 

Observe that C H is a t-norm, i. e., an associative copula, and that ( C H ) I , I is commu
tative but not associative. Obviously, both (CH)O,I and (CH)I,O are not commutative 
(and, hence, not associative). 

3. INVARIANT COPULAS 

Much of the usefulness of copulas in nonparametric statistics comes from the fact 
that, when applying a strictly monotone transformation to random variables, the 
copulas linking the marginal and joint distributions are either invariant or change 
in a predictable way [16, Theorems 2.4.3 and 2.4.4]: 

Theorem 3.1. Let X and Y be random variables with continuous distribution 
functions Fx and FY, respectively, and corresponding copula CXY, and assume 
that <p^: [0,1] —> [0,1] are strictly monotone functions. Then we have: 

f (CXY)O,O if <P and ^) are both increasing, 

(CXY)O,I if <p is increasing and if) is decreasing, 

(CXY)i,o if <P is decreasing and ty is increasing, 

XCXY)I,I if <£ and ^|) are both decreasing. 

C(poX,ipoY 

The coincidence of a copula and the corresponding survival copula is also inter
esting in the study of symmetric distributions [16, Theorem 2.7.3]: 

Theorem 3.2. Let X and Y be continuous random variables with marginal dis
tribution functions Fx and FY, respectively, and corresponding copula CXY, and 
assume that X and Y are symmetric with respect to a and 6, respectively, i.e., 
Fx-a = Fa-x and Fy-b = -H-y- Then the random vector (X,Y) is radially 
symmetric with respect to (a,6), i.e., F(X-a,Y-b) = ^(a-x,6-y)> if and only if 
CXY = (CXYY-
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In the rest of this paper, we shall investigate the invariance of copulas with respect 
to three involutive operators introduced in (5) - (7), i. e., to the operators associating 
with a copula C the copulas (7, C0>i and Ci ) 0 , respectively. In other words, we are 
interested in copulas C satisfying C = C and/or C0,i = C and/or Ci)0 = C. 

Denote by C the class of all copulas, by T the class of all associative copulas (i. e., 
the class of all copulas which are also t-norms), and by S the class of all commutative 
(i. e., symmetric) copulas. Moreover, let T be the convex hull of T. Then obviously 
the following strict inclusions hold: 

TcTcScC. 

Furthermore, for each pair (i,j) G {0, l } 2 let dj be the class of all copulas which 
are invariant under the corresponding involutive transformation, i.e., 

dj = {CeC\ dj = C}. 

It is trivial that C 0 } 0 = C. 

T h e o r e m 3.3. Let C G C be a copula and (i, j) G {0, l } 2 . Then we have C G dj 
if and only if there is a D G C such that -D(t j) = C, where 

D(iJ) = 
D + Dij 

P r o o f . If such a D e C exists then, applying (8) and (9), we obtain 

= (D + Dij\ = Dij + Dofi = c 
%'} \ 2 Jij 2 

Conversely, if C = Cij then we may put D = C because of C = 2

 t , ? . • 

It is immediate that, for each (i, j) G {0, l } 2 , the class dj is a convex subset of 
C([0, l] 2) (denoting the class of continuous functions on [0, l]2) which is also closed 
with respect to the uniform topology, while the class T is not convex. Recall also 
that the Lukasiewicz t-norm TL (which is given by Tj,(x,y) = max(0,x + y — 1)) 
and the minimum T M (which are also called the Prechet-Hoeffding bounds) are the 
smallest and the greatest element, respectively, of each of the classes C,Ci,i and T. 
However, because of (TL)o,i = (TL)I,O = T M , neither T L nor T M are contained in 
Ci ) 0 or in Co,i- By virtue of Theorem 3.3, the copula 

K=TM + TL ( n ) 

is contained in dj for each (i, j) G {0, l } 2 , but not in T. Observe also that, as a 
consequence of (10), we have S D C0>i = S fl Ci j 0. 
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Example 3.4. We consider again the copula C H as in Example 2.2. Then we have 

where 

(r \ - CH + (gH)*»i a r (0HJ(tj) ^ G K j , 

, - x /_ ,A xy[2(l - xy) + (1 - x)(l - y)(x + y - 1)] 
( C H ) ( 1 ' 1 ) ( X ' J / ) = 2(1-xy)(x + y - x y ) ' 

xy(l - y + 2xy + x2 - x2y) 
«*> W * . » ) = 2(x + y - x y ) ( l - y + x y ) ' 

xy(l - x + 2xy + y2 - xy2) 
(OH)(i,o)(x,y) = 2 ( x + y _ X J / ) ( 1 _ x + x y ) -

Observe that the commutativity of a copula C implies the commutativity of Ci,i, 
d consequently we 1 

is not true in general: 

ynr I s~i 

and consequently we have 2
 1>1 G S n Ci,i for each C € S. However, the opposite 

Example 3.5. For each a G [1, oo[ the function Ca : [0, l ] 2 —r [0,1] given by 

C«(s, V)=xy + xay(l - x)(l - y) (12) 

is a copula, which is commutative only if a = 1. However, for a = 2 the copula 
(C2)(i,i) G Ci,i given by 

(C2)(i,i) ^ 

is commutative. 

Next, we want to investigate the class of copulas which are invariant with respect 
to all three involutive operators (5)-(7), i.e., the class 

C* = Co,i n Ci,o n Ci,i. 

The following result is a consequence of (8). 

Lemma 3.6. A copula C is invariant with respect to two of the operators defined 
in (5), (6) and (7) if and only if C is invariant with respect to all three operators (5)-
(7), i.e., 

c* = Co,i nCi,o = Co,i nCi,i = Ci,o nCi,i. 

Moreover, we have 

Co,in<s = Ci,0nScC*. 
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T h e o r e m 3.7. Let C be a copula. Then we have C G C* if and only if there is a 
copula D G C such that D* = C, where 

^ __ -P + -Po,i+-Pito + -Piti 
4 

P r o o f . The necessity is obvious. In order to show the sufficiency assume first 
(hi) — (0> 1)> - n which case (8) and (9) imply 

D + £>0,i + Di,o + oi,i \ _ Do,i + A),o + oi,i+ £>i,0 (D )o.i - ( -j ) Q д - = D*. 

The other cases can be handled analogously. • 

Evidently, the copula K = T M + T I considered in (11) belongs to C*, and we also 
have Tp G C*. Moreover, for all C G C we have 

C* = (C*)0,i = (C*)i,o = (C*)i,i. 

E x a m p l e 3.8. We consider again the family of copulas (C a ) a e [ i > 0 0 [ as introduced 
in (12). 

(i) Putting 
in \* — C<* + (Ca)o,l + (Oa)l,0 + (Oa)l,l 
K^a) — 2 ' 

then for for each a G [1, oo[ we have (Ca)* = Tp. 

(ii) The class C* also contains non-commutative copulas: for the ordinal sum (see 
[7])£-(<0,0 .5 ,O 2 >)givenby 

(2xy + 4x2y(l-2x)(l-2y) if (x, y) G [0,0.5]2 , ' 
D(x,y) = l 

lmin(x,y) otherwise, 

we have D* e C* but, e.g., £>*(0.2,0.4) -S Z?*(0.4,0.2). 

Remark 3 .9 . For copulas C\ and C2 the *-product Ci*C2'- [0,l]2 —> [0,1] (see 
[2, 16]) is denned by 

r,r(,„\ fdOiOM) dC2(J,y) C1*C2(x,y) = Jo —t —dt. 

The function Ci * C2 is well-defined since the partial derivatives exist almost* ev
erywhere, and it is always a copula, i.e., the *-product is a binary operation on 
C. Moreover, (C,*) is a non-commutative semigroup whose annihilator is the prod
uct t-norm Tp and whose neutral element is the minimum T M [13]. We also have 
TL * TL = T M , and for each copula C it is possible to show that TL * C = C^n, 
C*TL = C0ji and T^C*^ = Ci,i, and that C G C M if and only if TL*C = C*TL. 

This allows us to give another representation of the copulas -D(i,j) and D* used 
in Theorems 3.3,3.7: D{ly0) =K*D, _3(0>1) =D*K, and D* =K*D* K, where 
the copula K is given by (11). In other words, Ci,o is a right ideal and C0yl is a left 
ideal of the semigroup (C, *). 
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4. INVARIANT ASSOCIATIVE COPULAS 

Theorems 3.3 and 3.7 give a hint how to construct invariant copulas. Unfortunately, 
neither for the class C of all copulas nor for the class of all invariant copulas a full 
characterization is known so far. However, associative copulas, i.e., elements of the 
class T, are characterized as ordinal sums of t-norms generated by convex additive 
generators [7, 16]. Therefore, in this section we focus on the characterization of the 
classes Tij = TnCij. Because of the convexity oiCij then obviously also the convex 
closure Tij of Tij is a subset of Cij. 

Considering first the case (i, j) = (1,1) we have the following result: 

L e m m a 4 . 1 . For each copula C we have: 

(i) C G Ci.i if and only if C = C. 

(ii) C is associative if and only if C is associative. 

Recall the family of Frank t-norms (T^xe^oo] (a^ °f them are copulas too) 
which, together with their ordinal sums, were shown in [5] to be the only t-norms T 
solving the functional equation 

T(x,y) + S(x,y) = x + y, (13) 

for some t-conorm S (not necessarily the one which is dual to T in the sense of (4)). 
As a consequence of this result we immediately get the following: 

P ropos i t ion 4.2. Let C be a copula. Then we have C G 7I,i if and only if there 
is a A G [0, oo] such that C = Tf or if C is an ordinal sum of Frank t-norms of the 
form 

C = ((ak,bk,T^k))keK, 

where for each k G K there is a k' G K such that Xk = \k> and ak+bk> = bk+ak» = 1. 

P r o o f . If C is an associative copula, then C is a t-norm and C is a t-conorm, 
and (5) can be rewritten as 

C(x,y) + C(x,y) = x + y. (14) 

Then C = C if and only if C solves the functional equation (13) and C = C', and 
the result follows (see also [7]). • 

Denote by T the class of Frank copulas and their ordinal sums which are contained 
in 7i,i, as described in Proposition 4.2, and by T the convex hull of T. Because of 
the convexity of Ci,i, T is a, subclass of Ci,i. For example, the family (C^x^-i^] 
of Mardia copulas [16] given by 

a r = ^ - i - T M + (l-A2).rP + ^ i ^ . r L . 
is a subfamily of T. However, there are copulas in Ci,i which do not belong to T, 
i. e., T is a proper subset of Ci,i. 

As a consequence of (10), we immediately obtain the following lemma. 
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L e m m a 4.3 . 7o,i = 7i,o-

P r o o f . For each T G 7o,i- T is an associative and, subsequently, commutative 
copula satisfying T = T0,i. Then for all (x,y) G [0, l ]2 we have 

T(x,y) = T(y,x) = T0,i(y,x) = T1|0(x,y), 

i. e., T G 7i,o- The converse is straightforward. • 

Next, given a t-norm T and an increasing bijection <p : [0,1] —r [0,1], the 
transformed t-norm Tv : [0, l ] 2 —> [0,1] is defined by 

Tv(x,y)=<p-1(T(<p(x),<p(y))). 

Starting from the family of Prank t-norms (Tf )AE[O,OO], define for each A G [0,oo] 
(using the standard conventions ^ = oo and ^ = 0) 

TF + Tf 
Fix) = — T " J - . (15) 

The following important result was proved in [4]. 

Proposition 4.4. Let Ti,T2 be two continuous t-norms. Then the equality 

T1(x,y) + T2(x,l-y)=x 

holds for all (x,y) G [0, l ] 2 if and only if there exist a number A G [0,oo] and an 
increasing bijection tp : [0,1] —r [0,1] such that <p(x) + ip(l - x) = 1 for all x G [0,1] 
and Ti = (Tf ) v and T2 = ( T ^ . 

Observe that this means that the t-norms Ti,T2 in Proposition 4.4 are nearly 
Frank t-norms as introduced in [15] (see also [14]). 

Now we are able to characterize the class 7o,i(= 7i,o)-

Theorem 4.5. 73,1 = 7i,o = {TP}. 

P r o o f . Because of Lemmas 3.6 and 4.3 we have 

7o,i = 7I,o = 7o,i n 7i,o = 7o,i n7 i , i . 

Combining Propositions 4.2 and 4.4 we see that the only copula contained in both 
7i,i and 7o,i is just the product Tp. • 

Observe that, because of Proposition 4.4, for each A G [0, oo] we have 

rA
F(x,2/) = x - T F ( a ; , l - y ) , 

i.e., (Tf )0,i = Tf. Recalling the definition of F(A) given in (15), this means F^X) G 
C0,i for each A G [0,1]. Due to the convexity of the class Ci,i we also get F(X) G C\%\. 
Therefore we obtain the following subset of C*. 
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Corollary 4.6. The convex hull of the set {-F(A) I A G [0,1]} is a subset of C*. 

Example 4.7. 

(i) Observe first that F^X) — F(±) f° r aU A G [0, co] and, therefore, F(0) = F(oo) — 
X, a copula already known as being invariant with respect to all three opera
tors (5)-(7). 

(ii) The ordinal sum C = ( ( 0 , 0 . 5 , T L ) ) solves the functional equation (13). How
ever, we have C # C\,\ U Co,i U Ci,o since for all (x,y) G [0, l ] 2 (compare 
Figure 1) 

C(x,y) = max(0, m\n(x, y,x + y — 0.5)), 

Clt0(x, y) = min(y,max(0, x + y - l , x - 0.5)), 

C\,\(x,y) = max(x + y — l,min(x,2/,0.5)), 

C0,i(x,y) = min(:r,max(0,£-r-2/ - 1,2/-0.5)). 

This shows that there are copulas C solving the functional equation (13) which 
are not invariant in the sense of this note. That is, where the copulas C, Ci,o, 
Ci,i, and Co,i are pairwise distinct. 

C1.0 С i , Сo,: 

/ \ x.y-1 x 

У 

\ 
0 

x.y-1 

/ 

0 . 5 N. y-0.5 x.y-1 

N^x.y-O. У 

\ 
0 x-0. 5 / / 

x.y-1 

/ У 0 N. 
o N. У 

/ \ 

Fig. 1. 3D plots, domains and values of the copulas C, Ci,o, Ci,i, and Co,i 
in Example 4.7 (ii). 
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