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A SIMPLE ROBUST ESTIMATOR ;OF CORRELATIONS
FOR GAUSSIAN STATIONARY RANDOM SEQUENCES

JAN HurT AND WILTRUD KUHLISCH

The paper deals with a robust estimation of correlations for a Gaussian stationary
sequence. The investigated estimator is based on signs of the original series and is easy to
compute. The asymptotic normality of the estimator and the boundedness of the influence
functional under the assumption of the pure replacement outlier model has been proved.
A consistent estimate of the variance of the asymptotic distribution has been suggested.

1. INTRODUCTION

Suppose that {X;}°__ is a zero mean stationary Gaussian discrete process. Let

{17} be the correlation function of {X;}

_ E(XiX1y)
TR

o .
2 _oor 1.6,

j=1,2,....

Estimation of the correlation function has been studied by various authors. A simple
estimator has been suggested in Hurt [2]. Put

Zi=signX;, Ty =272;Ziy;, i=...,—1,0,1,..., j=12,....
Thken the proposed estimator of p; based on the observations X;, Xs,..., X, 1s
5y =sin (375), | (1)
where B | nd
= n—j i=1 b

Recall that E(T1;) = £ arcsin p;, so that (1) is a natural estimator based on
Tl]‘, .. -)Tn—j,j-

Kedem [3] considered an equivalent estimator p; which is constructed with the
sequence {Y;}io defined by clipping X; at level zero:

1 X: >0,
Y; =
0 X:<0.

—0oQ
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Then p; = sin[r(}; — 3)] where

5 =20, - s+
1 n
U: = VALE
j Z tit=j
n=1.550
1’1
Y=-) %
t=1

The sequence Z; is equivalent to the binary series 2(Y; — %) It follows that :\\j is
asymptotically equal to the random variable %(T] +1).

In Kedem [3] it is shown how the estimator 3\\]- (or Tj) can be used to con-
struct estimates for the parameters ¢, .. .,¢19\of an autoregressive process of order
k (AR(k)-process). For example, ¢ = sin[w(A; — 3)] = p1 is an estimator for the
parameter ¢ of an AR(1)-process X; — ¢Xi_1 = &, where ¢4, t € (—00,00), are
independent Gaussian variables with E(E’)A: 0, vare; = o2.

For large samples the estimators p; or A; are more economical than the usual

maximum likelihood estimators

- P XX ~ 1
p]-:-&—:-}z—_].t—;—]—, Aj = —arcsin pj + =
Zt:l Xt T

2
since their computation is very fast. That’s why they can be used as simple initial
estimates for more complicated estimation procedures. The main advantage is their
robustness which is considered in Section 3 by means of the influence functional.
Martin and Yohai [5] mentioned that the usual estimators p; are not always robust

in this sense.
Since for fixed j, {7;;}{2_ ., Is a stationary random process, the covariance

cov(Ti j, Ti+k,;) depend on k only. Denote
Rj(k):COV(EJ,Ti.;.k_]’), k=0,1,...

and L

o3, = R;(0) + 2i R; (k).

k=1

2. ASYMPTOTIC NORMALITY

Theorem 1. (Kedem [3], Corollary 7.2.)  Let {X:}2_, be azero mean station-
ary Gaussian process. If Z;‘_’___oo | E(X1X14j) ] < oo then

~ D 1
Vn(p; = pj) — N (0, 77 (1 Pf)a%,) as n — oo.

A sufficient condition for the assumption Z;’i‘w IE(X1X1+;‘) | < oo is given in
Hurt [2] (Theorem 1) which follows.
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Theorem 2. Suppose that the spectral density f(A) of a zero mean stationary
Gaussian sequence is twice differentiable and that there exist constants m, M, such

that f(A) >m >0, | f"(A)| < M; for X € [—m, 7]. Then for fixed j > 1,

~ D 1
VAl =) 2 N (0470 - e, ) as moo

Some remarks on the method of proof applied in [2] are given in Section 4. The
conditions of Theorem 2 above are fulfilled e. g. for autoregressive stationary random
sequences. {See Hurt [2] for details.)

What about the efficiency of the estimator p; with respect to p; ? Denote

lim nvar p;
. EFF(p)="=2
, n var pj

As an example we consider a first order autoregression with parameter ¢ = 0.6 and
the estimators py, p2, p3. Then we have

2\ (1 _ 427 '
lim nvarp; = (1+¢1)_(;2 ¢ )—2j¢2].

For estimating the variance of p;, j = 1,2,3 we refer to a simulation result in Hurt
[2], Table 1 (n = 20):

Table 1.
J lim n var p; nvar p; EFF(p;)
1 0.64 1.14 0.5614
2 1.3312 1.82 0.7314
3 1.7459 2.56 0.6820

Other experimental results in Kedem [3] concerning the efficiency of the paramet-
ric estimators in a second order autoregression support that EF F(p;) is approxi-
mately 0.5. The binary series should be roughly twice longer as the original series
to obtain a similar accuracy.

Theorem 3. In addition to the assumptions of Theorem 1 let us suppose that 3%),
is a consistent estimator of o‘%j. Then

2vn(pi —pj) »

—
™\ /(1= p?)5%,

N(0,1) as n—oo.



484 J. HURT AND W.KUHLISCH

Theorem 4. Let {X;}$2_., be a Gaussian stationary random sequence satisfying

the strong mixing condition with coefficients ax (7). Suppose Y 7o, ek (r) < oo for
some % < v < 1. For j fixed natural let 3%]_ be defined by

s .
Z (T'lk+l,]T(l+l)k,J T)) (2)

=0

_T)Z

where m = o(¥/n — 7). Then o O’T converges to O'T in probability as n — oo.

3. ROBUSTNESS PROPERTIES OF THE ESTIMATOR

To investigate the robustness properties of statistics from stationary processes several
concepts have been developed (see e.g. [4], [5]). Here we consider the influence
functional (IF) defined by Martin and Yohai [5]. It is an indicator for the sensitivity
of an estimator against departures from the basic model. Assume that the observable
contamlnated process {y]}52_ takes the form

v, = (1 =v])z; +v]w;.

Let {v]}2_., be a0-1 process with

Plv] =1)=y+o(y) as y—0, (3)

and let {z;}52_ o, {wi}$2_, be stationary ergodic processes with the associated
ergodic measures pJ, pz, and p, on (IR®,IB*), respectively. In the pure re-
placement model {v]}, {z;}, and {w;} are mutually independent processes, i.e
W pw = U poty. Martin and Yohai [5] defined the IF of a functional 7' = T'(p) as

T(py) — T(py)
IF(py, T, pr) = l%f

provided that the limit exists.

If we have a contaminated process {y} }$2_., then the estimator ¢t = p; given by
(1) can be considered as a solution to the equation

ZJZ(yZ)va)t):U) (4)
=1
where

signy] signy]_; — Zaresint i > j.

- 0 1<,
wi(y?,...,yY,t)={ :

Denote z; = (z1,z0,2—1,...). From the ergodic theorem it follows that

I s '
P- lim ;Zzpi(x?,.“,m},t):Et/)(gl,t),
i=1
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where ¥ (z;
lim T(uy) = T(ps) = pj =: To. Put m(y,t) = E4(y],t). Assume that D(v,1) =
1)

i
m(7y,t) exists for 0 <y < ¢, t = Tp, and D(O To) is greater than zero. Then it
has been proved in [5] that

,t) = signzy signzi_; — Zarcsin t. Hence P—nlLrlgo p; = T(uy) and

111’1’1 l [m('y To) (O,To)]

1
IF w)Ta ) = “N/n TN
(ﬂ /jy) D(O,YO) A0 v

We consider two cases:
(A) - isolated outliers, when v] are i.i.d. random variables as in (3),

(B) — patchy outliers of length k when the random variables v] are assumed to
be dependent in the following way:
{ 1 if %_p=1 forany k=0,1,.... k—1

0 otherwise,

i A
vy =

where 7; are i.i.d. random variables possessing a binomial distribution with par-
ameters 1 and p = v/k, k€ {1,2,..}.

Theorem 5. Let {z:}$2__, be a zero mean Gaussian stationary random sequence
and assume that the contaminated process {y; }52_., fulfills the pure replacement

model. Suppose that T is a z/z-estlmate defined by (4). Then
—D—(OZ’T—O) (-2 arcsin To)  for case (A) and case (B), k<j
IF(pw, T, p)) = _'Dﬁ [(1 — L)E (sign w» sign wi—;)
—(1+ 1—) arcsin Tg] for case (B), k> j,

where D(0,79) = — 12_T2.

Hence the influence functional remains bounded in every case.

4. PROOFS

Proof of Theorem 2.

From the central limit theorem for a strictly stationary random sequence of uniformly
bounded random variables (see Theorem 3 in Hurt [2], e. g.) it follows that

Vn(Tj — ETyj) 2, N(O,a%j) as 1 — 0o

(Theorem 4’ in Hurt [2]). Put g(t) = sin(37t) and 6 = 2 arcsin p; in (6a.2.5), Rao
[6]. We have ¢'(6) = % cos (arcsin p;) so that the asymptotic variance is

(1= p}) o}

NN

2
[g'(ﬁ)]za%j = 1r4_ cos*(arcsin p;) o%j =

The assertion now follows.
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Proof of Theorem 3.

Theorem 3 follows from Theorem 1 and the limit theorem 6.14.1 in Fisz [1].

Proof of Theorem 4.

(i) Applying the Chebyschev inequality we obtain for any € > 0
~ Lo 2 12
P(lo-%'j —0'%],[ 26) é €_2E1U’%j—0-TJ‘| .

For j fixed, {T};}2_., is a stationary strong mixing sequence with coefficients
ar;(t+7) < ax(r) (see Lemma 5 in Hurt [2]). From the pointwise ergodic theorem
(see Stout [7]) it follows that P-lim T; = E Ty;. Put ng =[] and

n— 00

nk—l

Rj(k) = = 3~ s Tarn eens — (B Do),
=0

1 e 2
o > Miesny+1,Taey (k1) — T

1=0

Ri(k) =

Hence R;(k) is an unbiased estimator of R;(k) and

P-lim [R;(k) - R;j(k)] =0, k=0,1,...,m—1.
(11) We now consider
E (6’%] - 0%1)2 .
m m 0 ' 2
=2 > EI(R;(k=1)=R;(k—1)) (R; (s~ 1)~ R; (s= 1)) 7] +4 [ > Rj(k—l)]
k=1s=1 k=m+1

where v, = 1 for k = 1 and v, = 2 for £ > 1. Since
E|(Rj(k —1) — Rj(k — 1)) (Rj(s — 1) = Rj(s = 1)) |

<[E(Rj(k—1) = Ri(k = 1)) B (Rj(s — 1) = Rj(s = 1)*]*/%,

it is sufficlent to estimate

B (Ri(k—1) = Ry(k — 1))?

=npZ, E [Tk 41, i Ty ki Trka1,i Tra1) kg — (B T1 Tk 3)°]

Ng—1—1 ng—1—1

=n;2 Z Z [(R2((r = 1) k)
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AR ((r— 1+ 1)k —1)R;((r -1~ 1)k +1)
kb (k+ 1, (14 1)k, rk + 1, (r + 1) )],

where lc%j is the cumulant function of order 4. Substituting u = r—1[, v = lk + 1 we

obtain )
B[Rk - 1) Ri(k—1)

Cng-1—1 o
1 nE_q1 — |u
T > —n;_ll | {Rf(uk)Jer((uH)k—l)Rj((u—l)kH)
u:—(nk_l_l)
: 1 Nke1—|ul
- 4 E_1 & B ‘
+le—1—lu| ; "*,r,-(v;"‘{+ vt uk vt (u+1)k—1) (5)

Suppose that 307 _ | R¥(uk) < ocoand 3207 k7.(0,k—1,uk,uk+k—1) < oo
then :

lim E[ﬁj(k—l)—Rj(k—l)]Z:O( ! ) for every k€ {1,2,...,m}.

n—00 Ng-1

(ii1) The convergence of the series in (5) can be proved with the help of a result
in Sujev [8]. It follows for tle stationary strong mixing sequence {73 ;}52_., that

k?j(o’k - I)Uk)(u+ l)k - 1) <C (O‘Tj“(u - 1)k+ 1!))71 |u] > 2,

where C' is a positive constant,.

Proof of Theorem 5.

For the pure replacement model we get
m(y,t) = E¢(y],1t)
= P(v) = UY_j = 0)/¢(£1:t) dps + P(v] = v?-j = 1)/¢(Ql,t) dpw
+P(v] = O,U'IY_]- = 1)/1[)(1'1, cowisg, t) Ay
+POT = 1,00, =0) [ (un,20,.21,0) s,
where [ (z;,Ty) dpus = m(0,Tp) = 0. We also have
P(v] =1)P(v]_; =1) for case (A)

P(v] = v]_;=1)=4¢ pip2 for case (B), k<j
P3 + P4PsPs for case (B), k > j
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where

k—j-1 ) k—j
ps =P| U {v-j-1=1} ps =P 1
=0

=0
Hence
v _ oy 72 + o(y?) for case (A)and case (B), k<j
P(’Ulzvl_-zl): Lo~ ~ .
J (1—3j/k)y +o(y) forcase (B), k> J.

In an analogous way we obtain

+o0 for case (A) and case (B), k <j
P(v‘lY — 0>v'1y—j — 1) — 7 ,\:(’Y) ( ) .o | (
Jjv/k +o(y) for case (B), k > j.

Furthermore

2 '
/1,0(.’131, .. .,'U)l._]',TO) dﬂxw = /1/)(11)1,1‘0, .. -;xl—j;Tﬂ)dﬂxw = —-7; arcsin To.

(Received March 2, 1993.)
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