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ON CONSISTENCY OF THE MLE

FRANTISEK RUBLIK!

Convergence of the maximum likelihood estimator is established without the assumption
that the true value of the parameter belongs to the null hypothesis €. It is shown, that
the MLE exists with probability tending to 1, and that the distance of the MLE from a set
H of parameters from Qo tends to zero almost everywhere, where H are parameters of the
probabilities best fitting the true distribution in the sense that they maximize the mean of
logarithm of the likelihood function.

1. INTRODUCTION AND THE MAIN RESULTS

It is well known that the MLE is consistent if the true parameter belongs to the
null hypothesis and certain regularity conditions are fulfilled, and some consistency
results can be proved also in the case, when the theoretical model is misspecified.
Let us mention some papers, whose results or methods are related to those in this
paper. Compactness of the parametric set is an essential condition for consistency
of the MLE in the paper {11]. Consistency for exponential families is investigated in
[1], existence and uniqueness of the unrestricted MLE is a topic of [8]. Consistency
of the MLE for Markov processes is under misspecification assumption established
in [4]. A misspecified i.1.d. case is treated in [12], and consistency of MLE in a
misspacified model is under general conditions on dependence of observations estab-
~lished in [13] and [3]. The aim of this paper is to establish convergence of the MLE
in the setting admitting misspecification of the model, and with emphasize on the
case of independent sampling from finitely many statistical populations.
We shall assume, that (S, S) is a measurable space, © is a parameter set, {Fy, }52,
are sub-¢-algebras of S, v, is a measure on F, and {Pg(u); 6 € ©} are probabilities
on (S, Fy) defined by means of the densities

dp
dv,

fu(s,0) = (s). (1.1)

To ensure measurability of the likelihood function we shall impose the following
assumption.

1This research was supported by a grant from the Slovak Academy of Sciences No. 999366.
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(Al). O is a separable metric space endowed with a metric p, and fu(s,8) is a

continuous function of § € © for each s € S.

We shall admit a possible misspecification of the model, but the true probabili‘ﬁy

P, defined on (S, S), will be subjected to some regularity assumptions. In these for
Q C O andseS weput

)

Lu(s,) = sup{fu(s,0); 0 € Q}. - (1.2)
(AZ) There exist norming constants {ny}32; such that for each §* € ©

lim - log fu(s,6%) = I(6%) e (1.3)

U—00 Ty,
P almost everywhere, and I is a continuous function of 6*.

(A3). For each 6* € O there exists a positive number A* = A*(6*) such that for
any arbitrary fixed number A € (0, A*) and for the set

V(0*,A)={0 € 0;p(d,0*) < A} (1.4)

one can find an F,, measurable function g,(s, 6*, A) of the argument s such that on
S for the constants {n,}5%, from (A2)

] , :
— log Ly (s, V(0™ ,A)) < gu(s, 6%, A) (1.5)

and

lim gu(s,0%,A) = I1(6*,A), (1.6)
P a.e., where in the notation from (A2)

lim (6%, A) = I(6%). | (1.7)

A—0+

(A4). Let {ny}S2, be the norming constants from (A2). If ¢ is a real number,
then there exists a compact set I' C © such that e

limsup ni logLu(s,0 -T) < ¢ (1.8)

Pa.e.

In the following theorem we shall use for @ C © in accordance with (A2) the
notation

I(Q0) = sup{I(6"); 0 € Q} . (1.9)
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Theorem 1.1. Let us assume that the regularity conditions (A1)~ (A3) hold and
the set © is either compact or (A4) is fulfilled. Further we suppose that 2o C © is
a closed set and

I(0*) > — (1.10)
for some 6* € Q.
(I) The set
H = {0" € Qo; 1(6") = I()} (1.11)
1s compact and non-empty.
(IT) There exist mappings B S — Qo : (1.12)

measurable with respect to F, and such that
P | Ly(5,90) = Lu(s,0u(s)) for all u> u(s)] =1, (1.13)

with Ly (s, Q0) = Lu(s,0u(s)) for all s € S in the case when Qg is compact. If (1.12)
are any measurable mappings satisfying (1.13), then the random variables

p(8, H) = inf{ p(0u(s),07);0* € H} (1.14)

converge to zero P a.e.

To pronounce the Corollary 1.1 we shall suppose that v is a measure on (X, F)
ana {fs(z|y); 0 € O} is a family of transition density functions (with respect to v)
of transition probabilities Ps(Aly) of a Markov process.

(A*1). © is a separable metric space endowed with a metric p, and fp(z|y) is a
continuous function of # € © for all z, y € X.

Let us further suppose that X;, Xs,... is a process whose true distribution is
such that the law of large numbers holds for sequencies {£(X;, X;41)}52; with finite
E(€(X1,X2)) (this is for Markov process according to Remark 2.2 in [4] guaran-
teed by validity of the condition (A4;) in [4]). Obviously, in the notation S = X,
S=F°, Fo=Fx.. xF, s={zn}32, €5 and

a(5,0) = falzs, ... 20, 0) = f(z1) [] folzisalz:) (1.15)

i=1

the assumption (A1) is fulfilled, provided that (A*1) holds. As it is observed in [2]
p. 4, information about the initial density f(z,6) does not increase with n, and [2]
therefore uses as log-likelihood the function

n-1

L(0) =) _ log fo(zisa|z:), - (1.16)
i=1

which is also the approach used in [4]. The initial term f(z) is in (1.15) included
to fulfill the requirement (postulated at the begining of the paper) that {f.} are
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probability densities, and simultaneously to ensure that the MLE based on (1.15) is
the same as the one based on (1.16).
Putting n, = n and denoting

L(zi,xip, V) = sup{fo(zip|e:); 6 €V}

n—1
% |:log; flzy) + Z logL(r,-, ziy1, V(07 A))

i=1

gn(SJ 9*:A)

)

we see that (A2), (A3) follow from (A*1) and the following assumption, where E
denotes expectation with respect to the true distribution P.

(A*2). For each 6* € O there exists a number A* = A*(#*) such that for the set

(1.4)
E|max{0, log L(X1, X5, V(6",A))}| < +o0 (11

and I(6*) = E(log f¢«(X2]|X1)) is a continuous function of §* € ©.

From Theorem 1.1 we therefore immediately obtain the following assertion. .

Corollary 1.1. Let us assume that the assumptions (A*2) and (A*1) are fulfilled,

the set Qg is closed in ©, and for some 6* € Qg the inequality (1.10) holds. Then the

assertions (I) and (IT) of Theorem 1.1 remain true provided that either © is compact
“or the assumption (A4) holds. '

We remark, that on the one hand the asssumptions used in the Corollary 1.1 are
less restrictive, than the assumptions of [4] imposing on the functions log fs(z|y) and
on their expectations some differentiability conditions, not required in (A*2). On the
other hand, the condition (A*2) requires validity of (1.17) for all §* € O, while (A4g)
of [4] requires uniform convergence of %27:_11 log fo(Xi4+1]X:) on a neighbourhood
V* only for the unique §* € O, postulated in [4] to maximize E(log fo(X2|X1)).
However, [4] does not deal with the general case Qo = © N C, where C is a closed
subset of R® while the Corollary 1.1 guarantees consistency of MLE for any closed
subset of the parameter space.

A more general framework is used in [13] and [3], where the conditional densities
are allowed to vary for allt = 1,2,..., and the limit in (1.3) may not exist in such
a case. In these papers convergence to zero of 0, — gy is established under different
conditions, with §, being the MLE and g denoting the postulated maximizer 8}, of
the mean of logarithm of likelihood function of n observations; the parameter space
is in [13] assumed to be compact, and [3] deals with the case Qy = B, where B is an
open subset of RP. Thus while in [13] and [3] dependence of observations may be of
a type not allowed by (A1) - (A4), these conditions allow to establish consistency of
MLE for types of the null hypotheses, not included in [13] or [3].

The main goal of this paper is to prove consistency of the MLE in the case when
inference 1s based on independent random samples from ¢ populations.
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Let {P.; ¥ € £} be a family of probability measures, defined on (X, }') by means
of the densities )

dP '
f(z,7) = L) (118)
v
with respect to a measure v. Let us denote the g-fold products
S=X®x..xX®, S=F°%x..xF*, O=E1 (1.19)

If0 = (01,...,0;) € O, then §; is the parameter assigned to the j-th population.
We shall asssume, that statistical conclusions about 8 are for

s= (e, o)) €5

based on su = 2 = (y(1,n), ..., y(g,n(?)), (1.20)
where y(1, n( )) (g, n,(,q)) are independent random vectors, and
y(j,n{)) = (1, . 13(]()1))

is a random sample (with the sample size nm) from the j-th population. In this
g-sample case the o-algebras F, and the norming constants n, are determined with

Fo=F % oy =alD 4 4 nl@), (1.21)
and the densities on which the MLE is based

g nl?
Fu(s,0) = fu(x™),0) = HH (=9, 0;) ~ (1.22)

(RA1). Eis a separable metric space endowed with a metric p, and the function
f(z,-) is continucus on Z for each z € X.

The true distributions Py, ..., Py of the ¢ underlying populations will be subjected
to the following regularity assumptions.

(RA2). For each v € E there exists a positive real number A* = A*(%y) such that
for the set " R "
V(r, A") ={¥ €5 p(7,7) < A"} (1.23)

in the notation L(z, V) = sup{f(z,%); ¥ € V} the inequality

/ max{0,log L(z, V(vy,A*))} dP;(z) < +o0 (1.24)
holds for j = 1,...,¢
(RA3). The integral , - ;
0= [ eefenanE, o a®)

which according to (RA 2) exists with —co as a possible value, is a continuous
function of y e Eforall j=1,...,¢q
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(RA4). If ¢ is a real number, then for j = 1,...,q there exists a compact set
I'; C Z such that 1
limsup —log L(z1,...,2,,2—Tj) < ¢ (1.26)
n—oo N

a.e. Pf°, where in accordance with (1.2)

=1

L(a:l,...,xn,U):sup{Hf(:c,-,’y);'yGU}. (1.27)

In this setting and the notation
P=P7x...xP” ' (1.28)

Theorem 1.1 gets the following form, where measurability of (1.12) with respect to
F, obviously means that 6, = 0,(z(*)), with 2(#) described by (1.20).

Corollary 1.2. Let us assume that the regularity conditions (RA1)-(RA3) hold
and in the notation (1.21)

()
lim n, = 400, lim o =pj€(0,1) forj=1,...,q4.  (1.29)
U— 00 U—00 Ty

Further we assume, that the set = is either compact or (RA 4) holds, and the set
Qo C © = =7 is closed. If for some 6* = (07, ..., 0;) € o and the quantity

1(0%,p) = ij /1ogf(m,o;)dp,-(x) (1.30)

the inequality

16", p) > —0 . (1.31)
holds, then in the notation
I(Q0,p) = sup{I(0",p); 0" € Qo} (1.32)
th t
° H=H(p)={0" € ; 1(6",p) = [(,p)} (1.33)

is compact and non-empty, and the assertion (IT) of Theorem 1.1 remains true.

A similar assertion for the one-sample case ¢ = 1 and based on stronger con-
ditions can be found in [12], where convergence to the postulated unique parameter
minimizing the Kullback-Leibler information quantity K(g : f,8) has been proved
under the assumptions, that the parameter set is compact, the true distribution G
has a density g with respect to the measure v occurring in (1.18), E(logg) exists
and the densities (1.18) are uniformly bounded with a G-integrable function. These
assumptions remain in force also when the general setting in [13] is applied to the
1.1.d. case. We remark, that in the g-sample case described in Corollary 1.2, the
assumption (RA4) is imposed to remove the condition of compactness of the pa-
rameter space. However, as we shall prove in the following theorem, in the case of
exponential families of probabilities even this condition may be omitted.
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(RC1). The measurable space (X,F) = (R™,B™), the dominating measure v is
not suppported on a flat, the parameter set .

== {7 € R™; /(371r dv(z) < +oo} (1.34)
is open, and the densities are determined by the formula

dP. . : ,
fz,7) = dy” (2) =7 ==CM) (1.35)

where prime denotes transposition of the vector, and

\

C(y) = log/e'ylI dv(z). (1.36)
(RC2). The true distributions Py, ..., P, of the ¢ populations are such that

/dej(a:)eB(y), i=1,....q, ’ (1.37)

where . - -
B(v) = {Ev(z); y € E}. (1.38)

The condition that the dominating measure v is not supported on a plane, i.e.,
thav v(R™ — N) > 0 for every hyperplane N = {y € R™;c'z + b = 0}, is according
to Lemma 2.1 in [1] equivalent to the fact that the probabilities {P,; v € E} are
mutually different. In (1.38) we use the notation

Ey(z) = /xf(x,'y)du(az), (1.39)

where the integral is taken coordinate-wise. Since the set = is open, all derivatives
of the function [ e? 's dv(z) of ¥ may be computed, according to Theorem 9 Chapter
2 in (7], by differentiating under the integration sign, which together with Lemma
2.2 in [1] means that the mapping

£(7) = Ey(2) (1.40)

is 1—1 on Z. Hence under validity of (1.37) there exist unique parameters 61, ..., 6,
from = such that .

/dej(l'):Ea,-(ﬂ?), i=l.,q (1.41)

Similarly as in Theorem 1.1 and Corollary 1.2, also in the following statement we
use the notations (1.19)-(1.22) and (1.28).

Theorem 1.2. Let us assume that the regularity condition (RC 1) holds, and in
th tati = =1 :
¢ notation © Q=0nc, | o (142)

where C' C R™1 is a closed set.
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(I) Let us denote T= 157 z; and put (cf. (1.38))
An={(z1,...,2) € BT € BW)}. (1.43)
This set is open and there exist measurable mappings
gu Dy = An(l) X ... X Angq) — Qp (1.44)
such that (c.f. (1.2)) L™, Q) = Lz, Bu(2™)) (1.45)
for all z(¥) € D,,.
(IT) Let also both (RC 2) and (1.29) hold. Then in the notation (1.28) and (1.20)
Plsue D, forall uzu(s)| =1, (1.46)

the set (1.33), where p = (p1,...,p,) are the numbers from (1.29), is compact and
non-empty, and if 8, : X™* — Qg are any measurable mappings such that

PlseS; L(z™, Qo) = L™, 0,(z()) for all u > u(s)} =1, (1.47)

then the random variables : ' . 7
p(0u, H) = inf{ p(0, (z(¥)),0%);0" € H}, (1.48)

where p(0,6*) is the usual Euclidean distance, converge to zero a.e. P.

Let us denote for v, v* from =

k) = [og (ZE2) 1o 3)dvl) = (=7°) By(e)=Co1+C07), (149
and for 0 = (0y,...,0,), 0* = (0%,...,0;) belonging to © = = and a vector p =
(p1,---,pq) with positive coordinates

K(0,6%,p) = Zp] K(8;,07). (1.50)

If the parameter  determined with (1.41) belongs to €, then making use of (1.35)
and (1.49) we get that

”/1ogf(x,e,»)dpj(z) - /logf(ac,ﬁ;)dpj( z) = K(0;,67).
Thus in the notation .
K (8,80, p) = inf{K(6,0",p); 0" € Qo} (1.51)
the set H from Theorem 1.2 (1I) can be written as
H={0" €Qo; K(0,0",p) = K(6,Qq,p) } = {0},

because for § # 0* according to the remark following (RC2) the probabilities Ps,,
]59;, are different for some j, and therefore K(6,0%,p) > 0 = K(0,Qo,p). Hence
from Theorem 1.2 (IT) we obtain the following assertion.
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Corollary 1.3. Let us assume that the assumptions of Theorem 1.2 hold, and the
parameter § = (#;,...,6,) determined with (1.41) belongs to Qq. If 6, : X™* — Qg
are measurable mappings satisfying (1.47), then

0, — 0
a.e. P for u — oco.

The previous theorem and its corollary are an extension of the Theorem 3.1 and
Lemma 3.2 in [1], where in the one-sample case ¢ = 1 the true distribution P; is
supposed to fulfill (1.41) for some 6 € Qp, and existence of a measurable restricted
MLE is guaranteed if the maximizers of log f(z1,...,&n,y) on Qg are unique.

Let & > 1 be an integer and a = k(k + 1)/2. Let us put m = k + a and denote

E={y=(,0') ER™; p€ R* o€ R® and V(o) is positive definite } (1.52)

the set of parameters of the non-singular k-dimensional normal distributions, i.e., p
is the vector of means, o = (v11,...,V1k, V22, ..., U2k, ..., Vkk) are elements of the
covariance matrix and V(o) is the symmetric matrix with V(¢);; = v;; for i < j.
For v = (¢/,0’)" € = let f(z,7) be density of the normal distribution N (g, V(a))
In this setting from Theorem 1.2 we obtain the following assertion.

Corollary 1.4. (I) Let in the notation © = Z¢ and (1.52)

Q=0nC, (1.53)

where C' C R™! is a closed set. If we put
| An ={(z1,...,2,) € RF"; det £ > 0}, (1.54)
where © = L E (2 —T)(z; ~T), T =1 EJ L Z;, then there exist measurable

mappings (1. 44) such that (1.45) holds. Moreover if the true distributions of the g
populations are such that the covariance matrices

Vi = cov (z|Fj) (1.55)
are positive definite for j = 1,..., ¢, then the assertion (II) of Theorem 1.2 is true.

Since for any normal distribution with parameter from (1.52) probability of the
set (1.54) according to [10], p. 73, equals 1 if n > k, from the previous Corollary we
get as an immediate consequence the following existential assertion concerning the
Behrens-Fisher problem.

Corollary 1.5. Let
Qo={(0],...,0;) €EE Eps(z) = ... = Ee;(w)} (1.56)

denote the hypothesis of equality of means of ¢ normal populations without restric-
tion on their positive definite covariance matrices. If the true distributions

Pj = JV([I,]', E])
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where covariance matrices of these normal distributions are regular, then a mea-
surable MLIS 0, of the parameter {rom (1.56) exists on the set where the sam-
ple covariance matrices are positive definite, which has probability 1 provided that
min; n) > k, and under validity of (1.29) the random variables (1.48) converge to

zero P a.e., where the non-empty compact set
H={0" € Qq; K(0,0*,p) = K(0,%0,p)}, (1.57)
in the notation (1.50), (1.51) the symbol K (0;,03)=K (Ps,, —139;_) denotes the Kullback-

VERE
Leibler information quantity, 6=(6,,...,0,) and §; corresponds to N(u;,X;).

We remark, that if X = {0,1,2,...}, F = 2% is the system of all subsets of X,
f(z,y) = e77y%/z! denotes density of the Poissson distribution and 2 = (0, +c0),
then the assertions (I) and (II) of Theorem 1.2 remain true, if we put B(v) =
(0,400) and [z dP;(z) = Y o2, zP;({z}). The assertion (I) can be easily improved
in the sense that (1.44) can be written in the form 0y - x ok xnV?
where Qg denotes the closure of Qg, (1.45) remains unchanged and if computation
of (1.45) involves zero value of the parameter, by density for A = 0 we understand
f(z,0) = 6;,0, where &, ¢ is the Kronecker delta.

_—_')Q(Ja

2. PROOFS

The following assertion is an extension of Lemma 3.3, p. 307 in [9] in the sense that
the compact sct I' nced not be a subset of R¥. We remark that the presented proof
seems to be simpler also in the case when T' C RF.

Lemma 2.1. Let us assume that S 1s a o-algebra of subsets of S, I is a compact
metric space and B are borel subsets of I'. If g : S x I' — R is such that the function
(a) g(s,.) 1s continuous for cach s € S,

(b) ¢(.,7) is measurable for each v € I',

then there exists measurable mapping 7' : S — T such that in the notation

g(s,A) =sup{g(s,7); v € A} (2.1)

the equality a(5,T(s)) = g(5,T) (2.2)

holds for each s € S.
Proof. Since I' is a compact metric space, there exist {y; };";1 from T and a
non-decreasing sequence {mn }ne1 of positive integers such that for each n
Sn = {71) ey 7mu}

sa2 ™ netinT,i.c.

I'= U U(y;,27M),
j=1
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where U(yj,6) = {7* € T; p(v;,7") < 6}. We shall utilize the fact, that the sets

VVZ(I) = {.5‘ e S, g(S)I‘) =g (S,U (71'; %—))}

are measurable, and
i-1
Vi(l): VV,-(l)— U I/Vj(l), i = 1}'”7m]
Jj=1 )
form a measurable partition of S. Thus the mapping
m)
Ti(s) = Y Yixy o (s)
i=1

for which T1(s) = v; if s € T/;(l), 1s a measurable mapping from S into I'.
Let us assume, that for n = 1,... & we have already constructed measurable

mapings 7, : § — I' such that for all n

My _1

Tn(8)=Z%xV‘_(n>(8), ATn(s), Tasi(s)) < iy (2.3)

and for all s € Vi(n) 1 :
9(s,I) =g (s, U (%, 27)) : (2.4)

Denoting
wEHh = Vg5, = g (5,0 (75, = ) 0 U (4, e
j = s & i sg(’SJ )*‘g 8, 7i)2_k. 7]’2k+1

. It '
V}(k-}.lﬂ) = V[/ti(k-l-l’l) - U W"(k+1,2) ) j = 1) ceey ME41,

r=1

taking into account the fact that {Vj(k+1'i); t=1,...,mg, j=1,...mps1} forma
meastrable partition of S, and putting

Mikt1 [ mg Mk+1
Tivi(s) = ) [Zijngw.e)(S)J =3 i Xy x40 (5), (2.5)

=1 i=1 j=1
where : (b1 me (b1
k+1) 1,
o=y,
=1

1 1 1

we sce that ‘
P(Ti(s), Tet1()) < 57 + gy < g1

and for s € I/j(k+1) 1
. g(s)l«) =g (5, U('Yj;w)) .

Hence existence of measurable mappings {7 }n=; satisfying (2.3) and (2.4) is proved,

and their limit T(s) = nli.n;o T (s)
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is obviously measurable. Since according to (2.4)

l9(s,T) = g(s, Tn(s))| < sup {lg(s,v) =9(s,7"); p(7,77) < an} :

also the equality (2.2) holds. : a

Proof of Theorem 1.1. (a) Let us first suppose that © is a compact set.
Since the function I(6*) in (1.3) is continuous, the assertion (I) is obviously true.
Compactness of Qg together with (Al) according to Lemma 2.1 mean that there
exist measurable mapings (1.12) satisfying Ly (s, Qo) = Lu(s,04(s)) for all s € S.

Let (1.12) be any measurable mapings satisfying (1.13) and a fixed number ¢ > 0

be such that the set U. = {0" € Qq; p(0", H) > ¢} . (2.6)

is non-empty. It is easy to see that continuity of I(0*) together with (1.11) imply
existence of a real number M < I(6y) such that

U. C Qo(M) = {0" € Qq; I(07) < M}. e

Now we shall proceed similarly as in the proof of Theorem 1 in [11]. Since the
set Qo(M) is compact, validity of (A3) implies existence of finitely many open sets
Vi=V(0:,4A;),i=1,...,r such that

Q(M)c | Jvico-H,
=1
max{I(0;,A;);i=1,...,7r} < I{Q) .
Hence if n € H, then putting

0 » .
and making use of (A3) we see that
. 1 Lu(s,Q0(M)) . 1 Lu(s, Vi)
B T Ly S R P T Gy <

P a.e., and (IT) follows from (2.6) and (2.7).

(b) Let us drop the assumption of compactness of ©. Since (1.10) holds, there
exists a real number ¢ such that

Let I' C © be the compact set satisfying (1.8). If § € © — T, then I(8) < ¢, because
in the opposite case according to (A2)

1 1 ~
liminf — log L,(s,© — ') > liminf — log fu(s,0) > ¢

U—00 Ty, u—oo N

P a.e., which is a contradiction with (1.8). Thus I(Q) = I(€ NT) and

{07 € Qo: 1(07) = I(Q)} = {0" € Qo T; I(6°) = [(Q NT)} . (2.10)
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Further, if  is a fixed point from #, then in the notation (2.8)

Lu ,(2 —I‘ . uls, W —
limsup — log M < limsup S log M

<0
u—oo Ty Lu(SyQO) u—co Ty Lu(syn)

P a.c., because ¢ < I(n). Hence P a.c.
Lu(S, Qo — F) < Lu(s, .Qo)

for all v > u(s). Since the set I' is compact, putting © = Qy NI and taking into
account (2.10) and the part (a) of this proof we easily obtain that the Theorem 1.1
1s true. ) a

Proof of Corollary 1.2. From (1.24) we obtain that the integral

Li(y,A%) = /log L(z, V(y,A™)) dPi(x) (2.11)

exists with —oo as a possible value. Employing the monotone convergence theorem
we get that in the notation (1.25)

lim L(y,A)=L(y). 2.12
i Li(y, 8) = 1(7) (2.12)
Ilence putting

n(J

)
[T L v, an], (2.13)

q
j=1li=1

and utilizing the law of large numbers we obtain that in the notation (1.30) and
I(60*) = I(0*,p) the conditions (A1) -(A3) hold. Thus according to Theorem 1.1 it
is suflicient to prove (A4). -

First we show that for j =1,...,¢q

q

. 1
Gu(s, 0", A) = Tlog

. 1

limsup —log L(z1,...,2n,5) < d (2.15)
n—o0 n

P2 a.e. for somereal d. If I'is the compact set from it (RA4) satisfying (1.26) with

¢ = 0, then according to the previous part of the proof there exist finitely many sets
V(vk,Ak), k= 1,...,r such that in the notation (2.11)

Ic U V(ve,Dr), max mlsxxfj(’yk,Ak) < +o0o.
J
k=1
Thus ) 1
limsup —log L(z1,...,2n,Z) <
n

n— 00
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l l n
<h max q— M ....,.:,L,E—‘,—l [/-i; / ,A. ;":],...}‘ .
< limsup max {n log L(z1, .2 ) ~log (11 (zi, V(vk k))) k 7}

nN—0Cc

Choosing real numbers dy > max; [;(ve, Ag), putting d = max{0,d;,...,dx}, uti-
lizing (1.26) and the law of large numbers we get (2.15).
Now we utilize (RA4) according to which there exists a compact set I'; C = such
that ' 1
linlsipglogL(.'El,...71‘n,E—[‘]')<C]' (2.16)
» 7L —C

Pp?ace. Obviously, I'= 1'y x ... I'y is a compact subset of @ and

1 1

— log Lu(s,© = T) < max —log Ly(s, D;), (2.17)
Ty, J=1,09 Ty

where D; = Ex ... x Zx (E—-1)x=Zx...x Z. But if we denote ) " the sum over

the indices | < j <gq, j # 4, then in accordance with (2.15), (1.20) and (1.22)

lim sup L log Ly (s, D;) <

U+ 00 n”

% — 00 &0 u—oco T
»
.

- 1 G _ 1, N
< Z limsup '—n_IOg L(y(_y,u&”),E) + himsup - log L(y(i,ni(])),E— I';) <

< Z.pderpici (2.18)

P almost everywhere. Ience if ¢ is a fixed real number and the ¢;’s in (2.16) are
such that

max ((1 —pi)d + Pici) <c,

then combining (2.17) and (2.18) we get (1.8). A ' - a

The proof of Theorem 1.2 is based on the following lemmas. In these we use
for v, v* from (1.34) in the notation (1.35) the quantity (1.49).

Let v be an interior point of (1.34). As pointed out in [1], p. 195, since according
to Theorem 9, Chapter 2 in [7] differentiating in (1.36) may be performed under
integration sign,

J . P —
5O =Ba(e),  Ea(@) = Varle | Py), (2.19)

where Var denotes the covariance matrix.

Lemma 2.2. Let the condition (RC1) hold. If T' is a non-empty compact subset
of Z and ¢ i1s a positive real number, then

K ={y" € E; there exists v € I' such that K(y,7") <c} (2.20)

is a compact subset of ™.
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Proof. (a) First we show that this set is closed. Let us assume that {v;}2%,
belong to K and

lim vy, =7" € R™. | (2.21)
7 — 00
According to (2.20) there exis6é parameters v, € I' such that
K 7)< (2.22)
Since the set T' is compact, Lhm v =y ET (2.23)
oo
for some subsequence {n;}$2, of 1,2,.... But C(y), E,(z) are according to (2.19)

continuous, and from (2.22) and (1.49) we get that
liminf C(v,,) < +oo.
k—o0

This together with (1.36), (2.21) and the Fatou lemma mcans that v* € E. From
(2.23), (2.21), (2.22) and continuity of (1.49) we obtain that v* belongs to (2.20).

(b) It remains to prove boundedness of (2.20). Since I' C = C 1™, T' is compact
and Z is open, according to the Lebesque covering lemma (cf. [6], p. 154) there exists
a positive number § such that

yel, [r—9ll<é=7F€E. (2.24)

Suppose that the set (2.20) is not bounded. Then there cxist {v}}5%, from K and
{7}, from I' such that

K(¥n,7n) <c forall n, nlim 7]l = 400, lim v, =y €T. (2.25)
—+ 00 n—oo

Thus the sequence {7v,}5, is bounded, and we muy assume that vy, # 7, for all n

and for the vectors Y
hp = §—— "o : ' (2.26)
there exists the limit s~ gl
5 the it lim A, = h. , (2.27)
From (2.25) and (2.26) we get
= =l

7;; = Tn + anhn ) (629 — 400 . ’ (228)

)

But if @ is a real number and 7, ¥ 4+ ah belong to =, then making use of (1.49) and

(2.19) we get

0K (7,7 + ah)
Oa

2 (5 5
?—ﬂ%%ta—h) = W'Var(e| Py, o0k,
(2.29)
where the second derivative is positive for A # 0, because v is suposed not to be
concentrated on a flat. Since according to Lemma 7, Chapter II in [7] the set Z is

convex, (2.28) and (2.29) yield

= —h'By(z) + By y ()R,

o ] “n OK (v vn + aha
K(yn,7;) = 1\’(7n,vn+hn)+/1 46 ga *ha) 4o >
0[\’(771 y Tn + ahn) .
ﬂ—l 3 . 230
> e a:l(a ) (2.30)
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because the Kullback-Leibler information quantity is non-negative. Since (2.24)-
(2.27) hold, K(y,7 +0h) = 0 < K(y,7 + h), which together with (2.29) means

that oF
C(roy+ ah
OK(nyteah)
O

a=1

From continuity of this partial derivative, (2.30) and (2.28) we therefore obtain, that
lim K (7a,7,) = +oo,
n— o0

which is a contradiction with (2.25). ‘ v ‘ m]

In the following assertion we use the notation
q
1:{(p1}.,.,1)q);zpj:1 and minp; >0} . (2.31)
: J
J=1 .

Lemma 2.3. Let the condition (RC 1) hold, and the null hypothesis
Qe=0nC, (2.32)

where © = Z% and C is a closed subset of R™?.

(1) If 0 € © and p € I, then there exists an € Qg such that (cf. (1.49))—(1.51))

K(0,Q0,p) = K{(6,n,p).
(I) If W C © and T C I are non-empty compact sets, then

D = {0* € Qq; there exist 0 € W, p € T such that K(6,0",p) = K(0,%,p)}
(2.33)

1s a compact subset of R™7.
(LI1) The function K(.,€,.) is continuous on © x I for every non-empty 2 C O.

Proof. (I) If * € Qo and K(8,0,p) < K(0,7*,p), then for j = 1,...,¢ in the
notation d(p) = min{p1,...,pe}

q9
d(p)K(0;,0;) < K(0,n*,p) < Z 0;,m;) (2.34)

where 0; denotes the j-th component of 0 = (6,,...,0,). Hence for ¢ > 0 sufficiently
large and

q9
P=J{" €5K0,7v)<c}, Q=nNTx..xTI) (2.35)
i=1

the 1it
C e K(0,90,p) = K(0,21,p) (2.36)
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holds. Taking into account (2.32) and Lemma 2.2 we get that the set ; is compact,
and therefore K (6, -, p) attains on € its minimum.

(II) Owing to compactnes of T’ the number A = inf{p;; j=1,...,9, p€ T} is
positive, and similarly as in (2.34)-(2.36) one can show by means of Lemma 2.2

that DCc(Tx...xT)CO, (2.37)

where I' is a compact set. Thus it is sufficient to prove that the set D is closed.
If {6:3%2, belong to D and lim,—o 6, = 6%, then (2.37), (2.32) imply that
0* € Qp. According to (2.33)

]{<0n!0;)pn) = ]{(gnyQO)pn) - (238)

for some 6, € W and p,, € T. Since the compactness assumptions allow us to assume
that 6, — 0 € W, p, — p € T, making use of the assertion (I) of this lemma and
(2.38) we get

K(0.Q0,p) = K(0,1,p) = lim K(0n,n,pn) > limsup K(0,,Q0,pn) = K(0,0%,p)
n—oo n—0o0
and 0* € D.

(1) Since the function K'(#, .,p) is continuous on O, the set Q may be replaced
with QN O, and we shall therefore assume that 2 = Qg is the set (2.32).
Tet 0, — 0 belong to © and p, — p belong to I. If

W={0;,n=12,...}u{b}, T=A{p.;n=12,...}U{p},

then according to (I) of this lemma there exist 77, 1, from the set D defined by means
of (2.33), satisfying the equalities

A’(Ua Q0>p) - 1{(9, 17, P) ) [((OnaQO:pn) — I\"(on ) 7}n;Pn) .

Since the set D is according to (IT) compact, there exists a sequence {ny}32, such
that =, — n* € D and liminf,_ o K(0,,Q0,pn) = limi— oo K(0n,,Q0,pn,). Thus

K(0,Q0,p) = lim K(0,,7,pn) > limsup K(0,,Q0,pn) >

7 — 00

> liminf K(0,,Q0,pn) = klim K(Ony, s pni) = K(8,0",p) > K(0,Q0,p),
—oc0

n—oQ

and the continuity is proved. a

Proof of Theorem 1.2. (I) According to Lemma 2.2 in [1] the mapping (1.40)
is 1 —1on Z. Since differentiating of (1.36) can be performed under integration sign,
(2.19) holds and v is not concentrated on a flat, Jacobian of £(7y) is positive on =
and € has continuous derivatives. This according to Theorem 212 in [5] means, that
the set B(v) is open and €71 has continuous derivatives on B(v). Thus A, is open
and €71 is measurable. Let for (z1,...,2,) € A,

On(z1,. .., 20) = E7Y(T), : (2.39)



62

and for z(*) € D, in the notation (1.20)

Oy (=) = (éngn(y(l, n)), .0, (u(g, n&”))) ~

Since for (z1,...,zn) € Ay in the notation (1.49)

log L(x1, ..., 2n,7) = gn(1, -, 2n) = 0K (0n,7)
h . ~ N
where .(]n(.”[,’l,...,l‘n):nflgn_nc(gn))
we see that on D, for 0* € © , \
log L(z™), 07) = G () = n, K ((u), 0, Pu) ,

nsf) n(2)

ﬁ) and

Ny 75770

where p, = (

q .
G ) = 3 g0, n).

ji=1

Let us denote by H(Dy) boundary of D,, and put

DM = {r“” € Du; [l2®]| < M, p(z™), H(Dw)) 2 57
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(2.40)

(241)

(2.42)

('2.43)

(2.44)

where p(z, A) = inf{|lz — y||; y € A} and p(z,0) = +o00. Then {Dz(lM)}ﬁ:1 is an

increasing sequence of compact sets and

. .
D, = | D{M
M=1

because D, is open. Since continuous image of a compact set is again compact,

WM = {00,y (™); 2 e DY}

1s a compact set. Hence

DS‘M) = {56 Qq: there exists 0 € I/VlSM) such that K(é, g, Pu) = I&’(é, Qo,pu) }

is according to Lemma 2.3(II) compact, and from (2.43) and Lemma 2.3(I) we

obtain that on ])SLM)

log L(z ). Q) = log L(z™), DMy .

From Lemma 2.1 we therefore sot existence of measurable mappings

(M) ~
Dusuch that =) L@, Qp) = log L(z®), 40 ()

for all z(*) € Dl(fw). Hence if we put

G (2(H)) = M) (2 (W)

51(/&1) : DE[M) .
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for z(®) ¢ D _ DﬁM_l), the assertion (I) is proved.

u

(II) According to the law of large numbers and (1.41)

n--00 73

1 n
lim — Zx]- =Ey,(z) € B(v) (2.45)
ji=1

a.e. Pf°. Since the set B(v) is according to (I) of this proof open, (2.45) implies
(1.46).
Now it remains to prove validity of assumptions of Corollary 1.2. Since (RAL)-

(RA3) obviously hold, it is sufficient to prove (RA4). If the set = — I' is non-empty,
then on A, according to (2.41)

1 1 N
—log L(zy,...,2n,E=T) = —gnlzy,...,20) — K(0n, = —T).
n n

This together with (2.45), (2.42), (2.39), continuity of é=! and Lemma 2.3 (III)
means, that
1
lim —log L(zy,...,zp,E=1T) = Eg,(2)'0; — C(0;) — K(0;,E-T)

n-—oco N
P/ a.e, and existence of the compact set I' fulfilling (1.26) can be easily proved by
means of Lemma 2.2. 0
Proof of Corollary 1.4. If we put for z € RF
2 2 '
,]‘("E) = <‘1"]7 sy Tk, ‘%y —T1T2, ..., —T1Tk, _%'J —T2L3, .y, LT, —g_k)
and analogously ior v = (', 0’) € E
e(v) = (V) , V= o), VI o)ias oo, V(o))
then . 1 , . 1, .
e(7)T(2) = ~5(x ~ p) V(o)™ (& = p) + 51" V(o)™ p (2.46)

and e, ¢7! are continuous mappings of = onto Z. Since the set = is open, the
Corollary 1.4 will be proved if we prove the following lemma, by means of which one
can easily show that the assumptions of Theorem 1.2 are fulfilled.

Lemma 2.4. (1) If we denote for A € B
v(A) = pup(T71A)

where gy, 1s the Lebesque measure on (Rk, B*), then the measure v is not supported
on a flat.

(IT) The natural sct of parameters (1.34) coincides with (1.52).

Proof. Since in the notation (1.35) according to Lemma 2.2 in [1] the measure
v 1s not supported on a flat if and only if the mapping v — P, is 1 - 1, making use
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of (2.46) we sce that it is sufficient to prove (II). However, if v = (¢/,0’) € R™ and
the matrix V(o) is not positive definite, then

: k
. 1 v |
() = - Q.lf’V(o)u: =z'Pp— 3 E Niz2,

=1

where P is an orthogonal matrix, z = Pz and Ay < 0. Thus after some calculation

/ “‘Vlydlf(y):/ e T dpp(a) = +oo
nm Rk

and the sct of natural parameters (1.34) is a subset of (1.52). Since the reverse is
also true, the lemma is proved. 0O

(Received February 23, 1993.)
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