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BILLINGSLEY-TYPE TIGHTNESS CRITERIA
FOR MULTIPARAMETER STOCHASTIC PROCESSES

PETR LACHOUT

This paper gives an extension of the tightness criterion from processes on C(0, 1) or D(0, 1)
(see Billingsley [2], Theorems 12.3 and 15.6) to processes on C,(0, 1) or D,(0, 1) for k > 1.
The proposed criteria coincide with those of Billingsley if k = 1. Theorem 2 provides a generaliza-
tion of the criterion for processes on D, (0, 1) proved by Bickel and Wichura [1], in the sense
that our criterion is not restricted to processes vanishing along the lower boundary of {0, 1>".

0. INTRODUCTION

Throughout this paper we shall speak on the stochastic process (X(t), t € €0, 1%
if there is a given nonempty set Q and P: exp Q@ — (0, + o) with the following
properties: ‘
(1) if A< Bc Q then P(4) £ P(B),

+ o o '
(2) ifAd, = Q neN then P(UA,) £ P(4,)and X(r): @ > R for every
t€<0, 1>l\' n=1 n=1

We shall use the following notation:
(3) @, is the set of all permutations of coordinates at <0, )%,

(4) W, is the set of permutations that reverse only the jth and the last coordinates
at <0, 1)* for some j (j = 1, 2, ..., k),

d
5) AX(e,d, ))(4)=Y ¥ (—1)‘5"’(‘5":”"’X o @(8y,....840,...,0,1,..,1) is

i=16;=ai,b; \k_ﬁdﬁl ' and
—d~J J
the increment of X ¢(.,...,.,0,...,0,1,..., 1) around A, where ¢ @,

i
d=1,..,k,j=0,...,k—d, A= lX(a,», b)) = <0, 1)%,
© X1 = sop (H@ e 0,1

We shall distinguish two different continuity moduls of a function.



1. UNIFORM CONTINUITY MODUL

The usual continuity modul is defined as

e(x,6, k) = max &(x o @, e, k) for &¢>0 and xeROD
¥
where

#(x, e, k) =sup {|x(t) = x(s)| [0S e < s, £ 1, 8, ~ , < & and
0L y=s, <l fori=1,...k—1}.
The following theorem gives an extension of Theorem 12.3 of Billingsley [2].

Theorem 1. Let (X(r) 1 € <0, 1>*) be a stochastic process right-continuous at every
coordinate. Let there exist o, § > 0 and bounded measures g, 4 on 2(0, 1)), de-
pending on ¢ € #, and d = 1, ..., k, such that:

(7)  the measures p, , have continuous marginals,
(8) P(|AX(0,d,0)(A)] > y) S y ", (A)' TP for every @ed, d=1,...k
d
A= X<a;, b;)=<0,1>and y > 0.
i=1
Then
o) 2] = ) £ P(X0,...0
k
(10) P(c(X,6,k) > y) < Qy~*R(e) forevery &y >0, where 0 < R(¢) < 1,
lim R(g) = 0 and @, R depend only on o, 8, k and the measures 1, ;.

604
Proof. Let y, be a bounded measure on 9&((0, l>") with continuous and increasing
marginals, d = 1, ..., k, possessing the following properties:

(11) Hoa(A) = py(A) forevery @ed,, AeB(<0,1)),

(12) a1 (€0, 1y x A) g gy for d=1,..,k—1, AeB(0,1)%).
There exists a positive integer n(e) to every & > 0 such that

(13)  p1,(€0,15)27"@ < sup {u,(<a, bY) | b ~ a < &} < u,(€0, 1) 21",
We shall prove that

> y[2) + 2°k*Qy~° and

(14) P(HXH >y) s P(|X(0)| > p[2) + 2%k* O(k) 1, (€0, 1)1 +2 ye
and
(15) P(L’(X, g, k) > y) < Q(k) ul((O, l))] +2y yma ri-ne) s

where y = 1.
+w
PutD =2)Y p2.
p=1
I. Let first the process X satisfy

(16) P(|IX o @(*, @) = X o 0(+, b)|| > ¥) £ W. 1y(Ca, bY)P+27 .y~

forevery oe®, 0a<b=s1l, y>0.
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There exist the points ¢;, € <0, 1, i = 0,...,2°"!, pe N such that
(17) 13(<0, ¢;,0) = 1277 1, (<0, 1)) according to continuity of g, .
Let A* = Q be a random event
(18) A* =[|Xoo(t,cp) — Xop(t,ciny )| S D7'P72y, for every
1ed0, D, i=0,..,22"" =1, p=ne),nle)+1,...]
forsomee > Oand ¢ € P,

IfT0<a<b=1,b— a=ethen we can put

_ 0 if a=0
if ¢p,Zza>cy,

0 if =0
b7< if c,zb>c¢

ip = i-1,p-
Then, due to the right-continuity of X - ¢ in the last coordinate,
[Xoo(t,a) — X o o(t, b)] £ [X o 0(t, ay) — X o 0(t, byy) | +

+ o0
+ Y (Xooltag) = Xoo(t,a,)] + |Xoot, byri) — X o 01, b)) <

p=n(e)
+ oo + o0
SD 'n(e)?y+2 Y D'Ply<2DlyYy P i=y.
p=ne)+1 po1
This yields

PE(Xop.e,k) > y) S P(Q— A% £
+o 2P=1~1

< Z( ) ‘Zo P(sup{|X c(P(,, cp) — X o (p(l,ciﬂ_p)] \re <0, ])"“1} >
p=n(e) i=
4o 2P =1

>D7pT) S Y ¥ WDIEY T (e Cin ) T =

p=n(e) i=0

+o0
= WD*y~ #;(<0, 1>‘)1+2y Z . 21-P2y
p=n(z)

Then
(19) P(c(X, e, k) > y) < kWD¥( iwpz’ 200707) 1 (€0, 1)1 +2Y pmm vt mne)
and r
P(JX] > y) < P(X(O)] > ¥[2) + Ple(x, 1, k) > y/(20) <
< P(IX(0)] > yj2) + kWD’(:i;P“ 2027y 1, (€0, )27 (k) y==.

IL. (14 and (15) will be now proved by induction over k.
i) Let k = 1. Then (16) holds with W= 1 and by (19)

+w

PX] > 9) = PUXO)| > 3/2) + ZDT P#2077) (<0, DY 20y~
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and

+ o0
P(c(X, 8, k) > y) £ D(Y P20 »7) (<0, Dy1+25 ma gaci=nen
p=1
+ o
which coincide with (14) and (15) with Q(1) = D*Y" P** 5t1-py
; .

=
ii) Let (14) and (15) hold for k and let (X(¢), 1 € <0, L1¥6+1) be g process satisfying
our assumptions. Then it satisfies (16). Actually, let Ged,0<a<bsl “and
put Y(1) = X o ¢(t, a) — X o 9(1, b). N -
Then

P(AY(Y. . 0) (4)] > y) = P(IAX(o <. d + 1,0} (4 x (a, bY)] > ) <
= )’Aulldﬂ(A x {a, b>)1+2r
d
for every v e &, (1, u) = ((t), u), A = X <a;, b)),y > o,
i=1

Moreover
P(sup {|X s 0(1, a) — X o (1, b)| |t € 0, D4 > ) =

= P(| Y] > y) £ P(Y(0)] > y/2) + 27k Q(k) 12(<0, 1y x (a, bY)'+27 =2 <
é 2uy—au‘(<a’ b>)1+2y 4 2%k Q(k) ,ul((a, b>)1+2yy‘a =
=241 + k* Q(k)) py(Ca, BY)1 37 ==

Then (14) and (15) hold with Q(k + 1) = (k + 1)2*(1 + k* 0(k)) (1) and that
we wished to prove.

I11. Construct the measure fi, = Y. i,
e

iy = Pd+1(<0, 1> x ) = Z.u(ad.
Py
Then p, = fiy + 44 with 4, being the Lebesgue measure on 0, 1), are the desired
measures for steps 1, 11 a
2. SKOROCHOD CONTINUITY MODUL

The Skorochod continuity modul is defined as

s(x, e, k) = max§(x o @, 5, k) for £¢>0 and xeR""",

pe¥i
where
§(x, &, k) = sup {min {|x() — x(s)], |x(s) = x@)[J [0 Sty < sy < £ 1,
u—ty<e and 0St,=s;,=u; <1 for i=1,..,k—1}.

The following theorem is an extension of Theorem 15.6 in Billingsley [2].
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Theorem 2. Let (X(t), 1€<0,1)") be a stochastic process right-continuous at
every coordinate. Let there exist @, § > 0 and bounded measures g, 4 ; on #(<0, 1>%),
depending on pe &, d = 1,...,k, j=0,...,k — d, such that
(20) the measures f,.4,; have continuous marginals,

(21) P(AX(o,.j)(A)] > 1. [AX (0. d.J) (B)] > ) =y "y (A 0 B
foreverype Ppd=1,...kj=0,...,d —k, A= )_( {a;, by),
B = X <hyg) ABe 0,1 AnB =0, coAncloB+0andy >0,
Then -
(22) P(s(X,e, k) > y) £ Qy"*R(g), and

(23) P(|X]| > y) = P(max {|X(5)] 6; = 0, 1} > y/2) + (2k)* Qy~* where
0 < R(e) < 1, lim R(g) = Oand Q, R depend only on @, 8, k and on measures
o - £=04
Theorem 2 will be proved in several steps. First, define for x, y € R$:1"
s(x, v, 6, k) = max (x - 9,y o 9, ¢, k,0, 1),
where o

§(x, v, &, k, a, b) = sup {min {|x(1) — x(s)|, [¥(s) = y(W)[} la Sty < s, <u, < b,
uy —ty<eand 0L =5, =u; =1 fori=1,.. k—1}.
Moreover, denote
Ix vl = sup {min {|x(O], [y()[} [re ¢ 154
We shall start with the following lemma.

Lemma 1. Let (X(1), t €0, 1)*), (¥(t), 1€ <0, 13¥) be two stochastic processes.
Let there exist «, y > 0 and bounded measures g, on #(<0, 1)) such that:

(24) the measures p, have continuous and increasing marginals and
il A) 2 144,(<0, 1y x A) for A e (0, 1)),

(25) P(AX(e,d.)(4) | > 3, [AX (0. d. 1) (B) > ) < 3™ (4 U B)' 2,
P(|AY(p, d, /) (4)] > y.|AY(0, d, /) (B)] > ¥) £ y™* (4 v B)'+?
P(|AX(0. d.)) (4)] > y, |AY(¢, d.J) (B)] > y) £ y ™" u(4 L B)' ¥
P(|AX(p, d,j) (4)] > y, |AY(Y, 4, J) (A)] > ») <y~ u(A) >
foreveryped,d=1,..,k j=0,...k —d A =_)d( {a;, b)),

B = .;(l<h"’ g:), A, B < <0,1), AnB=190,clo4 nlzzllo B + 9 and every

y > 0.
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Then
(26) P(3(X, Yie, k, a, b) > ¥) £ Q(k) p,(<a, by)t+27 y== 201 =m0y |

P(s(X, Y, 8, k) > y) £ k Q(K) p, ({0, 1))t ¥2y y= 20t —ntedy
and

(27) P(s(X, e, k) > ) £ k Q(k) 1,(€0, 1)1 +27 e p0-ney |
where Q(k) depends of «, y, k only and n(e) is given by (13).

+ o
Proof. PutD =4y p~2.
=1
I. Let the processes X, Y satisfy
(28) P|Zoo(-,a) = Zoo(-,b), Veo(+, ) = Veal-, o) > y) £

< Wy pCa, )
for every Z, Ve {X, Y}, and

P([Xop(s,a) = Xoop(+, ), Yoo+, a) = Yoo(-, )] > »)
< Wyt uKa, )
for every pe¥,,0a<b<c¢c=1and y>0.
Fix & B,0 £ & < B < 1 and find the points c;, such that
i2t-r 111(<°~‘» B>) = ﬂ1(<&a Cip>) .
Let A** < Q denote the rabnom event
(29) Ax* = [”Z 2 ‘P(" Cip) ~Zs ‘P('s Ci+l.p)’ Vo 4’(': Cn—l.p) -
— Vool cia,)] £ D 'p %y for Z,Ve{X,Y}

A

and
HX ° ‘P('s cin[c)) —Xo <P(', Ci+1.n(:))’ Y. (P('s ".‘n(a)) - Yo (/’(', "im,n(s))“ =
<D 'n(e) 2y fori=01,..,227" ~2 and p=nfe) + 1, n(e) + 2,...]
for some ¢ > 0, p e ¥,.
fag<a=cy<b=cy,<c=c,<Pansc— a<ethenitis possible to find
the sequences a, = a;,, < b, = ¢l by = ¢,y £ ¢, = c;,, such that
a,=a, b,=h,=b, ¢,=c for pzgq,
|ip+1 - 21',,[ =1, llp+1 - 211:[ =1, lrp+1 - 2rp[ =1, ljp+1 - 2jp| =1
and
IX o olt, a,,) - Xo ot ap)!
X oot b, ) — X oot b,)
[Yoolt,h,, ) — Yoolt, )|
[Yoo(t,cppt) = Yoolt, cp)|

DMp+ 1)y,
DYp+ )%y,
D Yp+ 1)y,
DY p+ 1) ty.

IA A IA A
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Then, for w g A**

min {|X o ¢(t, @) = X o (1, )], | Yo 0(t, ) — Yo o(t, ¢)|} <

+ o
< Z()([X co(t,ayy ) — Xoo(ta)| + [Xoo(t, b)) — Xoo(t,b,)] +
e
Yoot hyny) = Yor(t, h)| + | Yo olt, cpuy) = Yoolt, c,)]) +
Iney= 1 Jney— 1

+ > Z min {IX o fl’(’, Cin(c)) - Xo ‘P(’, CH-!JI(::))I s

i=ine) J=rncey

+ 0
IYO (/’(ts Ciriae) — Yo olt, Cj,u(z))l} 4Dy Y P 2=y,
p=1

This yields
PG(X, Y, 6, k, & f) > y) < P(Q — A*%)

+ o 2p-1-2

IIA

-
Z,Ve{X,Y} p=n(@+1 i=0

P(ﬁZ ° ‘/’(" ci.p) —Zoo(s, ein 1,p)a Vo ‘P(" Ci+l.p> - Vo (P('s Ci+2,p)” >

p-1_1

2
> D7Ip ‘2)’) + _Z,O P(“X °<P('7 Cin(c)) -Xo (f)('; Ci+1,m)),

Y, ((’(" Cin(s)) - Yo (/’('s Ci+1,n(c))” > D! "(5)72 ,V) =
+op 2P~1-1
e N S

p=n(e) =0
= 2% gWD* Jf PR2UPI gy (G, By) TRy
Then e
(30) P(i(X, Y, e, k, &, ﬁ) >y) < 8‘4‘YWD“(J§3P2“l 2(1"‘)"’) (<4, /?))Pr2y .
Ly 2(1—::(s>;7v:f
P(s,X, Y, e,k) > y) < k 8-4"WD’(+7)P2’ 200797y 1 (€0, 1Y)
Ly 2(1—1;3)7_
Quite analogously we prove
(31) P(s, (X, ¢ k) > y) = k 8-4'WDY( fzﬂﬂ 2007P7) 1 (€0, 1)+
LyT*20 —:(;)1»' ,
because there exist sequences a,, b,, h,, ¢, such that b, = h,.
1. Using the induction over k, we shall prove (26).
i) Let k = I then (28) holds with W = 1, and by (30)

+ o0
Q(1) = 8. 4D Y P 20-m7),
p=1

ii) Let the lemma hold for k and we have a pair of stochastic processes X, Y satis-
fying our assumptions for k + 1. We shall prove that it satisfies (28). Take ¢ € ¥,,
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0<a<b<csl, Z,Ve{X, Y} and put
Zo(t,u) = Zop(1,0,u), Z(t,u)= Zoo(1,1,u),
Vo(t,u) = Voo(t,0,u), Vi(t,u) = Voot 1,u),
Zy(t,u) = Zoo(t,u,a) — Z o p(t, u, b)
Va(t,u) = Voolt,u, b) — Vo olt,u, c).
Then it is possible to write
1Zoo(- a) = Zeg(-,b), Voo, b) = Vool )] <
S |1Zo(s a) = Zo(+, b), Vo(+, b) = Vo(-, o)]| + [12.(+5 a) = Z,(-, b), V(- b) —
-V, o) +
+5(Zy, L k) + s(Vo, 1, k) + s(Z,, Vo, 1, k) + s(Va, Z,, L, k) <
< ¥HZo, Vo, Lk,a,c) + 5(Z,, Vis k, a, ¢) + S(Zy, 1, k) + s(Va, 1, k) +
+ 5(Z5, Vo, L k) + s(V2, Z5, 1, k)
{Zo, Vo), {2, V1), {Z,, V) clearly satisfy the conditions of the lemma. Then, by
the induction hypothesis,
P(3(Zo, Vo, 1, k, a, ¢) > v) £ O(k) py(<a, )12 7=,
PB(Z, Vi, Lk a, ¢) > ) < Q(k) py(Sa, D) F ¥y,
P(s(Z5,1, k) > y) < k Q(k) 142(<0, 1y x {a, b)) 27 p7*,
P(s(V2r 1, k) > ) £ k Q(K) (<0, 1 % <b, ey)! 27y
P(S(Zz, V,, 1, k) > y) £ k Q(k) 1,(<0, 1> x <a, I S
P(s(Vy, Z5, 1, k) > y) < k O(k) 12(€0, 1> x <a, )Y 727y,
This yields
PUIZW(-r @) — Zo o, B), Ve ol 5) ~ Vo (e, ] > 1) =

é 6l+mk Q(k) H1(<a’ c>)1+27 y—z
and analogously

P(|Xoo(-,a) = Xop(-,¢), Yoo(-,a) = Yoo(-, 0)] > ¥) £
< 61 Q(K) i (Ca, €)1 Ty
Hence (28) holds with W = 6!%%k Q(k) and by (30) and (31) Q(k + 1) = 6'** (k) .
. k. Q(1). This completes the induction procedure and hence also the proof of the

lemma. ]
k—d .
Proof of Theorem 2. Putfi, = Y pyp0and fiy =3 Y foaj T Rg41(€0, 1> x.)

ped; Qe@x j=0

for d =k — 1,k —2,...,1. Then the measures y; = fiy + 44 With 4; being the
Lebesgue measure on <0, 1) satisfy (24). Then (22) follows by applying Lemma 1
to the pair X, Ywith Y = 0.
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Noticing that
[X] < max {|X(8)] | 6; = 0,1} + ks(X,1,k)
we arrive at (23).

This completes the proof of Theorem 2. [

Remark. Let X be a random element of C,(0, 1); then the relation (10) provides
a tightness criterion for X; analogously (22) represents a tightness criterion for
a random element of D,(0, 1). Hence, Theorems 1 and 2 enable to verify the con-
vergence in distribution of a sequence { X,} of random elements of C,(0, 1) and D,(0, 1),
respectively, and that under a more general setup than in Bickel and Wichura [1].
For definition of weak convergence of measures on Dy(0, 1), see Straf [4] and Neu-
haus {3].

{Received October 23, 1987.)
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