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ASYMPTOTIC THEORY OF PARAMETER
ESTIMATION FOR GAUSS-MARKOV RANDOM FIELDS

MARTIN JANZURA

The simultaneous estimation of the mean value and the spectral density of a Gauss-Markov
random ficld is understood as a parameter estimation problem with a regular parameter family
of probability distributions. A method for estimating is proposed and its asymptotic pro-
perties are investigated. Namely, the consistency, the asymptotic normality, and the asymptotic
efficiency are proved.

0. INTRODUCTION

For the statistical analysis of spatial data on a regular lattice we use the Gauss-
Markov random fields to serve as the probability models. Due to Rozanov's [7]
result, this natural assumption yields a quite easy form of the spectral densities
with a finite number of unknown parameters. Since there is a one-to-one relation
between these parameters and a corresponding vector of covariances, we can estimate
the unknown parameters via estimating the covariances. The present paper is mainly
devoted to deriving the asymptotic properties of the estimate as it is usualin the general
theory of statistical estimation. We prove the consistency, the asymptotic normality,
and the asymptotic efficiency, which are the typical properties of a maximum likeli-
hood type estimator (though our estimator is not exactly the maximum likelihood
one).

The proposed method of estimation does not generalize the techniques of time
series analysis, which is quite uneasy in case of higher dimension random fields.
Rather, it employs the ideas of the theory of Gibbs random fields as it was developed
in frame of statistical mechanics. In spite of the fact that we do not explicitly need any
result of this theory and all the steps could be performed without mentioning this
connection, many of the results here are obtained by re-formulating the general
results concerning statistical analysis of Gibbs random fields (cf. [4]).

For the approach to the Gaussian random fields from the Gibbsian point of view
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see Dobrushin [1], and Kiinsch [5] who has already proved some of the results
with the aid of a bit different methods. The main improvement of the present paper
consists in the assumption of unknown mean value and in the treating the problem
of the LAN (locally asymptotic normality) condition and the efficiency.

1. GAUSS-MARKOV RANDOM FIELDS

By random field we mean a stochastic process on a d-dimensional lattice 2,
its distribution is a probability measure defined on the space %7 with the appro-
priate product g-algebra. If the distribution is translation invariant we call the random
field stationary.

Let us denote by & = {¥" = % 0 < || < w0} the system of all non-void finite
subsets of the lattice 27 (the symbol |#7| is used for the cardinality of the set %7).

A random field is Gaussian if the projections P, ¥ € 8, of its distribution P
are given by the appropriate finite dimensional normal distributions.

A random field {X} .44 is &-Markov, 0¢ % € &, if for every ¥ € & the con-
ditional distribution of X, = {X,} .y, given X, = x; for j ¢ ¥, depends only on the
values x; for jed, ¥ = {k¢?; (k — L)n ¥ %}, ie

P |x,j¢¥)=P(-|x,jcd,¥) as. [P].
A random field is regular if its distribution P, restricted to the tail o-
algebra Yo{X;,j¢ ¥}, is a trivial zero-one probability measure.

Vel

Rozanov ([7], Theorem 3) proved that a stationary Gaussian random field is

ZL-Markov regular iff its spectral density is given by the expression )
JO) = et = Y a(t) %)~
te¥

for Ae[—m, =] = 4, (the scalar product is meant by 12).

In this paper we shall deal only with the random fields of such a type.

Since the spectral density is a non-negative real-valued function, we may also
write

f() = (1 = ¥ aft)cos 12)™",

te¥

and the symmetry a(f) = o~ 1) must hold for every 1 € &, which implicitly means
that the set % must be symmetric, i.e. & = —&.

Let us denote a(0) = ¢!, a(t) = —¢™ "' ot} for t€ &, a(t) = O otherwise. Then
we can easily see that .

a(t)y = (2n)7¢ [, e " f(A)" " dA forevery reZ?,

i.e. {a(t)} .y are the Fourier coefficients of the function reciprocal to the spectral
density.

Simultaneously, according to the well-known one-to-one correspondence, the
Fourier coefficients of the spectral density f are given by the covariance function,
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R("') = (Zn)ud _r.u Ci“./(a d2 = E[X:+l. - /‘] [Xr - .“]
for every k, t € 29, where u = EX, for every t € #“ is the constant mean value.
A direct computation shows that
Z a(l) R(’ + k) = 50A

texrd
holds for every k € #? (here d, is the known Kronecker's symbol), wherefrom we
conclude that the infinite matrix A = (a(t — s)), ,cp« is inverse to the infinite
covariance matrix R = (R(f — 5)), sepa-
Using the above results we may express the conditional expectation
E[X, —u|X.s+1]=3 as—0[X,— 4],
sed'+t
the conditional variance

EX, — = ¥ als =) [X, =] =,

sl
and, finally, the conditional density
dP(x, | x,. 5 1) =
=exp{—3a(0)x} — hx, = x, Y a(t — s)x,;} [Z(x. s * 1)]" " dx,,
sef + 1t
where i = —p Y a(t), and Z(x,, s # 1) is the appropriate normalizing constant.
te.

24
The formula above indicates that a stationary Gaussian random field may be

understood as a Gibbs field with a finite range pair potential U, given by
Upy(x) = $a(0)x] + hx,, t1e2?
Uit.s;('\ln xs) = a(l - S) XXy, LSeEZ?, t*s.

This approach to the Gaussian random fields, developed by Dobrushin [1] and
partly by Kiinsch [5], will not be explicitly followed in this paper, nevertheless it
seems useful to realize this connection.

2. PARAMETER FAMILY OF GAUSS-MARKOV RANDOM FIELDS

Let us suppose the set & to be fixed. We denote .# = {0} U {ke Lk >0} =
< Z°, where “>"" is some linear, e.g. the lexicographical ordering.
Then the spectral density may be written in the form
fu(2) =[2. 3 U(k)cos ka]™" forevery Ae.s,,
kel
where U(0) = % a(0), U(k) = a(k) for ke.#\{0', and for the mean value we have

thy = —1{2 .kZMU(k)]” ch=—fu(0). k.
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From now, we shall not distinguish between a random field and its distribution
and we shall use the term “random field” rather for the distribution.

Thus, every random field under consideration is determined by the (1 + ]./{D—di—
mensional vector parameter 8 = (h, U) = (h, {U(k)},.,), Where he 2% may be
arbitrary and the vector Ue #"! should guarantee a correct definition of the
spectral density. In order not to complicate further steps, we assume

UeD,={U={U())epe R f,(i)' =2.% Ulk)coski >0
ke#l
for every le g} .

The set of considered parameters is therefore given by the Cartesian product
# ® D, = ©® which is an open subset of #'*1#! thanks to the strict positivity
which is required in the definition of the set © .

For every vector parameter 9 = (h. U)e@ there exists exactly one stationary
Gaussian #-Markov random field P® with the mean value u, ; and the spectral
density fy. Thus, within the estimation problem we shall deal with the parameter
family

P = {Pe}oea
of probability distributions.

First of all we shall show that the parameter family P satisfies a basic regularity
condition which makes possible to construct asymptotically optimal statistical
procedures.

For fixed 0 € ® and Be %' * 1 we denote

Kep={ref 0+ ¥ pecO}.
(Note that Ry 4 + 0 since © being open.) For the simplicity of the notation we shall
write
-
PY* instead of PYTIIE L ye Ry,

for the corresponding finite dimensional projection.
The parameter family P is said to be locally asymptotically normal (LAN) if for

every fixed 0 ® and e 2' 1 it holds

dPS"p BT A® 1 aT 0 - \

—2- =exp{BTA} —1BT[yB + G} forevery ¥ e Rqy,

0
where
G - 0 in probability [P°]
and
L0(AY) = Ny 10, L) for ¥ »2¢,

i.e. A} tends in distribution [P°] to the (1 + |.#|)-dimensional normal distribution
with zero mean and the covariance matrix [y,

The convergence ¥~ 2% is defined o satisfy the condition |¥|~1. |[#] > 1 for
every ke ¢, where ¥, = ¥ n (¥" — k).
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Forevery ¥ e S with ¥, + 0, k e #, let us define
Bl = I X,
teV

and
M, (X,) = ]1/‘k|*1 iXtXHk, ke .

=2

Obviously
Beolft] = mpu and  Epo[ 82, ] = M, (k) = Ry(k) + pio -
Further, for every k, [ € % let us define
WOk, 1) = (2rn)7" §,,2 . cos kA . cos 4. [fy(A)]* di =
=,ZWR,,(1 + kY [Ry(t + 1) + Ry(1 — 1)] .

The latter equality holds due to the absolute convergence of the covariance func-
tion: ¥ |Ry(1)] < oo (cf. Corollary VII.1.9 in [8]) and the known relation fy(1) =
rezd

=Y Ry(1) et
15
Now, we may introduce the (1 + [.#[) x (1 + |.#|)-matrix
wo— fu(o) _th”(o)z 1, )
0 *2/1./.11(0)2 ]31 W.'iz,.« + (2/7)2.fu([))3 1

which will play an important role in what follows. By 1, and 1, , we mean the
vector and the matrix, respectively, with constant elements equal to one, while the
unit matrix will be denoted by L, .

Lemma 2.1. The matrix Wy is positive definite for every 6 € ©.
Proof. For every c e #, be 2! we may write
(e, B)" ¥o(c, b) = j5(0) (¢ — 2 1(0) . 14yb)* +
+2.(2n) 7 f, (Y by cos kA)? fy(2)>da = 0
kel
while the equaiity occurs only for b = 0, ¢ = 0. O
Theorem 2.2. The parameter family P is LAN with
Al:' = _|V\”2(ﬁw - s {Ajlt‘,k - Alh.U(k)}kc.ﬂ)
and the positive definite I'g = W,.
The proof will be given in Section 5. ]

Now, let us introduce the transform

PO — gL
defined by the formula

D(0) = — (1 g, { M, (k) i) forevery 0 =(h, U)e®.
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Lemma 2.3. The transform @ is one-to-one.

Proof. Let &(8) = &(6) for 6,8 ®. Then v = Hic and Ry(k) = Ry(k) for
ke .

Let us denote hyo(2) = [fo(A)]™'. fu(2) — | = log {[fo(A)]™" fu(2)}. Since
hy g = 0 it must be [, hy5(4)d2 = 0 and by symmetry also [, kg (%) dA = 0.
But 1, (o(3) + ho.o() 4 = Lo, (Ful2) — Sl U] — [fuldi] a2 — 0
by assumption and therefore [, fy o(2) dA = {soho.o(2) dA = 0. Since hy g = 0
it must hold &y g = Oa.s. [d1]. And it is possible only if fi; = fga.s. [d], wherefrom
we directly conclude that U = U and therefore also it = /1. O

wo-(Go)

the Jacobi matrix of the transform @ at the point § ¢ @.

Let us denote by

Lemma 2.4. For every 0 € © the matrix J(8) is equal to W, and all its elements are
continuous on .

Proof. The identity J(8) = ¥, can be obtained by direct differentiation, while
the continuity of the matrix elements is straightforward. |

Corollary 2.5. The transform @ is regular on the open set ® which namely means
that the open subsets of @ are mapped on the open subsets of $(®) = %' "L,

3. PARAMETER ESTIMATION

Suppose we are given a collection of observations ¥, = {%,},., € #”!, 7€ R,
generated by a random field P*° € P with an unknown parameter 8° € @. We shall
treat the problem how to estimate 0° from the given sample.

The transform @ has been introduced in order to estimate the parameter @° via
estimating the transformed parameter

@° = ¢(60) = >(HI|°,U05 {Mryﬂ,vﬂ(’()}Asm)'
The latter one can be easily estimated, namely we set
(ﬁi‘(—‘zi') = ‘(ﬁv’(’?{) s {Mw,k(fvf)}l‘sﬂ)

(see Section 2 for the definition of the terms). Then &, is an unbiased estimate
of @°, and its asymptotic properties are investigated in the following theorem.

Theorem 3.1. The estimate &, is consistent, i.e.
&, - d° as. [Peo],
and asymptotically normal, i.e.
Lpor(|7112 (B — D)) = Ny 4 (0, Woo) for ¥~ 2%,
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Proof. The consistency follows from the d-dimensional ergodic theorem (Theorem
VIIL6.9 in [2]) and the asymptotic normality is proved in Lemma 5.5 and Theorem
5.4. O

Remark 3.2. For the asymptotic normality in the preceding theorem it is important
to use the unbiased estimates My ,, k €., because the bias of the estimate M;‘A(E,/) =
= |#]7' Y %%, could be bigger then the random fluctuations (cf. Remark 3.14

te¥y
in [5]).
Now we may define the estimate of the original parameter 8° as the inverse trans-
form of the estimate of the transformed parameter, i.e.
91" = q’_l(‘ﬁf) = ‘Jrl(_ﬁf') {‘ 1’21;}/;:4{)-
Unfortunately, the estimate @, is correctly defined only for
$y e ¥(O),

and the estimate {M, ;},., of the sccond moments does not in general ensure
the positive definiteness of the empirical covariance function, which is a necessary
condition here. Nevertheless, the following theorem holds.

Theorem 3.3. The estimate 8, = &~ '(®,) is defined with probability tending
to one for ¥ »~ #4.

Proof. Thanks to the regularity of the transform @ on the open set @, the image
@(0°) of 0° is an inner point of #(O).

Therefore with some & > 0 we have

P(®, e () 2 P*(|d, — ¢° <) > 1 for ¥~ 2?

due to the consistency of the éstimate &,.. m}

Thus, we could define the estimate 8, for &, ¢ ®(®) arbitrarily, but it scems con-

venient to define the estimate in a way which at least partially respects the given
estimates of the moments, e.g.

0, =0 l(—ﬁ% "L"Mv',k}kaﬂ) B
where M, o = My oand M, , = Ofork + 0.

The estimate 9,,, obtained in such a way, need not be unbiased but its asymptotic
properties may be easily derived.

Theorem 3.4. The estimate 0., of the parameter 0° is consistent and asymptoticalty
normal with the covariance matrix Woo'.

Proof. The consistency follows immediately from the continuity of the transform

@~ '. Proving the asymptotic normality, we may proceed similarly as Rao [5] in
Theorem 6a.2(11) and Theorem 6a.2(I11). O
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4. EFFICIENCY

In this section we turn our attention to the question of efficiency of the estimate.
Usually, an estimate is said to be (asymptotically) efficient if its (asymptotic) variance
assumes minimal available value. But, this definition is meaningful only with some
classes of problems and therefore we shall follow the general theory of efficiency
based on Rao’s definition of the notion.

The estimate 8, of a parameter 8 € © is said to be asymptotically efficient (in sense
of Rao) if for some non-random (I + |.#|) x (1 + |.#/|)-matrix C,

[#)172 (0, — 0 — |77 Co12) > 0 in probubility [P°]

for v~ » ¢ where

do;

v, = (H1os50)
J i=0
is the score vector,
The definition states that 8, appropriately centered and scaled, is asymptotically
linearly related to the score vector /g,
It can be shown (cf. e.g. [9]), under the general LAN model, that, roughly speaking,

if 8, is any other estimator satisfying some regularity condition,
lim Pe{|¥|"/2 (8, — 8) e 4} < lim PO{|¥|"/2 (8, — O)e 1"},
¥ pad v e

where # is a (1 + |.#|)-dimensional bounded convex set symmetric about the origin,
i.e. B, attains the maximal possible concentration about the true value of the para-
meter. For further discussion of this rather complicated problem see e.g. [3].

Here, we shall show that the estimate 8, of a parameter 8° € @, introduced in the
preceding section, satisfies the Rao’s definition of asymptotic efficiency. And again,
we shall at first prove the property for the transformed parameter ¢° = $(6°).

Lemma 4.1. The estimate &, is asymptotically efficient with Cgo = W, i.c.
|7 [V ( By — @° — |77 Woole") > O in probability [P].

Proof. The statement follows immediately from the rules for differentiation,
namely

dlogP® L4 dlog P° do,

do K=o do, do

and Lemma 5.10 together with Lemma 5.5. 0

1]
= Z ‘yo(j: k) . lg,r\ s
k=0

J i
Now, we can easily obtain the result for the original parameter.

Theorem 4.2. The estimate 8, of the parameter 8° is asymptotically efficient with
Cyo = oo, 1.c.

|72 (0, — 08° — |77 Weo' i) > 0 in probability [P°"]
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Proof, Using the idea of the proof of Theorem 6a.2(IIl), [6], the statement
follows from the preceding lemma. W]

Since the LAN condition is satisfied in our case we may conclude that the proposed
estimator is asymptotically optimal in the sense described above.

5. AUXILIARY RESULTS AND LIMIT THEOREMS

In this section we fix 8 = (h, U)e ® and B = (h, U™) e 2" Omitting the
indices, we shall write R and R~ for the covariance functions, f and f for the spectral
densities, ¢t and j for the mean values corresponding to the random fields P® and
PO respectively.

In Section I we have denoted A = (afr — 5)); sez« the infinite matrix inverse to the
infinite covariance matrix R. Similarly, we introduce the infinite matrix B =
= (b(t — 5)), sena defined by

5(0) = 2U(0)

b(1) = b(—1)= U~(1) for te.#\{0}

b(1) =0 otherwise.
Obviously, A + |#'| "2 Bis inverse to R™.

All expectations, variances ctc. are meant with respect to the random field P®
in this section.

For the simplicity let us denote
gy =u.Byy1, + i1, forevery ¥ e&.
Lemma 5.1. Tt holds
0] %h;];d‘"Vrl Tr((ByyRyy)?) = UTTW,, (U™ ;

SR, = 1(0)(F — b f(0) 21507

(if) lim E'V
¥ Axd
Proof. We may write
¥ ]'V]— !Tr((BVVR”,)Z) =1 b(k) b(l) .
K. leZd

ZM*‘ [V (=D =)0 (¥ — k=Rt - HR(t + k).

But [# ||V n (¥ =D (¥ =) (¥ —k—1)|>1 for ¥ 72 for every
fixed k, I, t e 24, and therefore, due to the dominated convergence theorem, the limit

133 0(0) b)Y R(t ~ DRt + k) =

=433 U () Ut(). ¥ [R(e = ) + R(t + DI [R(e + k) + R(t = k)] =
' e W U™ .
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Similarly, we can show
[#7  17Byy 1y —»r;ﬂR(z‘) = 1(0);
¥ 1By Ry 1 > f(0) . 2. 15, U ;
71 13B Ry By 1y = f(0) . (2. 15, U,
which (if we realize 1 = —h f(0)) proves (ii). 0

For any N x N-matrix D we denote

where ¢;, j = 1,..., N are the eigenvalues of the matrix D.
Lemma 5.2. For every fixed / € # it holds
(i) Vg:;(lcxp (=472 Te(ByyRyy)} [Det (L — 277|712 By Ry 12 =
=exp | —32UTW, U}
(ii) limexp {—1A%|#7 " giRyy(Lyy — A7 Y2 ByyRyy) L gyl =
S exp {—422.7(0). (A — h.f(0).2.15,07)%) .
Z 1R )| we have o(id]7"| 12 ByyR,y)

IIA

Proof. Denoting K, = Z [b

S K Ky < for sufﬁcnentlv ]drge |-
Thus, we may write

[Det (L5 — i27] " By R,y )] % = exp {%ﬂiln'l Te[(i)7] 2 B,y Ry )]
Since
[Te (G272 Byy Ry V]| £ (] [e(iA]#] 12 Byy Ry )] <
= IV‘P"/Z (';I KbKR)”
it holds
|5 T B R T S 5 (1 2 (A 5

< (]2 KpKg) Jlog (I = |77 V2 2| KuKg)| > 0 for ¥~ 29
Wherefrom we directly obtain

lim exp { — 4 iA|%7| 12 Tr (B, Ryy)} [Det (Ly — i2[77| 712 ByyRyy)] V2 =
¥ Axd
= limexp { — 4227|714 Tr [(B,y R,y )*]} = exp {— 32U "W, U™}

¥ 74

according to the statement (i) of Lemma 3.1.
Further, due to the given bound for the maximum eigenvalue we may also write

(Tpy — 7|72 ByyRyy) "t = Zo(iiw 2By Ry,
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and therefore

o(Ryp(Byr — A7 V2B Ryy) ' — Ryy) = o(Ry ¥ (1A]#7] V2 B, Ryy)")
n=1

< S iy = 1 BGRE — KKa] —0

for v A 4.
Since

A =1 6T
7| gye

IIA

4 2|/1;¢| K, + p*K; = K,

"
we conclude

KVI—‘ g}(R, *”(l“' - i’llﬂf/-l‘l/z BW'Rf‘v’TI - Ryy) g«l =
KzK,|4]

- 5 iy 0 for ¥ a2t
1 — |4 KKl

é IA//'IvI,’Z Kl

which, together with (ii) of Lemma 5.1, yields the second statement of the present
lemma. 1

Now, let us define the linear-quadratic form

F (Xy) = 3XIByy X, + 17X, forevery 7 e K.

Lemma 5.3. It holds
(i) E[Fw (Xv*ﬂ = %(Tr (Bf’v/va) + 4 II‘B%’T 1,) + #ﬁ 11-‘ 1,3
(ii) var [Fv‘(Xv)] = 3 Tr[(ByyRyr)] + gy Ryvey ;
(iii)  lim |77 ! var [F(X,)] = BT Wob .

VAL

Proof. By direct calculation, propetly substituting for the moments of the normal
distribution, we obtain the statements (i) and (ii), while the statement (jii) is proved
in Lemma 5.1. O

Theorem 5.4. (CLT). The form F,(X,) is asymptotically normally distributed, i.c.
.‘l(\V|“"2 (F(X,) —E [F,,(XV)])) = N(0, B"¥oB) .
Proof. We express the characteristic function
os(2) = Eexp (i 7172 (F(Xy) — E[F (X,)])} =
=exp{—1iA|#"| 12 Tr (B, Ryy)} . (2m) 17 [Det (Ry-)] 712
. ISXP t_%(-’fv —u 11')1- (R;,‘ - i)~|"V| e Byy) (xy — ply) +
+ A2 g (xy — L)} dxy = exp {3 ATV Tr (B, Ry}
[Det (L — 127772 By Ry )] Y2
- exp { '”zL/ALeriil g:{’RWV(I‘Vi" - i'{["//r vz B,y Ry )71 gV} .
Thus, according to Lemma 5.2,
lim ¢, (1) = exp { —=1Ap"¥B}

v AZd
which proves the theorem. O
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Lemma 5.5, It holds
var (|72 Fy(X,) + BT AS) - 0 for ¥ 7 2,
Proof. Since .
F, = anl hfty + Z Wﬂk\ U~ (ky My
we have i
var (7712 FoX )+ BT A9) = " var (S (7] = ) U7 (R) M) <
£ L} A7 (1 = P (07 (k)2 var (M) < 2R(0) ]
SRR AT - R0 fr v sz

From now, the further steps are directed to the proof of Theorem 2.2.

Lemma 5.6. It holds
R™ =R - |7|"">R"BR = RY (~|#|" 2 BR)".
n=0

Proof. The first equality is straightforward if werealizc R™™' = A + |#| V2B =

= R + |97 /2 B. The second equality follows from the first one since ¢(BR) <
<K < . [}

As a corollary to the preceding lemma we have
YIR(1) = R(1)| < 0,
texd

or, more generally, the convergence
borhood of U.

) ‘Ru(l)\ is uniform for U from some neigh-
tegd
Lemma 5.7. 1t holds
() tim Tr{[(R7' — Ry — |7 Y2 By Ry, JP) = 0
VA2
(i) Vli/n;d[(u ARG = T e T R {(u - DRG] =
= 0.
Proof. Let us denote Dyy = Ryy — Ryy — ‘V\‘”l R}, B, Ry, Then
Te{[(RY — Ry — 77172 Byy) Ryy ]} =
= Tr{[RIZRTS DRy [RGRS D, Ry2TT) <
< [o(Ri7) o(R7S 1) o(Re/ )12 . Tr (D, , DL}
due to a well-known result of the matrix calculyg,
From Lemma 5.6 it follows that

Dy = "//-‘7U2 [R;fBVrvva' + Rv’/'"{“r:B‘ﬁcer’t"‘/ + R:rCBVW'CRYCV] .

Hence, if we substitute this expression into Tr(])w.])},,) we can easily find that
all the terms tend to zero and therefore Tr(DV"i"D}iY) tends to zero for ¥~ ~ 4.
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Since
[o(RY2) o(R75 1Y 0(R7)]? £ max f(2) [min f()]™" [minf()] > £ C < o,
the proof of (i) is completed.
In order to prove (ii) let us denote
qy = [(ﬂ - /I) R;;l 1, - Ldf”ﬁ‘—”l g1'] .
Then we may write qiR,qy < o(Ry7 'Ryr R ) (RYq,)T (Ry-q,). Obviously,
it holds
[#]7' 1ERY, 1, > £(0)
[#]7 " 1R, Byy . 1, - £(0). 2. 1L, U~
|'V|7l CRGRY, 1, o f(0)
77 R RE By . 1, = f(0)?.2. 15, U”
[#|7" . 1B RE,RE B, 1, - f(0)7 . (2. 15,U7).
Further, since f(0) — f(0) = |¢¥7|~"2.2. 15U f(0)f(0) and u= —hf(0), we
have
[ 712 (0= i) = |72 (=R f(0) + (h + [V]7V2h) J(0)) =
= 1f) - nf(0)f(0)[2. 15, U] > fO) [h + n. 2. 13,U"].
Using all these results we obtain
(R;qu')T (R:r‘hf) - 0.
And again o(Ry; 'R, Ry ") < max f(2) [min f(1)] 72 < C, < » and the proof
is finished. X
Lemma 5.8. It holds
(i) lin; {log Det (Ryy 'Ryy) + 3 Tr (I — Ryy'Ryy)} = U "W, U~
¥ Agd
(ii) l?m P UIERE 1 = £(0)7
Vv Azd
Proof. Since, according to Lemma 5.6

Roy 'Ry = Loy + |97

“HERTCTRS,BR
and

2Ry 'Ry yaBRyay) £ C3 < 0,
we obtain by the same arguments as in Lemma 5.2 that

lim {4 log Det (R} 'Ryy) + 3 Tr (L v — Ryy 'Ry)] =
¥ A

= —4lim% Tr [(11’1 - R:W_IRH')Z] .
¥z
Therefore by the obvious inequality
BT [0y = R TR P] = 4 Te (7712 By Ry ]| <
SETrI((RET = Ry = |77 2 Byy) Ry )],
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together with Lemma 5.1 (i) and Lemma 5.7 (i) we finish the proof of the first state-

ment.
In order to prove the second one we observe that

D R = A 1] = ] (] B,
+ lvT‘(AW'C + JVFHZ Byye) R:wC(va’ + ,“V[ 1z BV“Y) ]1‘) -0 for v »gd

and
v

o II'AT”T' 1, — ZkZﬂU(k) = /(0)“1 . (]

5.9. Proof of Theorem 2.2.
We may write
dpeP . -~ .
fog — %~ (Xv) = *’}(Xf‘ — A1) Ry (X — 1)+
dpy
+ 33X, — nly) Ry(X, — 1,) + 4 log Det (R Ryy) = Q;(Xy) +QZ,
where
QUX,) = MX, — p )T [R7) = R, (X, - aty) —
(= ) R(Xy — 1) = £ Tr (L — R;:’RH.),
and
Q12 = E‘[IOg Det (R:‘;‘IRM) + Tr(IW' - R:;le 1)] — Hu - ,ﬁ)z . ].{»R;,El )
Here, we have
var (Qi(X ) + |7 |71 R (X,)] =
=var {(J(X, —u. L) [Ry) = RS+ [ 2By [ (X — g 1,) -
— 3 Tr(Ly — RT'Ryy + [¥]7V2 B, B,,) +
+ [ gy - (e~ BDRIIL](X, — . L)) =
=4Tr [((R;: - R;;l + |2 B, 1') RH)ZJ +
e~ = DR LT R P g — (k- DR 1,] 0

for ¥ » %% due to Lemma 5.7. And by Lemma 5.5 we obtain
var [Qu(X,) — BTAY] —» 0 for ¥ ~ 2.
Finally, in the proof of Lemma 3.7 we haye shown that
[ 7172 (= @) > fO)V k= f(0)* h 2. 1R,U~,
and therefore Q2 — —4 B"Wop for ¥~ .~ 24 by Lemma 5.8. o
Now, let us denote

log P'(X,) 2logP(x,)

li’-(XJ:(’g-"(X”): on {"q“’(x"}:k 2U(k) }km)'
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Lemma 5.10. 1t holds
[#]7" var [Fy(X,) + BIH(X,)] - 0 for ¥ ~ %7,
Proof. By direct differentiation we obtain

BXy) = =0} GRE(X, — i 1)
and
(X = =2f00). R (X, — p. 1) —
= H(Xy = 1 L) RGRER (X, — g 1) = Tr (R REN],
for k € 4, where
" IR(j, N —4 . ] 2
RO ) = — D = (2m) 9 [, 2 cos (j — ) Acos (k2) [f(2)]? dA =
Uk : ‘
=W(j — k) forevery jleZ', ke.ud.

Thus,
BIXy) = ~[h + p2 1 U 1f(0) GR (X, — . 1y) =
- ’%[(Xv — 1 1) RER, LBRy G RI(Xy — 0 1) — Tr(ROGR, 2aBRyer)]
since

S U (K)RV(G, ) =4 Bk, 0)(2r) 4 [,,2cos(j — I) Acos Ak .
ke dt kezd

Y R() e f() dA = Y Y R(t — ) B(i — k) R(k — I)

tezd thezd

for every j,1c.Z?.
Thus
[#7]7" var [F(X,) + BTI(X,)] = |~/f\*‘ 3 Tr[(Byy Ry uBR oy — By Ry )] +
+ 1 g =+ p2. 15U O R LT Ry [y — (B + n2.15,U07).
SO Ry 1,]
— 0 for ¥~ ¢ similarly as in Lemma 5.7. O

6. CONCLUDING REMARKS

I. The method for estimating could be used in a non-Gaussian case as well. We may
just consider random fields with spectral densities of the given form. Nevertheless,
the deriving asymptotic properties would be much more difficult (if not impossible
without any additional assumptions).

1. The implementation of the method is connected with the “thermodynamical™
properties of the random fields. We postpone this and some related questions for
a forthcoming paper.

(Received October 21, 1987.)
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