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ON A MULTIPLACE FUNCTIONAL EQUATION RELATED
TO INFORMATION MEASURES AND FUNCTIONS

.

PL. KANNAPPAN*

This paper deals with a functional equation which is related to measures of information such
as Shannon’s entropy, inaccuracy, divergence, entropy of degree # etc. and information functions.
The general solutions of the functional equation are determined, without the assumption of any
regularity condition on the functions involved.

1. INTRODUCTION

Real valued functions satisfying the functional equation

(1) fe) + (1 - X)"f( r ) =f()+ (1~ y)”f(ﬁ)

1 —-x

are called information functions of degree f8, which is related to the Shannon’s entropy
when § = 1, otherwise to the entropy of degree 8 (+0) [2, 4]. In [5,7,2] a generaliza-
tion of (1.1),

(12) PR+ (-G (i) _Hp) + (1 - YK (Ti’”’)

for x, ye [O, 1[ with x + ye [0, I] was considered, giving details of its connection
with directed divergence of type f, inaccuracy of type f§ etc.

The purpose of this papar is to consider in generalization of these and other results,
a multiplace functional equation

(1-3) o .
f(x.y)+(1—x)"g< ‘., fy):h(u, o) + (1 —u)f "‘(i x_, ,,}1_)—

l—x 1 —u 11—
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for x,ue[0, 1] with x + ue[0,1], y, v,y + ve]0,1[" and to find the general
solution of (1.3) by simple methods using familiar functional equations such as
Pexider equations etc., without any further assumptions (regularity conditions)
on the functions, by relating (1.3) to (1.2).

2. SOLUTION OF (1.3)

Theorem. Let f, h: [0, 1] x ]0,1[" » R reals, g, k: [0, 1] x J0, 1[* - R satisfy
the functional equation (1.3) forx, u € [0, I[ withx + u € [0, 1], y, 0, y + ve 0. 1[",
f € R. Then the general solution is given by
1)  fEy)=xlx)+ L =x)I1—-x)+xMy)+ (1 - x)M(1l - y)+

+Cx + C,,
g, y) =ul(w) + (1 — w)Il —u) + uM,(y) + 1 — u) M,(1 — y) +
4+ Cqu+ Cs — Cy + Cy — Cy,
h(x. y) = x 1x) + (1= x) (L — x) + x My(3) + (L= %) M1 — y) +
+ Cix + Cs,
K, ) = ul(w) + (1 = w)l(l —u) + uM(y) + (1 =) M,(1 — p) +
+ (Ci—Cs+C, = Co+ C)u+ Cy — Cy,
for xe[0,1[, ue[0,1], y €0, 1[%if f = 1;
(2)
f y) = M (1= y)+ My(y) + a;, xe]0, 1]
’ M(]~y)+M2(y)+az, x=0
— )+ M3(y) = My(1—y)+ by —a; + by, xe]0,1]
M (1 — )+ My(y) = My(1 —y)+ a3, x=0
— 1)+ My(y) — My{l — y) + a5, x=1

h(x, ¥) {Mx(l — )+ Myt — y) + My(y) — Ma(l — ) + b, , xe]0, 1]

g(x, ¥)

My(1—y)+ My(1 = y)+ My(y) = Ms(1—y)+a;+ay—b,, x=0

M(1 = y) — My(1 — p) + My(y) + by, x€]0,1[
k(x, y) = {M,(1 — y) — M3(1 — y) + My(y) + a — a; — by, x=0

1(l~y 3(l-y)+M2(y)+al+a4——b1, x=1
forye 10, 1[",if § = 0; .
(2.3) S(x,¥) = —d(x) + a;x* + a,(1 — x)* + a3, x€[0,1]
g(x, 1) = d(x) + aux® + as(1 ~ x)* —a,, x¢€[0,1]
h(x, y) = —d(x) + axx* + ag(l — x)° + a5, x€[0,1]
k(x,y) = —d(x) + a;x* + as(l = x)* — a5, xe[0,1]



for y € J0, 1[", if § = 2; and .

(2.4) S(x, ) = ayxf + ay(1 ~ x¥ + a;,
‘q(x, y) = blxﬂ + bz(l - X)” - a,,
h(x, y) = bixP + by(l — x)f + ay,
k(x, y) = aix’ + by(1 — x)f ~ b3,

for any y € |0, 1"ifg+0,1,2 where I, M; and d are arbitrary solutions of

(2.5) I(uv) = () + () (u, v € ]0, )
with
(2.6) 0.1(0):=0, ‘ \
(2.7) Mi{uv) = Mi(u) + M(v) (u, ve]0, 1["),
@8) dx + ) = dGx) + d)
: d(xy) =xdy)+ydx) x,yeR

(that is d is a real derivation) and Ci, a;, b; are arbitrary constants,

Remark 1. The convention 0 . /(0) := 0 is used only to represent f, g, h, k as given
in (2.1) and is not used in the proof at all. We also follow the convention
0f =0(p=+0),1" =1

The following lemma will be useful in the sequel and elsewhere.
Lemma. If M,(u) = M,(1 — u) + C, where M, and M, are solutions of (2.7),

then M; = M, =0 and C = 0. That is, 1, M,(u) and M,(1 — u) ate linearly
independent. : :

Proof. By (2.7),
M, (uv) = M, (u) + M,(v) = My(1 — 1) + My(L —v) + 2C =
=Myl —u—v+uv)+2C=M{u+v-—u)+C
That is, M, (uv/(u + v — uv)) = C for u, ve J0, 1[".
For fixed u € [0, 1[", as v varies over 0, 1{*, uvl(u + v — uv) varies over 0, uf.

As u is arbitrary, it follows that M,(f) = C, for t€ J0, 1[" Thus M; =0, C = 0.
Henee M, = 0. This proves the lemma. m}

Proof of the Theorem.
Case 1. Let us first treat the case when § = 1. Forfixed v, y & 0, 1[", (1.3) betomes
a special case of (1.2) (8 = 1) treated in [5, 2], with

o) =) 60 = (s ) ) =0 KO = (s )
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so that F, G, H, K are given by

(2.9) F(x) = m(x) + d;x + d,
G(x) = m(x) + dyx + ds — dy + d, — dy, x€]0,1]
H(x) = m(x) + dx + ds
K(x) =m(x) + (dy — ds + dy — dy + d:,)x +dy — dy

where 1 is a symmetric (m(x) = m(1 — x)) solution of
m(x) + (1 — x) m( J ~> =
1—x

=m(y)+(1-y)m< d ), for x,y,x + yel0,1[.

1 —y
Then from [9, 10], it follows that
m(x) = x I(x) + (1 — x) I(x), xe]0,1[

where [ is an arbitrary solution of (2.5). Either by [2] or by the examination of F, G,
H, K at the boundary points, the solution (2.9) can be extended to 0, 1, that is valid
at the appropriate boundary points too. Thus from (2.9) and the form of m(x),
with the convention (2.6) we have

(2.10) S y) = x1(x) + (1~ x) M1 — x) + dy(y, 0) x + dyy, v),
g(u, - iy) = wlu) + (L= a) K1 — u) + dyfy, v)u +
+ (ds = dy + dg — d3)(y,v),
h(x, v) = x I(x) + (1 — x) [(1 = x) + do(y, v) x + ds(y, v)

k(u,ly v>=ul(u)+(1-u)l(l—u)+

+(dy —ds + dy — dy + d3) (v, 0)u + (dy — ds) (v, v)
forxe [0, 1, ue[0,1], y,v, y + ve 0, 1[* Here I would be a function of v and y.

Now we determine the d; and . From the forms of fand hin (2.10) we can conclude
that [ is independent of y and v, and that

(2.11)  d,(y, v) = a function of y alone = d,(y) say; similarly
dy(y, v) = do(y)say; dy(v, v) = du(v) say; ds(p, v) = ds(v) say;

and from the forms of g and k in (2.10) that,

(212) ds{y, v) = dy (1 = y) ,




(2.13) @g—@+@_@M%@=A(U )

1—vy

(2.149) @—@+@—@+MW®:BGy),

1-v

1 -0

(2.15) (ds — d5) (s u)=c( Y ) for y,v,v+ve]0, 1[".

Now (2.11), (2.14) and (2.15) give, (d; + d,)(y) ~ ds(v) = (B + C) (y/(L — v)),
which is the Pexider ecquation, (d; + d,)(rs)=ds(L —s) + (B + C)(r),
(r=y/(1—v)€]0,1[", s=1-ve]0, L["). The general solution is given by [1] as,
(2.16) (dl + dy) (y) =L(y) + a, + a,,

ds(}’) = Lyl - J’) + ‘11,(3 +C) (Y) = L1(}’) +az, yelo 1",
with arbitrary constants a,, a, and L, an arbitrary solution of (2.7). Similarly, (2.11),
(2.12) and (2.13) imply the Pexider equation (dy + ds)(v) = d5(y) + (ds + A4).
-(v/(1 — y)) so that
(2.17) (ds + ds(y) = Ly(y) + by + by, do(y) = Ly(1 — ) + by,
(ds + 4)(v) = Ly(y) + by, for ye]0,1[",
where b;, b, are arbitrary constants and L, is a solution of (2.7).
From (2.16), (2.17) and (2.15), we get,
(2'18) dl(}’) = Ll(J") - Lz(1 - )’) +ay +a, — by,
(2.19) dy(y) = Ly(y) — Ly(1 = ») + by + by ~ay.

Now, (2.15) can be written as,

(2.20) dy(v) = d (I%:) e (1 i v>

which by (2.19) and by the substitution of(1 — ) =1, y[(L —v) = re]0, 1[",
thus v = (1 = r)f(L = re), 1 —v=1—1t)(1 = rt), reduces to the Pexider equation

[ds(t) — Ly(r) + Ly(1 = )] + (C(r) - Ll =7)— by — b, +a)=
=L (1 - 1r) = Ly(l = 1r)
Now, the use of the lemma gives L, = L, and
(221) ds(0) = L(y) = Ll = ») + Ca»
where C; is a constant. )
Now the functions dy, dy, d3, d,, ds, are given by (2.18), (2.16), (2.21), (2.19) and
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(2.16) respectively. Thus the d;’s are of the form

(2.22) dy(y) = Li(y) = Ly(L — y) + Cy, do(y) = L,(1 — y) + C;,
dy(y) = Ly(y) — Lo(L — ») + Cs., velo, 1"
dy(y) = Li(y) — Ly{l — y) + Cy.ds(y) — Li(l = ¥) + Cs ,

where L, is a solution of (2.7) and C;’s are constants. Indeed f, g, h, k given by (2.10)

with d;’s given by (2.22) satisfy the functional equation (1.3) when § = L. Thus
/5 9. h, k are of the form given in (2.1).

Case 2. Let us now consider the case when ff = 0. As in Case I, for fixed ¢, ), €
€ J0, 1[* (1.3) can be reduced to a special case of (1.2) (8 = 0) [5, 3], so that F, G,
H, K are given by
F(x)=m(x) + a, G(x)=mx)+b, Hx)=mx)+c, K(x)=mx)+d,
for x € J0, 1[, where F(x) = f(x, y), G(x) = g(x, /(1 — y)), H(x) = h(x, v), K(x) =
= k(x, (1 — v)) and m, a symmetric solution of

m(x) + m (1 i x) =m(u) + m (1 i

By letting T(p, q) = m(p) + 2m(q), it is easy to show (as in [6]) that Tis symmetric,
that is, m is a constant, so that

F(x)=C,,G(x) = C,, H(x)=C; and K(x)=Cs on ]0,1[.

), xou,x +ue 0, 1] .
u

The use of [3] or the examination of F, G, H, K satisfying (1.3) at the boundary
points reveals that

(2.23)
. ’7C3+C—Cz,x=0 G +a—-C, x=0
S y) = {CI xelo o[ v0)= {Cj‘ xelo, 1f
p a, x=0 ) C, x=0
g <.\‘, — ~-7> =JC,, xe]0,1[ k(x, 747~) =4C, +C, — Cy, xe]0,1]
b, x=1 I-w C,+b—Cy, x=1

where a, b, C, C; are functions of y,ve 0, 1["

From the forms of f, g, h, k it is easy to see that C, is a function of y only, say
C(y), similarly Cs, a, C;, b and C are of the form Cs(v), a(v/(t — ¥)), Co(vf(1 — ¥)),
b(v/(1 — y)) and C(y/(1 — v)) and

(2.24) (C3 + C ~ Cy)(y,v) = A(y) (say); (C3 + a — C,) (v, v) = B(v) (say)

(€, +C, = C3)(y,0) = E (I—i—> (say) and (C, + b~ C3)(r,v) =

v

D (ii) (say) .

It
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From the third equation in (2.24) and the forms of Cy, C2, C; given above we get

(2:25)  Cy(y) + C, (1 ? 7) = Ci(v) + E(i L), for  y,uy +vel0,1[".
—

Now we prove by induction on n, that
(2.26)
Cl()‘) =M - J’) + Mz(}') + ay
Co(y) = My(1 = 3) + My(y) = Ms(1 = ) + by ~ ay + b,
Ca(,") = Ml(l - VV) + Mz(l - y) + M:a()") - l\’ls(l - )’) + by, for y E]O, 1[" B
where M; are solutions (2.7), a, by, b, arbitrary constants. \

For n =1, the result follows by [10]. Let the result (2.26) hold for (n — 1).
Now to prove (226) for n.

Lety = {t,s), v = (r,w) with t,r, 1 + re J0, 1[""%, s, w, s + we ]0, 1[, so that
(2.25) can be rewritten as

s e ) =cew (L )

11—t 1—s - 1—w)

For fixed s, we 10, 1], by induction hypothesis, from the above operation we obtain
(2.27) Cy(tys) = my(1 = 1) + my(t) + a,
< (I’ l_w—_) - m‘(l —1) - ""‘3(1 - 1)+ ’"3(7) +b—a+ e
-

Cy(t,w) = my(1 — 1) + my(l — 1) — my(1 — 1) + ms(t) + by
E(l, 1—j4> =my(1 — 1) — m3(1 — 1) + my(t) + Cy,
—-w

for t€]0,1[""", s,w,s + we]0,1[ where m;, solutions of a(rr) = aft) + «fr)
for 1, 7 € ]0, 1[*~* and constants a, b, C, are functions of s and w. From the forms
of C;, C,, C3 and E given above and the lemma, we conclude that,

(2.28) m1(1 —t,5,w)=n(1 -1 5) (say), ma(t, s, w) = ny(t,s),

ay(s, w) = ay(s).

(2.29) (my — m3)(L = t,5, w)=n (1 -1, —L>, my(t, s, w) = n3<t, n d ),
g —s _

1 N

(61 = ax s = (1)

1-5
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(2.30) my(1, 5, w) = v3(t, w), by(s, w) = by(w)

i) s = —~) Ca(s,W):u( : )

1 —w I —w

From the forms m, given by (2.28) and (2.31) it is easy to see that m,(1, s, w) is
independent of s and w, that is, m, is a function of ¢ only say m,(t). Similarly
m;(1, s, w) occurring in (2.29) and (2.30) is a function of ¢ only say m,(t). From this
it follows that my(1 — ¢, s, w) occurring in (2.28) and (2.29) is a function of f only say
my(1 — t). Further, from (2.28) to (2.31), we get

bi(w) — a(s) + ¢ (1 : W> B e(‘ i S> ’

forw, s, w + se 0, 1[. Then by [10], it follows that

(2.32) by(w) = L(1 — w) + L(w) + a»
ca(w) = 1(1 = w) + L{w) = L{L —w)+ by —ay + by
ay(w) = L(L —w) + L{L = w) = (1 — w) + I3(w) + b,

for we 0, 1[, where I; are solutions of (2.5) and a,, b,, by are constants, From
(2:27) and (2.32), it follows that C,, C,, C, indeed are of the form given by (2.26).

Similarly, the first, the second and the fourth equations in (2.24) and the forms
of C;’s given by (2.26) yield

Cs(v)+C<—'v—>:A()')+C2( v )etcA,
11— 1-y

C(y) = My(L ~ y) = My(1 = v} + M5(y) + a5,
a(y) = My(1 = p) + M3(y) = Ms(1 ~ ) + a5,
B3) = Myl = 3) + My(3) = My(1 = 3) + ag. ye 0. 1[".

so that

With these values of Cy, C,, Cs, a, b, C the functions f, g, h, k given in (2.23)
satisfy (1.3) for § = 0, provided they are of the form given by (2.2).

Case 3. Let us treat the case f = 2.

For fixed v, y €10, 1[", (1.3) can be rewritten as a special case of (1.2) (8 = 2)
with F(x) = f(x, 9. G(3) = a(x. o(1 — 3)) Hx) = h(s, 0 KG2) = k(x. 31 - ),
so that from [5], we see that

F(x) = n(l —x) + a,;x* + ay)(1 — x)* + a;,

G(x) = n(x) + byx* + by(1 — x)* + b;,

H(x) = n(x) + C;x* + C3(1 — x)* + C5,

K(x) = n(l = x) + dx* + dy(1 — x)* + d;, x€]0,1]
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where a;, by, ¢;, d, are constants and # is a solution of

n(l—x)+(1—x)zn(l_tx>=n(t)+((—t)Zn(l—lx )

-t

From [2, 11], it follows that

n(x) = d(x) + a(x* + (1 —x)> — 1), for xe]0,1[
where d is a derivation, that is a solution of (2.8).

These F, G, H, K with n given above satisfy (1.2) for 8 = 2, provided
f(x, ) = F(x) = —d(x) + ax* + ay(1 — x)* + a5,

g(u, ] Y >= G(u) = d(u) + C,u* + b(l — u)* —a,,
-

h(x,v) = H(x) = d(x) + C;x* + Cy(1 — x)* + a3,

k (u, 1 v >= K(u) = —d@)+ aw® + by(l —u)® — C, xuel0, 1]
-y

where d satisfying (2.8), a;, by, C; constants are functions of y and v. Examination
at the boundary points with the help of the equation (1.3) shows that (also refer
to [2]), the above forms hold for x € [0, I[, u € [0, 1].

From the forms of f and h it is easy to see that d is independent of y and v. Noting
that 1, x?% (1 — x)? are linearly independent, a,, occurring in f and k shows that
ay(y, v) is a function of y and vf(1 — y), that is a is a constant. Similarly, we can
show that a;, a;, Cy, C, and b, are constants. That is f, g, h, k are of the form (2.3)
for xe[0,1[, ue[0,1], yeJo, 1["

Case 4. Finally, let us consider § any real number, other than 0, 1 and 2.

As before, for fixed y, ve 0, 1[", (1.3) takes the form (1.2) with F(x) = f(x. y),

. G(x) = g(x, v/(1 — y)), H(x) = h(x, v), K(x) = k(x, y/(1 — v)), so that, from [5],
it follows that

flx,y) = F(x) = a;xf + a,(1 — x’ + a5,

g(u, N ket )=G(u)=aluﬂ+bz(1—u)ﬂ—az,

y

h(x,v) = H(x) = b;xf + C,(1 — x) + a5,

k(u,—1 4 >=K(u)=a1u”+b2(l -uf-c,,
-

for xe[0,1[, ue[0,1], y, v, y + v € ]0, 1[" where the constants a;, b;, C; are func-
tions of y and v.

The argument showing that ay, a,, as, by, b,, C; are constants is analogous
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to that given in Case 3 (notice the fact that 1, x%, (1 — x)* (8 + 0, 1, 2) are linearly
independent). Thus, in this case f, g, h, k are of the from given by (2.4).
This completes the proof of the theorem. O

Remark. 2. From [8], it follows that M satisfying (2.7) is of the form

M(u) =Y mfu), u=(uy,uz-..,u,)e]0, 1["
i=1

where in, is a solution of (2.5). Further, if f, g, h, k are measurable in cach variable,
then I, I\/Il, M,, M, d occuring in (2.1), (2.2) and (2.3) are given by I(x) = alog x,

M (u) Zau logu,j =1,2,3 and d = 0. The solutions (2.4) are regular even

though no regularny condition was supposed.

Remark 3. Some remarks on the solutions (2.2), (2.3) and (2.4) are in order.
The solution (2.2) is independent of X because of the domain of definition of x.
Whereas the domain of definition of x is [0, 1] which includes the end points, the
domain of definition of y is ]0, 1[", which excludes the end points. If the domain
of definitions of x and y were ]0, 1[ and ]0, 1[", then indeed the solutions f, g, h and
k would depend upon x and y (refer (2.6)). The solutions (2.3) and (2.4) are indepen-
dent of y, this is simply because the multiplication factors of the second and fourth
terms in (1.3) depend only on the variables in the first place. In order to obtain
the dependency of the solution in the second variable y also, the equation to be con-
sidered would be

Jeoy) + (L= %P (1= ¥y g (1%7 , _Lﬂ> _

—u

= h(u,v) + (1 — u)ff (I — v k<*~ e L——)
for x,ye[0,1[ with x + ue[0,1], y,v,y + ve]0, I[" where (1 — y) means
(I =y (L= yoy2 .. (L =y y:€]0, 1[, 7, € R which would be dealt elsewhere.
For example, if f = g = h = k in the above equation, a solution would be f(x, ) =
= ax"y" + b(1 — x)* (1 — y)' — b, for suitable B, y (refer [5, 7]).
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