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OPTIMAL FEEDBACK CONTROL OF A CLASS
OF DISTRIBUTED-PARAMETER SYSTEMS
WITH INCOMPLETE MEASUREMENT

JAN MIKLES

Necessary conditions are discussed for a minimization of an integral performance criterion
for control of a class of counter-current distributed-parameter systems with distributed control
variable and with boundary control. The system dynamics are described by hyperbolic system
of first-order partial differential equations. For the system with a quadratic performance criterion
to drive it from one steady state to another a linear feedback control law has been derived. Part
of state variables cannot be measured and part can be only incompletely measured.

1. INTRODUCTION

The optimal control theory of lumped-parameter systems has been well developed.
This theory has resulted in analytical solution for optimal control of linear systems
subject to performance criteria such as minimum integral-square-error minimum
time and minimum fuel [l] For other lumped-parameter systems and other perfor-
mance criteria, efficient computational algorithms have been devised to obtain
numerical solutions. For distributed-parameter systems, comparable results are
available for many cases with complete measurement [2], [3], ete. Gilles [4] present
a control for a class of distributed-parameter systems with incomplete measurement.
In this paper, various controls, such as a spatially distributed control and boundary
control, of a class of counter-current distributed-parameter system with incomplete
measurement whose system dynamics are described by a hyperbolic system of first-
order partial differential equations are studied. A linear feedback control law has
been derived.

Theoretical results can be used for optimal conirol of tubular heat exchangers,
tubular chemical reactors, absorption and distillation columns, tunnel kilns, glass
bath tubs, sequence stirred chemical reactors, etc. A typical application of the
discussed theory is the optimal control of tubular chemical reactor, because in a che-
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mical reactor the concentration cannot be measured and the temperature can be
incompletely measured. Illustrative calculations are given for a tubular plug flow
heat exchanger.

2. SYSTEM EQUATIONS

A distributed-parameter system of the following is considered

1) X0 p, i x(et) + A ) %L)

+ B,(z, 1) w(z, t)
ot

where
t is the dimensionless time-like variable, 0 < ¢t < ¢,
z is the dimensionless spatial coordinate, 0 < z < 1,
x(z, 1) = [x,(z, £}, x2(z, 1), ..., x,(z, )] is the state vector of n components,
w(z, t) = [wy(z, 1), wz. 1), ..., w(z, )] is the distributed control vector of h
components, h < n,

[ay,(z,0) ap(z,0) ... a,,l(z, ty
Az, 1) =1 a(z, 1) az5(z,1) ... ax(z t)| isann x n matrix,
| @iz, 1) an(z,0) ... gz 1)
Pl:‘(z, ) ... 0 T
Az 1) =10 a(z 1) ... 0 is an n x n diagonal matrix,
1 O 0 . az,,(z, l)ﬁ
“hyy(z, 1) byo(z, t) s bz )
B(z, 1) = | byy(z, 1) bys(z, 1) ... byfz, 1) | isann x h matrix.
,bnl(za 1) an(Z) t) cee bnr.(Z, z),

Eqn. (1) represents a hyperbolic system. Elements of A(z, t) and B,(z, {) matrix
are continuous. Elements of A.(z, 1) matrix are continuously differentiable on z and #.
Elements of distributed control vector w(z, 1) are continuous and w(z, t)e W. W is
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a simply connected open region in A-dimensional Euclidean space. Boundary control
is continuous, it can be differentiated and it has a value in n-dimensional Euclidean
space.

The initial conditions are
(2 x(z,0) = x(z) .

The boundary conditions are

3) x,(0, 1) = u(t) f=12..,c¢,

“ x0,) =x{() =0, i =c+1, c+2,..d,
(5) x(L, 1) = u}(1), j=d+1, d+2,..e,
(6) (L) =x(()=0, k=e+1, e+2,...,n.

Let us consider vectors given by
u?(t) = [u3(2), ua(e), - wd(O]"
) = Lo a0
x0(t) = [x41(0, 1), %45 200, 1)+ X0, 1), Xeu1(0, 1), ..., x,(0, )17,
xM(1) = [xy(1, 1), x%5(1, 1), ooy x (1, 8), x5 (1, 0), <oy x(1, O]T
u®(t), u'(r) are boundary control vectors. We have assumed that if control w(z, t)

and initial and boundary conditions (2), (3), (4), (5), (6) are given then Eqn. (1) has
a single solution.

We shall assume that measurements are available as follows [4]

) 50 = [ 3 ra@ ez ndz, (=129,

e p=1

@®) 0= |
where
y(®) = D), v2(0), - 3017

Puu(z) p1alz) - Pu(2)
P(z) = | p21(2) P2a(2) ... paulz) | isans x n matrix.

:P(z) x(z, 1) dz,

2a(®) 2al2) - Pul2)

- Elements of matrix P(z) are given by the measurements performed.
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3. NECESSARY CONDITIONS FOR OPTIMAL CONTROL

The problem is to find optimal control law which minimizes the integral per-
formance criterion

©)

I = J‘“yT(I) u(f) y(1)dt + j'" . wi(z, 1) "(z, ) w(z, 1) dz dt +

+ f“x"r(z) BO(1) x°(1) dt + me‘r(t)u’(t)x‘(t)dr +J”u°T(t) @°() u®(1) dt +

o 0 0
Ty -
+ J u'" () (1) wi(t) ot
0
where p(1), p°(t), u'(z) are positive semi-definite weighting factors and @“(z, t), ¢°(t),
@'(1) are positive weighting factors.
Substituting Eqn. (8) into Eqn. (9) one obtains

(10) I= ”l j [P(E) x(e, DT ult) P(z) x(z, 1) dé dz i +

Jo 0

+ J J ;wT(z, ) 6"z, 1) w(z, ) dz dr+ L XO7(1) 1) x°(0) dt +
+ Jnx‘r(r)yl(t:]x‘(t) dt +§

0

t )

WO(1) (1) wO(0) i + J W(0) @) u' (1) it

0 0

where £ — the dimensionless spatial coordinate, 0 £ & < 1.
We consider the case where the final time ¢, is fixed, the final state x(z, #) is free.
The Hamiltonian functions are defined as

(1) H[z 1 x(z, 1), 2z, 1), wiz, 1] = j”[p(g) x(& O] a(r) P(z) x(z, ) 4 +

+ wi(z, 1) @"(z, ) w(z, 1) + 47(z, 1) [Alz, 1) x(z, 1) + B[z, 1) w(z, IR
(12) HOLu(1), w (1), x°(x), x'(1), 2°(0), A'(1)] = u°"(1) €°()) wO(t) +
0T O + X780 ) + X)W ) -
_fc;a,f(o, )25(0, 1) u2(1) +,.,_§+ a1, 1) (L 90)
where

A(z, 1) is the adjoint vector on n components,

300) = [28(0), A(8)s .oy 2] = [A4(0, 1), 22(0, 1), -y 20, )],
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) = [ 1(0 A3 5() s AAOTT = [area(L ), (L, 1), o 2L )],
a5 (f=12..¢)a,;(j=d+1,d+2,...,e) are the clements of matrix A,.

The adjoint vector satisfies the adjoint partial differential equation

Az, t) _ i T(y ~ _ aH
1) D) 2 (e e -

with final and boundary conditions

(14) Mz, 1) =0,

(15) 00,1 2,0,1) = —a—agﬁ) ,

(17) af(1, ) {1, 1) = - ‘771 5
18) 0L ) AL 1) = f’g)

The performance criterion, Eqn. (10), can be rewritten as

ty 1 't ¢
= j J [H — A(Ax + Bw)] dz dt + J [H + 5 a,,(0, 1) 2,(0, 1) u%(t) —
0J0 0 S=1

e
— Y a (L, )AL ) ui(r)] dr.
j=dt+1
After taking the first variation of Eqn. (19), integrating by parts, and then setting
81 = 0 for arbitrary variations in the state and control variables, we obtain the
following necessary conditions [5], [6]:

JH

20 Pl
@ ow(z, t)

oH®
21 =0, f=1,2...¢,
(21) 22 !

0
(22) i 0, j=d+1,d+2,...e.

auj()
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4. LINEAR FEEDBACK CONTROL LAW FOR DISTRIBUTED
CONTROL

We consider the case where p%(f) = p'(f) = 0, x,(0, 7) = x(L, {) = 0. The optimal
control function is

(23) w(z, 1) = —10" (2, 1) BI(z, 1) Mz, 1).

For the lumped system the adjoint vector A(z, t) can be expressed as a homogencous
linear function of the state [1]. Since the distributed system in Eqn. (1) may be
considered as the limit of large approximating lumped system in which spatial
derivatives are replaced by differences, it follows that an equivalent result must hold
for the function i(z, t) in the distributed system. The proper representation in which
to seek a solution is then

(24) i) = J NGz, & ) x(&, 1) e

It follows from the lumped system result, and is proved independently that N is
symetric in its indices and spatial arguments

(25) N(z, &, 1) = N"(¢, 2, 1)
Eqn. (1 3) can be rewritten as
(26) %: %[Af(z, 0 Mz )] — ATz, 1) 4z, 1) — f ;PT(z) u(t) P(E) x(&, 1) d .

Substituting Eqn. (24) into Eqn. (25) and using Eqn. (1), onc obtains
@7)

L @«(;tc ) ue, 1 = — LN(z, £ ) [AE 1) x(E 1) + AL, t)%fe") +

+ B,(& )y w(¢, 1)] dé +Jl Eiz [AI(z, ©) N(z, &, 0)] (&, £y d& —

- JlA"(z, 1) N(z, & 1) x(&, 1) dé — J[PT(z) #(1) P(&) x(&, 1) d& .

0 0

Substitution of Eqn. (23) and Eqn. (24) into Eqn. (27) yields

(28) I : ﬂ;f’ﬁ x(&, 1) dé — j ; 5” [AT(z, 1) N(z, & 1)] x(2, 1) dé —

- f ; a% [NG, & 1) A&, )] x(2. 1) d& + j CAT(z, 1) N £ 1) x(E 1) de +

0
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+ J:N(z, E 1) AE, 1y x(¢, 1) dE — 1 £ U:N(z, r, 1) B(r, 1) @"7(r, 1) BL(r, 1) x

x NG £1) (5 ) ar 06 + JIP’(z) u(1) PE) x(¢, 1) dé =

= —[N(z & 1) A& ) x(&, 1)]; -
If the following boundary condition on the gain matrix
(29) =N(z,1,1) A,(1, ) x(1,£) + N(z,0, 1) A0, ) x(0,1) = 0

holds then satisfaction of Eqn. (28) will be obtained if

00)  PEED L a (NG e 0] - ZING &) A 0]+

+ AT(z, t) N(z, g, t) + N(Z, ¢, t) A(g“, t) —
1
—%J‘ N(z r, 1) B,(r, )" (r, 1) Bi(r, y N(r, & 1) dr +
o
+ PT(z) p(1) P(¢) = 0.
Using relations in Eqns. (14), (24) and (25) for 2,0, 1) = 4(0, 1) = 2,(1, 1) =

= 241, 1) = 0 we get final and boundary conditions of matrix N(z, &, t) as
(B1) NG&n) =0,

(32) Ny(Lén=0, f=
P seewC e+ 1o d d+1,.,e,e+1,..,n,
(33) N (LEY =0, i=c¢
p=L2..,c,c+1..,d d+1 ..., e+1,..,n,

(34) N,0,¢,0)=0, j=d

=1,2,..,¢c,c+1,..,d d+1,..,ee+1,..,n
(35) N(0,&1) =0, k=e+1,e+2,..,n,
=12,..,¢c,e+1,..,d, d+1,..,e,e+1,...,n,

(36) Nz, 1,1)=0, s €+ L nd, d+ 1, e, e+ 1,0,

2

2
(37) N,z 1,1) =0, 2, e+l ,dd+1,...,e,e+1,...,n
+

(38) N(z,0,1)=0, p=1,2..,c,c+1,...d d+1,..,e,e+1,..,n,
j=d+1,d+2,..0e
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(39) Nu(z,0,)) =0, p=1,2,..,c,c+1,..,d, d+1,...,e,e+1,..,n
k=e+1,e+2,..,n

Using conditions (3)—(6) [u2(z) = u}(t) = 0] and conditions (36)—(39) Eqn. (29)
is satisfied.

In the present case, matrix N(z, &, 1) takes the form
(40) N(z, &, 1) = PT(z) K(1) P(¢) .

The form of matrix N(z, &, r) can be obtained by using the dynamic programming
when Lyapunov function is

(41 J* =y () K@) y()-
Substituting Eqn. (8) and Eqn. (40) into Eqn. (41) we obtain
1p1
(@2) J* = J f (2, 1) N(z. & 1) x(&, 1) dz d& .
0J 0
Using Eqns. (8), (24) and (40), the optimal control (23) can be written in the feedback
form
(43) w(z, 1) = 30" '(z, 1) BI(z, 1) P"(z) K(1) (1),
where K()is s x s matrix. It follows from the Eqn. (40) that K(1) = K'(r) .
The matrix P(z) cannot be arbitrary.

Assuming the same as in the lumped-parameter system, the optimal gain becomes
stationary as t; approach infinity, Eqn. (30) becomes [Az, A B, o, u are time
independent, N(z, &, 1) » Nz, &), K(1) > K]

(#4)
- LI NG O] - NGO AQ] + AT NG &)+ N 8 A -

~ [ M) B o) BIO NG )0 + P P(E) = 0

with boundary conditions

(45) Nop(1,8) =0, f
r=12

*y Cﬁ

1,2,
1,2,..,¢c,c+1,..,d, d+1,..,e,e+1,...,n

(46) No(1,8) =0, i=c+1,c+2...4d
p=L12 .., cc+1,..,dd+1,..,ee+1,..,n

(47) NG0,8) =0, j=d+ 1L d+2,..¢
p=L12..,c,c+1,..,d d+ 1, .., e e+1,..,n,
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(48) Nu(0,8) =0, k=e+1,e+2,.
p=12,. cc+1,...,d,d+],.,.,e,e+1,...,n

(49) Nz 1)=0, p=12,..,c,c+1,...,d, d+ 1,..,e,e+1,..,n
f=412..,¢

(50) Nyz,1) =0, p=12.,c,c+1,...dd+1..,e,et1,...n
1

i=c+1lc+2..d,

(51) pr,-(Z, 0) =0, =12,..,c,c+1,..,d d+1,...,e,e+1,...,n,

=d+1,d+2..,e

(52) NSF,‘.(z,O):O, p=12,. ,c,c+1 Lwd,d+1,..,e, e+ 1,...,n,
k=e+1,e+2,.

~ oy

5. LINEAR FEEDBACK CONTROL LAW FOR BOUNDARY CONTROL

We consider the case where p°(1) = p!(f) = 0, w = 0.
The boundary control functions are

(53 w(o) = ‘°‘<)a%[f§a,,<o, 02,0.043(0]
(54 W) = =005 L 5 a4 ).

In order to obtain optimal feedback control, relation (24) is employed. Substituting
Eqn. (24) into Eqn. (26), using relations of Eqn. (1), one obtains

(55)
f I f NGz <, r)[A(é, 9x(e.1) + Afe ) ! ‘)] £+

at

+ j 1 ;z [AT(z, ) N(z, &, 1)] x(&, 1) d& — J' :AT(Z, DN, & ) x(E 1) e —

o

- J’lpf(z) u(t) P(2) x(&, 1) dé .

]

After rearrangement we can write

(56) J’l a_N(.Za’—t@ x(f, t) dé — j: 6% [AI(Z, t) N(z, ¢, t)] x(é, I) dé —

- Jq_a% [Nz, & 1) AL, )] (&, £) d& + [1AT(z, 1) N(z, & 1) x(&, 1) d¢& +

0
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+ f NG 1) AG 1) (2, ) de + j "P(z) () PLE) X(6, 1) 0 +

o 0

+ [NG &) AL ) x(E ]2 =0.

Using relations in Eqns. (14), (24) and (25) when 4,(0, t) = 4,(0,1) = A,(1,1) =
= 21, ) = 0 we get final and boundary conditions of matrix N(z, ¢, ¢) as in Eqns.

(31)—(39).

Using conditions (3)—(6) and conditions (36)—(39) we can write

(7)

(8)
where

AN )

A1)

N°(z, &, T) = Nzx(z» & 1) Naof

[NG &) AL ) x(E ]l =

= N(z, 1, 1) A(1, 1) x(1, 1) — N(z,0, 1) A0, 1) x(0, 1),
[NG & 1) AE 1) x(2 08 =

= Nz 1, 1) A1, 1) u'(r) — Nz, 0, 1) A%0, 1) u¥(1) ,

a6 1) 0 0
0 ay(&1) ... 0 is an ¢ x ¢ matrix,
| 0 0 ...oa(s )
[ A+ 1)(5, 1) 0 e (U
0 AuaeafEt) ... 0 isan{e — d) x (e — d)
. . R matrix,
l o 0 (SR
*N“(Z, & 1) le(z, ) ... Nz, ¢, t)f
2, 6t) ... Nalz, & 1) | isan n x ¢ matrix,

| N, £ 6) Na(z, &01) - Noolz, &,1)

_Nl(d+1)(z, ¢, t) N1(4+2)(Z~ g, t) . Nxe(Z, gt

N'(z, & 1) = | Nyyny(z & 1) Nausny(2 6 1) oo Nafz,&,1) | isann x (n—d)

matrix.

JV,,(,1+1,(Z, g, t) Nn(u+z>(2, g, f) cen Nne(za &, 7)
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Substituting Eqns. (53) and (54) into Eqn. (58), one obtains
(59) NG, &) AG. ) (2, 11, =
- NI 1) AL ) [ 10 AX(L ) 2] -
— NO(z, 0, 1) A2(0, i) 367 (1) A2(0. ) 2°0)
Substituting Eqn. (24) into Eqn. (59), one obtains

(60) [NGz & 1) AL ) x(& )], =
= —JJIN‘(Z, L) AL 1) @' (1) AL(L, ) NYH(L &, 1) (8, 1) dE —
-1 J 1NO(z, 0, 1) A2(0, 1) @°7'(1) A2(0, 1) N°°(0, &, 1) x(¢, 1) A&,
where
(61) N%(z, ¢ 1) = P*1(z) K(1) P(¢),

"Pn(z) PJZ(Z) I’Jc(l)m
P°(z) = | p,1(2) Paal2) -.. Pafz) | isans x ¢ matrix,

L p(2) Pal®) - 2l
(©) N (z, ¢, 1) = PH7() K() PE)

_pl(d+l)(z) P1(d+2)(z) P;e(z)i )
PU(z2) = | prws1)(2) Paasns(z) «. Pac(z) | isans x (e — d) matrix.

_pa(d-l)(z) ps(d+2)(z) .. Pse(z)__
Eqn. (56) can be written
@) NEED e NG e 0] - L ING & 1) A 1] +
ot oz o&
+ AT(z, 1) N(z, &, 1) + N(z, &, 1) AL, 1)+ P'(z) u(t) P(S) —
— INY(z,1, 1) Al(1, 1) @* (1) AL(1, ) N* (1, &, 1) —
— 1INz, 0, 1) A%(0, 1) °*(£) A2(0, 1) N°°(0, £, 1) = 0.

Using Eqns. (8), (24) and (61), the optimal control (53) can be written in the feed-
back form

(64) uo(r) = 30°™(1) A%(0, £) P°"(0) K(1) y(1) -
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Using Equs. (8), (24) and (62), the optimal control (54) can be written in the feedback
form

(69) u'(t) = —1e' () AL(L ) PUT() K() (1),

where K(r) is a symmetric s x s matrix. The solution of Eqns. (63) and (40) with
initial and boundary conditions (31)—(39) is matrix K(r). Matrix P(z) cannot be
arbitrary for boundary control.

Similarly as for distributed control the optimal gain becomes stationary as t,
approaches infinity, Eqn. (63) becomes [A,, A, g° o', u are time independent,
N(z, £, 1) > Nz, &), N'(z, &, 1) > Ni(z, &), N' (2, &, 1) = NJ'(z2, &), N%(z, &, 1) —
S NE(z, ), N 1) — NSz, €), K() — K]

(56 ‘
~ LA NG 9] L NG 8 A + AN D + N2 AQ) +

+ PT(z) p P(&) — 1N!(z, 1) AL(1) @' " AL(1) NI'(1, &) —
— IN(z, 0) A2(0) " AZ(0) N2°(0, &) = 0

with boundary conditions (45)—(52).
As in [3] we can demonstrate that the control system is asymptotically stable.

6. TUBULAR PLUG FLOW HEAT EXCHANGER WITH WALL
TEMPERATURE CONTROLLING

We now apply the theory to obtain optimal control of the tubular plug flow heat
exchanger by the manipulation of the well temperature. It is assumed that the wall
temperature can be varied with both position and time. The control is to drive the
exchanger from an initial undesired steady state to a new steady state, optimizing
a quadratic performance index. If we also have constant physical properties, perfect
radial mixing, and no axial dispersion, the dynamics of the heat exchanger can be
represented by the following scalar linear partial differential equation

(67) Bt 050 | ppg (20 - 9 1],
ot 0z
where
t= vt’/L is the dimensionless time-like variable, 0 < t < ¢,
t' is the time,
v is the velociiy,
Lis the length of the exchanger,
z = z[Lis the dimensionless spatial coordinate, 0 < z £ I,
z' is the distance from exchanger entrance,
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9(z, t) is the temperature of fluid in exchanger,

8,(z, 1) is the wall temperature,

P = aFL/vF:QPc,, is the ratio of heat exchanger to heat capacity,
o is the heat transfer coefficient between exchanger wall and fluid,
F is the perimeter of pipe wall,

F, is the cross-sectional area for flow in exchanger,

@, is the density,

¢, is the specific heat.

Let us assume a constant inlet temperature 9., and that the exchanger has been
operated for a long period of time at the constant wall temperature 3,,,. Then we
determine the initial temperature profile 9(z) from (67) by setting d9(z, 1)/ét = 0,
9.{z, 1) = 9,0, 9o(0) = Yo, and by solving we obtain

(68) 90(2) = 840 — (Swo - ‘900) e ™.

Let us assume that we now wish to operate the exchanger in a new steady state
condition with a wall temperature 3,;. The objective will be to determine how
9.(z, 1) should be changed from 9,4 to 9, so as to minimize the performance
criterion, to be defined later. The temperature 9(z, 1) cannot be completely measured.
We define the state variable as a deviation about the final steady state profile

(69) 9:(2) = 91 — (1 — Jo0) €™
The state deviation is defined in the dimensionless form
(70) x,(z, 1) = 3z 1) = 94(2)

9w1 - 900
and the manipulated variable deviation is defined as
(7]) wl(z7 t) = &".(‘Z’t);gl‘ .

Fu1 — Joo
The normalized partial differential equation describing the system is

A
(72) &1(*2,‘2) = - i)w)g(z, ) - P[XJ(Z, 1) - W1(Z, 1]
ot 0z

with the boundary condition
(73) x,(0,1)=0.
Since the initial conditions is also a steady state, we obtain from Eqns. (72) and (73)
for 8x,/0t = 0 and w,(z, 0) = w,(0)
(74) x,(z, 0) = wyo(0) (1 — e™%%).

The factor wlo(O) serves only to multiply all the temperature profiles; hence we can
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make w;o(0) = 1 without loss of generality
(75) x,(z,0) =1 —e P,

The gains will remain unchanged.

The system is completely controllable. If w; = 0 is applied to the system, then
xy(z, t) will be zero when 7 2 1, because the normalized time required for all fluid
(in the head exchanger at t = 0} to leave the heat exchanger is t = 1. We can therefore
choose as performance criterion the following

” f o1
(76) I= J ey yi(t)dt +J j o (2) Wiz, 1) dz dt,
0 0

[

where ¢; may be infinite, 1, =y, ¢7(z) > 0 and where

(77) () :J;pll(z)x1(z, 0dz .

The Hamiltonian, the adjoint system and its boundary conditions are

(78) H= J.lp“(é) xy(E 1) g pra(2) x4(2, ) dE + ofy (2)wilz, 1) — P Ay(z, 1) x
’ x Lafz ) = e 1),

iz, t Az, t N R ! . .
(79) '%) = ;5(2") + P’“x(za 1) _j Pu(z) Hit Pu(s) x1(5s T) dé,
’ 0

(80) Az 1) =0,
{81) A(1,1) =o0.

Using Eqn. (43) and assuming that #; approaches infinity, the optimal feedback
control

1
(82) WI(Z> I) = - P Pu(z) Ko ya(t)s
2Q11(z)
where K g3 will satisfy equations
(83) Ns11(z: f) = Pn(z) K14 Pn(f),
(84)
£ 1
9{\!91']‘(2,—5) + 6N511<L) — 2P Nyyy(2, &) = $P*| Nyyu(z1) L. Nsu("yf)dr +
oz o¢ ] QY1 (")

+ P1a(2) 4y P12 (E) = 0
with the boundary conditions

(85) Nui(1,8) =0,
(86) Nz 1) = 0.
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If
(87) Pu(z) =1—ef7?

and if of)(z) = 1/dz, B =100, 4y, = 1, P = | then K, = 0,4142135.

If yt;; = 0, then K ;1 = 0 and therefore wy(z, ) = 0. Physically, this is quite
correct. The condition iy, = 0 means no penalty on yl(l), so that the system is
steered to its final desired steady state condition using @ minimum of control.
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{11
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o z
(1]
-0 b—
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Fig. 1. Control variable profiles.
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Fig. 2. State variable profiles.

Computational results are shown in Figures 1 and 2. The dashed profiles on Figure
2 are for w; = 0.
(Received May 20, 1981.)

64




REFERENCES

[1] M. Athans, P. L. Falb: Optimal Control. McGraw-Hill, New York 1966.

[2] J. Lions: Contrdle optimal de systems gouvernés par des équations aux derivées partielles
(Russian edition). Mir, Moscow 1972.

[3] J. Mikle§: Optimal feedback control of a class of distributed-parameter systems (in Slovak).
Automatizace 23 (1980), 12, 286—290.

[4] E. D. Gilles: Systeme mit verteilten Parametern. Oldenbourg Verlag, Miinchen— Wien 1973,

[5]1 J. Mikle§: On the optimal control of a class of distributed-parameter processes (in Slovak).
Strojnicky ¢asopis XX7 (1970), 5, 539—550.

[6] J. Mikle§: Optimal control of distributed-parameter processes {in Slovak). Automatizace 22
(1979), 11, 265--269.

Doc. Ing. Jan Mikles, CSc., Katedra izdcie a reguldcie, Chemick hnologickd fakulta
SVST (Control Department, Chemical Engineering Faculty — Slovak Technical University),
Janska 1, 812 37 Bratislava. Czechcslovakia.

65



