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On Adaptive Replacement Policies

VALERIA MENYHERTOVA

Renewals of a machine component by means of preventive and after failure replacements are
studied. It is assumed that the service time distribution is specified up to an unknown parameter.
Proparties of the maximum likelihood estimates of this parameter are presented.

0. INTRODUCTION

One of the problems of production management is the preventive replacement
of machine components so that the costs needed to secure a smooth progress of pro-
duction are minimal.

Recently a sequential construction of an optimal policy in the case that F (x) —
the distribution function of failure times of machine components — is unknown,
was produced ([1]). Further results on the asymptotic behaviour of the cost in this
situation were published by P. Mandlin [2].

In this paper the problem of preventive replacement of components is dealt with
under the assumption that F(x) is specified up to an unknown parameter.

Conditions are established that guarantee the maximal speed of convergence
of the average cost to the optimum. ’

1. FORMULATION OF THE PROBLEM

Let us imagine an infinite stock of components such that the failed components
can be immediately exchanged. The components are specified by their failure times ¢;.
Thus, the basic probability space is the space of infinite sequences of positive numbers
{tl, I3, ...} with product probability measure

P=F,xFx..xFx..



depending on the age of first component at time 0. F(x) is the distribution function
of failure times. We assume

F(x) = 1~ F(x) = exp {_ 'rg(y) dy},

o

where the failure rate g(x) is a continuous function on [0, ). Then

%F(x) =fx) = g(x) exp {_ J

x

9(y) dy} .

o

We distinguish service replacements after failure (type 1) and preventive replace-
ments (type 2). The latter consists in replacing an operating component when its
operation time (age) reaches a critical value. The replacements are performed accord-
ing to a policy w that prescribes the way, in which the stock of components, i.e. the
sample point {t;, t, ...}, is processed. The choice of the replacement age depends
on the past experience. A replacement policy is determined by a sequence of functions

w = {Zn+1(51aj1: cvs Sn ju): n=201, } >

where z; > 0 is a constant, z,,; (S;,f1, ... Sp jy) > O is the critical age for the
(n + 1)-st component given the history

S5 J15 <o Swo i -
s, k =1,2,..., nis the time of k-th replacement, and j, = 1 for replacement after
failure, j, = 2 for preventive replacement.

Denote by 1, the actual replacement times, n = 1, 2, ..., and by [, the labels mark-
ing the types of the replacements. Then the following recursive relations hold under
policy @ '

T =0
Toby = Ty T ey A 2n+1(‘f1a Ly, ooy Ty I,,) s
I Ll gy < Zn+1(71511,.--, T l-,),
+1 = .
" N2t 2 Zna1(Tes Lo oo T B) 5
n=12,....

Policy w is admissible iff

limt, - oo a.s. (almost surely) .

n-ow

This excludes the probability of infinitely many replacements in finite time. Further let

o
N =Y Apnstaumiys J =12,
n=1
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be the total number of replacements of the type j up to time ¢, ¢; the cost of the
service replacement, c, the cost of the preventive replacement, and C, the cost
accumulated up to time ¢. We assume ¢, > ¢, > 0. We have

C, =N+ N7
Next we define the critical age Z, and the virtual age X, of the components at time ¢:
Z, =z, if 02t£1,
Zy = zi(t by oo T b)) i T, <t S 74,
n=1,2 ...
X, =Xg+1t, if 025t
X, =t—1,, if 1,<t=Z1,0,, n=12,....

The component is replaced when X, reaches Z, The average cost per unit time
corresponding to the policy with constant critical age x & (0, o) equals

@

(1) 0(x) = (c1 F(x) + 3 F(x))/f F()dy.

0
The denominator in (1.1) is the mean time between replacements. The replacements
are of type 1 and 2 with probabilities F(x) and F(x), respectively. We assume the
existence of a critical age d € (0, o), for which

0 =0(d) = 0(x), xe(0, ).

The search for an optimal policy consists in the sequential improvement of replace-
ment policies. This property will be meant here in the asymptotic sense, namely that

limZ,=d as.

oo

2. SOME AUXILIARY ASSERTIONS

We consider the process of failures {N,‘, t= 0} under an arbitrary admissible
policy w. Let &, be g-algebra induced by the process of replacements up to time ¢,
ie.

F,=oa((N),N2), se[0,1]).

Lemma 1.

I

t
M, = N} —-[g(XS)ds, t=0
0

is a martingale with respect to {#, t = 0}.



Proof. We have to prove for arbitrary T > ¢ that

T
E{M; — M,| #} = E{N; — N} -J a(X,) ds| 9’,} =0.
t
Investigate first

E{N\,, =N/ |#} for 4-0,.
&, gives the history of the process up to time ¢, i.e. sy, jy, ..., Sy, j,» Where s, is the

last replacement time not exceeding ¢. The corresponding replacement age fulfils
the inequality

Zn+1(51’j1, ey Smjn) >1=5,,
where t — s, is the age of the component in time ¢, more exactly

t—s, =X, =limX,.

Ead

Assume t — s, + 4 < z,4;. Then
F(x! + 4) - F(X])
P(NL, — N} ZOV/’:):l“_t*%(XT*' =
JXI) 4 + o(4) +
=1 -t L =1 - g(X )4 +0(4),
ho (x7)4 + o)
P(erhi—le gl\.“]r)zg(X:')A +o(4),

P(Nis—N; 22| %)

jﬁu—nfmr+ﬁw=44.

Hence,
E{N{,, — Ni | #} = g(X}) 4 + o(4).
Further,

E{J“Mg(Xs) as| gzt} = (J‘Ag(X:f +) dy).P(Niu -Ni=0|F)+

t 0

t+4
+ E{J‘ g(X)ds|Niy — Ny >0, 97,} P(N}., ~N; >0|#F) =
t
= g(X) 4 + o(4).
Consequently,
E{M,. s — M| F} = o(4).
Set
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Then
E{MT - Mr | -92'—:} = E{1+A2" - Mt I ,9‘»“} =
an—1
= ‘ZO E{Mz-r(kﬂ)a - Mnu ] f‘?/jt} =

= E{Z E{M1+(k+1)d = M, ira [ =9‘_:+k4} | 5'::} =

=E{20(A)|§7,}—>0, n- 0. 0
k
The following lemma is proved by similar considerations.

Lemma 2. Let a(x) be a continuous function on [0, co). Then
t
@1) 4, = f o(X) (dN! — g(x,)ds), 120,
0
is a martingale with respect to {#,, 1 = 0}.

Lemma 3. Let in (2.1) a(X,), t = 0 be bounded a.s. Then {A4,, t > 0} fulfils the
strong law of large numbers, i.e.
lim¢ 14, =0 as.

1~ o

If in addition

t
(2.2) lim ¢7! f a(X,)? g(X,)ds = > > 0 as,

= w 0
then {4,, t 2 0} fulfils the law of iterated logarithm, i.c.
lim + A,/\/(2tloglogt) = ¢ as.
1= w®

The proofs of the statements of Lemma 3 are similar to those of Lemma 3 and
Lemma 5 in [2]. :

3. MAIN THEOREM

In the sequel we consider the parametric situation, when the distribution function
of the failure times is specified up to an unknown parameter «, ranging in an interval
A. Hence, the failure rate is g(x, ). We denote by a the true value of «. W, are
going to derive conditions under which the maximum likelihood estimate of «, is
strongly consistent.

First we have to find the likelihood function. Let be given an arbitrary admissible
policy . Consider the observation (sy,Jy, ..., S, j,) of the replacements during



time interval [0, z]. For knowing the policy this complete observation can be recon-
structed from the observed failure times

(3.1) (@15 @25 s 01) .
Set

Golx) = I go(y)dy, Fofx) = e™%®,
o
where go(x) = g(x, %). Take o € 4 and denote

ax) _ glxe) _
go(x)  g(x, %)

in what follows subscript O refers to parameter value o, subscript 1 to value a.
Let I(x) be continuous on [0, oo). The time of first failure has probability density

iri(p) = hio) - exp {— f I, ds} :

I(x), 0=1(x)< o,

4]

where hs) = g{X,), i = 0, 1. Similarly, the moment of j-th failure has conditional
density

. ¢
e | P15 @5-1) = b I P15 Pj-1) - exp{— j hlds} >
Pi-1

where hi(¢ |90 .. 05-1) = 9i(X,), 1=0,1, j=2,3,..., k. Observation (3.1)
on [0, 1] means that ¢, ;; > t. Conditional probability of this event is

t
cxp{— J‘ gi(Xs)ds} , i=0,1.
Px

Denote by P,, P, the respective probability distributions of observation. The density
of P, with respect to P, equals

ap,
dp,

P1 Pic t
gl(X,m).exp{— f g, ds}...gl(ka).exp{— j g1 ds} . exp{— j‘ g1 ds}
—_ [4] Pr—1 Pic
- 1 Pk t
go(Xm).exp{— J’ do ds}...go(ka).exp {— j do ds} . exp {— J. do ds}
] Pr- 1 K

t

= P(S1s 15 wees S iy 1) =

= (X,.) 1(X,,) -+ UX,,) - exp {j

[

(90 — 91) dS} .
Hence,

t t

.‘h(Xs) 1

]ogp:jlo S ANy — | (gy — go)ds.
0 !Io(Xs) 0
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Denote

L) - j ;mg o(X,) dNE — J' ‘9(x) ds.

[t]
Then .
t t
(3.2) L{s) — Lixo) = J' Jog & dN? — J (g — go)ds,
. 0 9o o

where a, is the true value of the parameter «, and L,(x) is the log-likelihood function.
The maximum likelihood estimate of &, based on the observation up to time t,
&, satisfies
L,(8,) = sup L) .
a€A
Example. Let g(x, a) = o . xP, where p = 0 is known. Denote by

YL Y, o Yya
the service replacement ages and by

Y2, Y7, .., YR

the preventive replacement ages. Then the log-likelihood function
Nt
L) = N}logo + pY log ! —
k=1

a
p+1

Net Ne2
(2 (Ykl)erl + Z (Ykz)p+1 + X;:+1) .
k=1 k=1
Hence,

Net N2
& = (p + 1) Nti X (kZI(Y"I)pH +’;1(K‘2)p+1 + Xf“)_' X

Theorem 1. Let the following conditions be fulfilled:
(1) A is a closed bounded interval.
(2) g(x, @) is continuous in (x, a).
(3) log (g/go) is continuous for all &.
@) la(x ) = g, )] = ks(Joe = @) ko),
]]og g(x, o) — log g(x, fx')] < kl(|a — cx’l) ka(x), o, &’ € A, where lil‘;l ky(x) =0,

rkz(x) (L4 go(x)) % dx < oo

(5) The replacement policy is such that Z, 2 4 > 0, t = 0, and Z,, t = 0 is bounded
as.

(6) Theset {x : g(x, @) = O} is independent of o, and for each a € A, & # oy, g(x, @)
+ g(x, a,) for some x € [0, 4].



Then 5K

(33) @, >0 as. as t—00.

Assuming (1)—(6) we first prove two lemmas.

Lemma 4.
(34) Tim = 1(L (o) — L)) £ M) ass.,
=
where
4 g g _ ®
Ma) = J <log‘« -Z+ 1) go Fy dy/J. Fydy,
0 Jo Yo )

and M«) < O for « + «.

Proof. Under the replacement policy with constant critical age x we get from (3.2)

(3.5) :liri t’l(L‘(a) - L,(Oto)) =

x X
='[ (9010g£“(g—90))ﬁod)’/f Fydy.
0 9o 0

Moreover, log (9/d0) — (9/90) + 1 £ 0, with equality only for g = go.Ifx = 4 > 0,
then the right hand side of (3.5) will be at most equal to

9 g - e
J‘ (log———+1)g0Fody/-[ Fody = Ma).
0 do Yo o

From (6) we get A(a) < 0, o * a.
The proof of (3.4) will be done in two steps:
1. Find a potential v(y) for which

t t
S = o(X,") — v(Xo) +Jlog1st‘ ~J(g —go)ds — i, t20,
o 4o [
is a supermartingale, i.e.

(3.6) E{Sz+dr - S ! X, = y} £0

under arbitrary admissible policy satisfying (5). We distinguish two cases:
(iy v < 4. The only decision at time ¢ is not to do a preventive replacement. Thus,

E{Scvar =~ Se| X, = y} =
= (1 — go(»)dt) [o(y + dt) — v(y) — (9 — go)dt — A df] +

+ go(y) dt [logf +0(0) - “(y):l’
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where o(y + dt) = v(y) + v'(y) dt, and we set v(0) = 0. Consequently, (3.6) implies

(3'7) E{Sr+dx - Sr i X, = .V} =
=[v’—/1~g0u—go(i—logi+l>}dt§0.
9o Jo

(ii) y 2 4. (3.7) must hold if the decision means no preventive replacement.
If a preventive replacement is made at time ¢, then (3.6) is

(3'8) E{S1+dx -5, IXt = y} = —U(J’) + O(dl) 0.

Inequality (3.7) holds, if

(3.9 v’—2—(g—g0)—go<u—log;q—)=0, ys4,
o

(3.10) v —A—gw=0, y> 4.

By solving of (3.9) with initial condition v(0) = 0 we get

'y
oy) = eG"‘”J (g —go+A—g, logi>e‘“° ds, y<4.
g

0 0

It is not difficult to verify that

v(4) = —4 eG"(")f e %ds.

A

Denote

v(y)= -2 eG"(’)f e %ds, y=4.

¥
Then the potential v(y) fulfils (3.10), and v(y) Z 0. Thus, inequality (3.8) is fulfilled,
too.
2. Next we show that

t t
(311) M, =S5+ I KXoz dy (g ~ g0 9o Iogi) ds + f o(X,) dN?

0 9o 0
is a martingale.

From (3.9) and (3.10) we get

o07) = o000 = [[wx) s - oo« w2 -

t
= f Xix.<dy [/1 + (g9 — g0) + 9o (v — log i)] ds +
0 9o

t t
+ J’ Xxozay A + gov] ds — j o(X,) d(N; + N2).
0 0



Thus,

t
M, = f Aix, <4y [/1 +{g9 ~ go) + 9o (U - ]Ogi)] ds +
)

9o,

t t t t
+ J Xerszay (A 4 gov) ds — J‘ o(X,) dN} +Jlog£dN51 mj(g —~ go)ds — At +
0 o Yo

] o

t t
+ j Xix.z4) (g — go — 9o log _g_) ds = J' (logi - u(XS)) (AN} — go ds).
0 g

9o 0 0

From Assumptions (3), (5) and by Lemmas 2,3 M,, ¢ = 0, is a martingale that fulfils
the law of large numbers, i.e.

limt!M, =0 as.

Tt
From (3.11) then follows
3.12 Tim¢ 'S, £0 as.
(3.12) . 2 .
t= o
and (3.12) implies (3.4). [}
Lemma 5.
— t
(3.13) im £~ [ J ly(X)) (AN + ds)] <x,
t=m 0
where

@ A
% =J k(1 + go) Fo dy/f Fody.

o o

The proof is similar to that of Lemma 4. We find a potential #(y) for which
t
S, = 8(X7) — 8(Xo) +j () (dNE + ds) — 2t
o

is a supermartingale. The solution is

©

i(y) = eG"(”J. ky(l + go)e™%ds, y>0.
0

Then we prove that

t i
M, =5, + x_[ Yiomay ds + f 5(X,) dN? =
] (1]

- j (a(X.) — 3(X)) (AN? = g(X,) ds)

Hence, M,, t = 0is a martingale. From the law of large numbers we derive (3.13). [
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Proof of Theorem 1. Assume that (3.3) is not true, i.e. there exists an ¢ > 0
such that for

B = {Iim |8, — | >}
1w

we have P(B) > 0. Define
~§ = sup Ala).

la=aoi2e

From Assumption (6) and from (3.4) we get for ja — oo| Z &
tl?gt"(L,(a) ~ Lw) £ M) £ 5 as.
From Assumption (4) follows
L) — L) < kyfle ~ o) 170 J' (X)) (dN? + ds),
where by (3.13) e

—_— t
lim t'l'[ ko(X,)(ANY + ds) £ % as.

t=w °

Thus, a.s. for ¢ sufficiently large
1L a) — L) £ §k1(‘“ —df), waed.

This relation implies that for almost every trajectory functions ¢~ * L(«) are uniformly
continuous with respect to t. Consequently, with probability one holds for suffi-
ciently large ¢

(3.14) T L(@) — Liwg)) = =62, |e—ao] Z &
(3.14) implies |a, - “Dl < & which contradicts to the assumption P(B) > 0. Thus,

the Theorem 1 is established. |

Remark. It is not difficult to see that Assumption (4) can be omitted if Z, < const.,
t z 0. On the other hand a strengthening of the integrability condition in (4) enables
us to omit the assumption that Z,, ¢ = 0, is bounded.

4. INSERTION OF PARAMETER ESTIMATE INTO THE OPTIMAL
POLICY

Denote by d(«) the optimal constant replacement age under the failure rate g(x, oc).
Assume (1)—(3) and (6) of Theorem 1 with (5) replaced by

(5) d(@) = 4 > 0, a € 4, and d(«) is continuously differentiable.



Further let hold: 523
(7) , is an inner point of A4.

(8) log g(x, tx) has the first and second derivative with respect to « continuous in
(x, o

© [/ () rt0s 0.

0 \Yo
Consider the replacement policy
(4.1 zZ,=da,), t20,

where &, is the estimate of &, by the maximum likelihood method. From Theorem 1
follows

(4.2) Z,>d=d(x) as. as t— 0.
Next we present a more precise statement about the convergence of &, to o,.
Theorem 2. Let conditions (1)—(3), (5)—(9) hold with (4.1). Then
43) Iim |8, — ao| /(tfloglog £) = /2fe as.,
L ad-)

where
d gr 2 d__
0? =J <—9) fodx/’J Fodx> 0.
o \Yo 0

Proof. In virtue of Assumption (7) &, is an inner point of 4 for sufficiently large t.
Since L(4,) is the maximum of the log-likelihood function L/x), we have

&
0 = L&) = Li{xe) — (8 — a0) Li(ws) + f |(a) — Li(oo)| da -

Hence,
, ” & n o
(4.4) _ L) (8, — 2) L) J Lfa) = Blao) 4,
t t w0 t
Itis clear that

t 14
g
L) = J 9 (4N} — g, ds)
o 90
is a martingale.
Using (4.2) it can be shown that
t g/ 2
(4.5) lim t’lj. (—0) gods = 0* >0 as.
L 0 \Yo

(See the proof of Theorem 3in [2]).
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(4.5) corresponds to (2.2) of Lemma 3. Consequently martingale L(a,), ¢ = 0,
fulfils the law of the iterated logarithm:

(4.6) Tlim + L{a)/(2t loglogt) = g.
h g3

Investigate next
t v 2 t N2
" - g
Li(oo) =f 9odo ~ 190)" 2(90) (AN} — go ds) —J‘ (ﬁ) gods.
0 9o 0 \do
The first term on the right is a martingale that fulfils the law of large numbers. Thus,

with regard to (4.5)

4.7) lim t7! Li(op) = —@* as.

1~

Concerning the last term in (4.4) note that from Assumption (4} and from the bounded-
ness of Z,, t 2 O follows that ¢™! Lj(«) is uniformly continuous with respect to t.
Thus,

(4.8) f‘wda=o(ﬁ,—ao), as oo,

ao

From (4.4) and (4.8) we get

_ L) _ (& — o )E;(“O)

0) 2 + o(8, — ).
¢ t
Hence by (4.6) and (4.7)

Frony E(oz )= —_— IIOAC — O l

= lim L) = lim R

‘T J(2tloglogt) - /(2tloglog t)Q

This establishes (4.3). O

From Assumption (5') and (4.3) imply
H]Z, — d|/(tfloglog t) = ri]{ld’(cto)l . |o‘(, - fxo! J(tfloglogt) =
10 1=

= V@) |d(o)|le

By Theorem 1 in [2] this relation guarantees the best attainable convergence of the
average cost t~'C, to the optimum ©@(d). We formulate the result as a corollary.

Corollary. Under the assumption of Theorem 2,

lim + (C, — O(d) . t)}\/(2t loglogt) = ¢ a.s.
10



where
4 I
0% = J. (ey = W)zfo d,V/'[ Fydy,
o 0

with w(y) = (—¢, Fo(y) + 6(d) [3Fo(x) dx)/Fo(x).
(Received February 27, 1980.)

REFERENCES

[1] J. A. Bather: On the sequential construction of an optimal age replacement policy. Proc. 41st
Session ISI, New Delhi 1977.

[2] P. Mandl: On the sequential improvement of replacement policies. Proc. Second Prague
Symp. on Asymptotic Statistics JCSMF — North Holland, Prague 1979.

{31 V. Menyhértova: A contribution to the theory of preventive replacement of machine parts.
(In Slovak.) Thesis, Charles University, Prague 1979.

RNDr. Valéria Menyhértovd, katedra matematickej analyzy PF UPJS (P. J. Safdrik University
— Department of Math. Analysis), Komenského 14, 041 54 KoSice. Czechoslovakia.

525



