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Generalization of Sum Representation
Functional Equations II
Generalized Directed Divergance*)

PL. KANNAPPAN, P. N. RATHIE

The measurable solution of a functional equation in three variables useful in the axiomatic
characterization of generalized directed-divergence is given in this paper.
1. INTRODUCTION

Let
K =70,1[x]0,1[x]0,1[ u {(0, y, 2)} U {(1, u, w)}

with y, z€[0, 1[ and u, we ]0, 1].
Let F;, G, H;:K —> R (reals) (i = 1,2;j =1,2,3) be functions which are
measurable in each variable satisfying the functional equation

(1Y) i‘; J_;Fu(xil’jv Yidj zir)) :iicz("b i 2;) +,—§;Hj(pj’ 4y
where P, Q, Re d;and X, Y, Z € 4, with
4 ={P =Py, P2 -, Pw): P: 20, élpx =1}
for all n =1,2, ..., the set of all complete finite n-ary probability distributions.

The equation (1.1) in a particular case, is useful to characterize the following
measure of information known as the generalized directed-divergence [6]

(1.2) In(Pn RPN S SUREETR / PR ST "n) = z p;log (‘L’/"i) s
i=1
where P, Q, R € 4,, with the convention that whenever a g; or a r; is zero then the
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corresponding p; is also zero, and 0.log 0 = 0. The measure generalized directed
divergence given by (1.2) satisfies many algebraic properties. It was shown by C.T. Ng
that any measure I, satisfying the properties of symmetry, expansibility and branching

can be represented in the sum form I(P||Q| R) = ¥ F(p;, q;, ;) where F is an
=)

arbitrary function satisfying F(0, 0,0) = 0. In addition if I, is additive, then F
satisfies (2.27), that is (1.1) in which all functions appearing are the same. For details
refer to [2].

The object of this paper is to find the measurable solutions of the equation (1.1).

2. THE MAIN THEOREM
The following theorem will be proved through a series of lemmas.

Theorem. Let F,;, G;, H;: K - R(i = 1,2;j = 1,2,3) be functions measurable
in each variable satisfying the functional equation (1.1). Then the solutions of (1.1)
are given by

@1 Fulp,g,r) = 4(pa,r) + (dg—c)) p + (dy — €2) g + (d5 — ¢3) 7 + €3,
Fia(p,g.r)=A(p,q,r) + (d; —c)p+ (dy — c2) g + (dy — c3) 7 + es,
Fis(pog.r)=A(p, q.r) + (d] —c;))p + (dy — ¢2) g + (d5 — ¢3) r + eq,
Fou(p.g.r)=Ap. q.r) + (d, —c)p+ (dy —¢s) g+ (dy —cg) 7 + e5,
Fas(p g, r) = A(p, g, 1) + (df — i) p + (ds — cs)q + (d5 — o) F + e,
Fas(pq.r) = 4(p. a,r) + (df — ci) p + (d5 — cs) g + {d5 — c) 7 + eo,
Gy(p, g, 7) = g(p. g, r) which is arbitrary ,

Gip. g, ) = —9(Pa,r) — Lo (1,1, 1) + (ca — ¢) p + (c5 — c2) g +
(6 =) r—cy —c5—cg— e + ey + ey —eq + oes +
+ € — e+ eg + eg,

Hy(p, q, r) = A(p, q, ¥) 4+ dip + dyq + dyr + ey,

Hop.q,r) = 4(p, ¢, r) + dip + dyq + diyr + e,

Hy(p.q.r) = A0, 4. ¥) + dip + diqg + dir + eq,

where ¢y, €3, €3, €4, €5y Co» dy, dy, d, di, dy, dy, dY, diy, ds, ey, €3, €3, €4, €s, €6, €7, €5,
eq are arbitrary constants,

(22)  A(p,q,r)=rplalogp + bloggq + ¢ log r] + dqlogq + erlogr,
((p. 9. 1) eK)

29



30

(23) Loy Ap, ¢, 7) = plal(x, x) + bI(x. y) + cI(x,2)] + dg Ky, y) + erI(z, z),

((p. 4. 7). (x, ». 2) € K)
with

(2.4) I(x,y) = —xlogy — (1 — x)log(1 ~ »), x,ye[0,1].
The theorem will be established with the help of four lemmas which will be proved

one by one in what follows:

" Lemma 1. Let F : K — R be measurable in each variable and satisfy

(2.5) F(p,q,r) — F(px,qy,rz) — F(1 — x)p, (1 — y)q. (1 — 2)r) =
= Ax,y,z(ps q, r) s

where A, , . : K — R, for fixed (x, ¥, z) € K, satisfies the equation

(2~6) Ax,y,z(pl + P2y qy + g7y + "z) = Ax,y,z(pb q1, "1) +
+ Ax,y,z(pz’ q2s Tz) .
Then the solutions of (2.5) are given by

2.7 F(p,q,v) = A(p, q,7) + dip + dyq + dyr,

Aeyepiar)= Loy {p, g, 1),

where the functions 4 and Lare given by (2.2) and (2.3) respectively and d, ds, d,
are arbitrary constants.

Proof of Lemma 1. In order to prove Lemma 1, first we derive the measurable
solution of (2.6).
For p; = 0 = p,, (2.6) reduces to
Ay (0,q; + gory + 1) = A, (0, g0, 7)) + A, 20, g, 75)

which is the same as discussed in [3]. Hence

(2.8) Aoy 0,9, 1) = By(x,y,2) q + Bs(x, y, 2) r
where B, and Bj; are arbitrary functions of x, y, z.
For p; =0, (2.6) gives
Ay P2 @i + oo 7y 4 12) = Ar 0, 41, 1) + Ay (P2 05, 72) =
= By(%,y,2) ¢, + Bs(3,y,2) 1y + Asy, P22 420 72)
(by using (2.8)) :
= By(x, ,2) 42 + Ba(%, 3, 2) 12 + Axy (P2, 415 71)
(by interchanging g, and g, and r; and r, respectively).



This implies that

I

Ax,)xz(pz’ Gy 73) — B;(x, ¥, Z) q2 — B3(x, ¥ Z) T2

I

= Ax,y,z(sz 1, 7‘1) - Bz(x, ¥y, 2) q; — B}(Xv ¥, Z) ry

= Independent of g; and r; (i = 1,2) =

= a,,.(p2), say.
Then

(2.9) Ay D2 G20 72) = ey (p2) + Ba(x, y,2) g2 + Ba(x, 3, 2) 75 .
Hence (2.6) and (2.9) yield

(210) e, pi + p2) = @y ps) + GyP2)s Pu P2 Py + P2e[0,1].
Clearly, the measurable solution of (2.10) is given by

(2.11) #.,p) = By(x,y,z)p, pe[0,1],

where B, is an arbitrary function of x, y, z.
Thus (2.9) and (2.11) give

(2.12) Ay P g, 1) = Bi(x,y,2) p + Byx, y,2) g + By(x, 3, 2) 1,
(p,a.7), (x,9,2)eK.
Hence (2.5), on using (2.12), becomes
(213)  Fp,q.r) — F(px, qy, rz) — F(p(1 — x), q(1 ~ p), (1 — 2)) =
=B(x,y,2) p + By(x,y,2) q + Bs(x, y, 2) 7.
For fixed r and z, (2.13) takes the following form
(2.14)  g.(p, 4) — 92(p%, ay) — ga(p(1 — x), a1 = ¥)) = AL (p, q) + B(x, ),

where A, ,(p, q) = By(x, y, z) p + By(x, y, z) ¢ is additive in both p and g. The
measurable solution of (2.14) are given by [4].

(2.15) g,(p.q) =aplogp + bplogq + cqlogq + dp + eq + d,,

g2(p,a) =aplogp + bplogg + cqlogq +(d —¢;)p +
+{e—c)qg+d,,

gs(p,q) = aplogp + bplogq + cqlogqg + (d — c3)p +
+(e—cy)q+ds,
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A . q) = plal(x, x) + bI(x, »)] + qI(y, ) + (c1 — e3) px +
+ (Cz - C4) qy + c3p + cuq,
B(x,y) =dy—d,—ds,

where a, b, ¢, d, e, d,, d,, ds, ¢, ¢3, c3, ¢, are arbitrary constants (here functions
of r and z). Thus

(216)  F(p,q,r)=a(r,z) plogp + b(r,z) plog q + c(r, z) g log q +
+d(r,z) p + e(r,z) g + dy{r, z), etc;
that is,
(2.17) F(p.q,7) = a(r)plog p + b(r) plog q + ¢(r) g log q +
+ d(r)p + efr) q + di(r).
Now (2.17) in (2.13) yields
(2.18) a(r) = constant = a,
b(r) = constant = b,
c(r) = constant = d .

Hence (2.17) and (2.18) give
(2.19) F(p,q,r)=aplogp + bplogq + dglogq + d(r) p + e(r) g + dy(r) .

Substituting (2.19) in (2.13) and equating similar terms on both sides, we get
(2.20) By(x, v, z) = aI(x, x) + bi(x,y) + d(r) — x d(rz) — (1 — x)d(r(1 - z)),
Q2 Birnz) = e 1(03) + efr) = yelr2) — (1 — ) fr{1 - )
and
(2.22) By(x,y,2)r = d(r) — d(rz) — di(r(1 — 2)).

Equation (2.21) for y = 0, z = 1 yields
(223) e(r) = constant = d,, say.

The measurable solution of equation (2.22) is given by ([2], [5])
(2:24) dy(r) = erlogr + dyr,

where e and d, are arbitrary constants.



The equation (2.20) can be rewritten as follows:
d(r) — d(r(1 = 2)) = By(x, y, z) — aI(x,x) — b x, ¥) +
+ x[d(rz) — d(r(1 — 2))]
= independent of r (by letting x = 0)
= h(z), say.
This is a Pexider equation with measurable solution given by
(2.25) d(r)=clogr +d,,

where ¢ and d; are arbitrary constants.
Thus (2.19), (2.23), (2.24) and (2.25) yield

(226) F(p,q,r)=aplogp + bplogq + dglogq + (clogr + d,) p +
+ dyq + erlogr + dyr

which is the same as (2.7), proving Lemma 1.
Remark 1. The Lemma 1 leads to the measurable solution of the functional equation
3
(2.27)

2 3
F(x,-p,-, Yid;» Zirj) = 'ZxF(Xi, Vis Zi) + 'le(pj’ qjs rj)
i= j=

2
i=1j

with Yx;=1=3y, =Yz, =)p; = Y4q; = 2r) as

(2.28) F(p,q,r) = A(p, g, 7) + dip + dyq + dsr + dy + dy + dy,

1

connected with the generalized directed divergence (1.2), mentioned in Section 1 [2].

Lemma 2. Let F : K — R be measurable in each variable and satisfy
(2.29) F(p, 4, ) — F(px, qy, rz) — F(p(L — x), q(1 — y). (1 — 2)) =
= Ax,v.z(ps g, r) + B(x’ ¥ Z) >

where A, , . satisfies (2.6) and B(., ., .) is a function of x, , z. Then the solutions
of (2.29) are given by

(2.30) F(p,q,v)=A(p,q,r) + dip + dog + dar — |,
B(x,y,z) =1,

Aoy par) =L,y (D, g, 7).



34 Proof of Lemma 2. For p = g = r = 0, (2.29) yields
(2.31) B(x,y,z) = —F(0,0,0) = I, say.

Then G(p, q, r) = F(p, g, r) + 1 satisfies the functional equation (2.5). Hence (2.7)
and (2.31) give (2.30), proving the Lemma 2.

Lemma 3. Let the functions F;:K —> R (1' =1,2, 3) be measurable, in each
variable and satisfy

(2.32)  Fy(p, q,r) — Fopx, gy, rz) — Fa(p(1 — x), q(1 — p), r(1 — 2)) =
= Acyap, 4, 7) + Blx, v, 2) s

where A, satisfies (2.6). Then the solutions of (2.32) are given by

(2.33)

Fip,q.7)=A(p,q.7) + d\p + dyqg + dyr + a,,

Fop,g.r) = Ap, ¢.r) + (dy —c)p + {dy — ) g + (d5 — c3) 7 + a3,
Fa(pg,r) = dA(p, g, r) + (dy — ca) p+ {dz — ¢5) g + (d3 — ¢ce) 7 + a3,
Ac P a1y = Loy op, g r) + (e — co) px + (c2 = ¢5) gy + (e3 — ¢ rz +
+ eup + csq + cer,

B(x,y,z) =a, ~ a, — as.

Proof of Lemma 3. The equation {(2.32) with p = ¢ = r = 0 yields
(2.34) B(x,y,z) =a, — a; — a3,

where a; = F(0,0,0) (i = 1,2, 3).
Substituting x =y =z =1 and x =y = z = 0 respectively in (2.32), and
using (2.34), we get

(2-35) Fy(p, q, ") = Fl(P’ q,r) — A1,1,1(P, q, ’”) +a, —ag,
and
(2-36) F3(p, q, 7') = -Fl(Py q, ") - Ao,o,o(P, q, r) +az—a;.

Hence (2.32) with the help of (2.34), (2.35) and (2.36) gives

(237)  Fy(p. g, 7) — Fy(px, gy, rz) — Fy{p(1 = x), g(1 = y), (1 — 2)) =

= Ardpar) —ay,



where

(2'38) Ai%Z(p’ 4, r) = Ax,y,:(pa q, r) - Al,],x(va qy, rz) -
— Ao,o,o([’(l — x), q(l — y)) ,.(] - Z))

Tt is easy to see that A}, (p, g, r) also satisfies (2.6). Hence, applying the Lemma 2
to (2.37), we have

(2.39) Fp,a.v)=4(p,q.7) + d;p + dog + dyr + a4,

(2.40) Arpd(Doasr) = Leyopa.r).

Also from (2.12) it follows that

(2-41) Ay 1.4(ps g ") = C,p + C2q + 37
and
(2'42) Au,o,u(l" q, ") = C4p + €59 + Cet,

where ¢y, ¢,, ¢3, ¢4, ¢5 and ¢ are arbitrary constants.
Hence (2.35), (2.39), (2.41); (2.36), (2.39), (2.42); (2.38), (2.40), (2.41), (2.42)
respectively yield

(243) Folp,q.7) = A(p, g, 1) + (di —c)p + (d2 — ex) g + (ds — ¢3) 7 + a3,
(244) Fy(p,q.7) = A(p, q.7) + (d1 — e} p+ (dy = ¢5) g + (d5 — ¢6) 7 + a3
and
(245)  Aeyup 1) = Loy(pasm) + (o1 — ca) px + (e — ¢5) gy +

+ (c5 — o) rz + cap + €5q + Cor .

Thus (2.39), (2.43), (2.44), (2.45) and (2.34) prove Lemma 3.

Lemmad. Let F,:K - R(i = 1,2, ...,6) be measurable in each variable and
satisfy

(246) [Fi(py, 41, 1) = Fa(p1%, .3, 712) = Fa(pa(l ~ x), qu(1 = y), i1 - 2))] +
+ [Fa(p2s @, 72) = Fs(pa%, 429, 122) — Fe(pal — %), qo(1 — v), ra(1 — 2))] =
= A, Py + P2ty + 27y +13) .
Then the solutions of (2.46) are given by
(247 Fy(p, 9, 7) = A(p, g, r) + d\p + d2q + dsr + ¢, ,
Fop,q.r) = A(p.a, ) + (ds = e} P+ (dy ~ &) g + (d5 = c5) 7 + 3,

35
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Fypg,r) = A(p,q, 1) + (dy —c) p+(dy —ecs) g + (ds — co) 7 + €3,
Fip,q,r)=A(p,q,r) + dip + doq + dsr + e,

F(pa,r) = A(p,q,7) + (d1 ~ ) p + (d3 — o) a + (d5 ~ c3) 7 + o5,
Fo(p,q,7) = A(p,a,7) + (dy — ca) p + (d3 — ¢5) g + (d3 — co) 7 + e,

Ax,y,z(p) q, r) = Lx‘yvz(pv q, r) + (cl - 04) px + (CZ - C5) qy + (C3 - CG) rz +

+ cyp+csq +cgr + e —e; —e3 + ey —es — e,

where ¢; (i=1, ..., 6), dy, dy, ds, dy, dy, dj, are constants.

I

Proof of Lemma 4. The equation (2.46) forp, =g, =r,=0and p, =g,
= r, = 0 respectively gives

(248)  Fylpy, a1, 71) — Fo(pr%, 419> 112) — Fa(pi(1 = x), a5(1 — ), i1 — 2))
= Ax,y,z(pl, gy, 1) + es + es — eq,

and
(2~49) F4(P2a 42, rz) - Fs(Pz", q2y, "zz) - Fs(Pz(I - x), 42(1 - Y), 7‘2(1 - z)) =
= Ax,y,z(pb q2, rz) +e +e3—¢ef,

where e, = F{0,0,0)(i = 1,2, ...,6).
Adding (2.48) and (2.49) and using (2.46), we get

(2-50) Ax,y,z(Pl + P2 gy + 45,1 + "2) = Ax,y,z(pb 41, 7'1) + Ax,y,z(pla q3, rz) +
+ e, +e3+es+eg—e — ey
Let

(251)  A1,.(p.q.r) = A, AP dir) —es + eyt ey — ey +oes + e,
Then (2.50) becomes
(252) AL,(py + P2 i + @i+ 12) = AZLu(P1s 4o 1) + A2y u(P2s 220 T2)

Hence A2, (p, g, r) satisfies (2.6).
The equations (2.48) and (2.49) due to (2.51) take the following forms

(2-53) Fl(pl’ 48 7‘1) - FZ(PH‘: q1Ys "LZ) - Fs(P1(1 - x), ‘11(1 - .V); "1(1 - Z)) =
=A%, (P diT) + e — e, — e

and

(2'54) F4(P2s 92, ”z) - FS(P2X, q2Ys "zz) - F6(P1(1 - x), ‘12(1 - y), "2(1 - Z)) =

=A%,(P2 2, 712) + €4 — 5 — e



Hence applying Lemma 3 to (2.53) and (2.54) respectively, we have 37

(2.55) Fi(p.a,7) = A(p, q,7) + d,p + daq + dyr + ¢,
Fyp,q,r) =A(p. g, )+ (dy —c))p+(d; — c2) g + (ds — c3) 7 + e,
Fi(p,a,r) = A(p, 4, 7) + (dy — ca) p + (dz — ¢5) g + (d3 — ) r + €3,

Ay (P 4. 7) = Loy op 1) + (e1 = ca) px + (c2 — ¢s) qv + c3 = ¢ rz +
+ c4p + Csq + Cel
(256) Fyp,g.r)=4'(p,q.r) + dip + dog + disr + e, ,

Fs(pg,r)=4'(p,a, 1)+ (dy ~ci)p + (dy — c3) g + (d5 — &3) r + e5,

Fo(p,a,r)=4"(p, g, r) + (dy — ci)p + (d5 — c5yq + (ds — o) r + eg,
Aly P a.m) = Loy {p g, 1) + (ci — i) px + (ch — c5) qy + (c5 — c¢) rz +
+ cap + csq + cor,
where 4’ and L are given by (2.2) and (2.3) with a, b, ¢, d, e changed to a’, b', ¢/, d', ¢’

respectively.
Comparing the expressions for 42, ,(p, g, r) in (2.55) and (2.56), we get

a=4da, b=b,c=c,d=d, e=¢, ¢, =c, ¢s=c5, ¢g = g,

’ ’ ’
Cy = €1, C3 = €3, €3 = C3.

This proves Lemma 4. )

Now we are in a position to prove the main theorem.

Proof of the theorem. Substituting x, = x,x, =1 —-x,y, =y, y, =1—y,
zy = z,z, = 1 — zin(1.1), we have
(2.57)
WHi(pes 91, 71) = Fua(pix, 41y, 112) = Fau(pa(1 = %), qa(1 = y), i1 = 2))] +
+ [Ha(p2s 920 73) = Frapax, 429, 722) = Fax(pa(l = %), aa(1 = y)ro(1 - 2))1 =

= Fi3(psx, 439, r32) + Fa3(ps(l — %), g5(1 — ), r5(1 — 2)) — Hi(ps, g3, 73) —

—Gy(x,5,2) -Gl -x1-y1-z2)=
= AL, (1~ ps, 1 — g3, 1 — 1), say

= Ai,y,z(pl + P2 gy + qa 7 + Tz) .



38 Hence applying Lemma 4 to (2.57), we get

(2.58) Hi(p,q,7) = 4p, q.7) + dyp + dzq + dar + ey,
Fulp,g.r)=A(p g, r) +(dy —c)p+(dy—c2) g + (ds — e3) 7 + ¢,
Fau(p. g, 7) = A(p g, 7) + (dy — co) p + (dy — ¢5) g + (dy — co) 7 + €3,
Hyp, q,7) = A(p, g, 7) + dip + dog + dir + ey,
Fio(pq,r) = Ap, . r) + (df — c;) p + (dy — ¢2) g + (dy — c3) 7 + es,
Fopoa.r) = A(pa,r) + (dy — o) p + (dy — e5) g + (d5 — ¢6) r + 26,

A2y, 4.7) = Lyl 0,7) + (e1 = ) px + ez — c5) gy + (s = e}z +
+Cup t csqg +cgr + e —e; —e3 ey —es — gg.

From (2.57) and (2.58), we get

(2.59)

Hy(ps, 43, 73) = Fia(Psx. 437, r32) = Fag(ps(l — %), q5(1 = y), ra1 = 2)) =
= A2, (1= p3 1 =gl —r3) = Gx,5,2) = Gl —x,1—y,1—2z)=
= [ps{al(x,x) + bI(x, y) + cI(x, z)} + qsd I(y, y) + rsel(z, z) —

—(ca — ) psx — (s — €2} sy — (c6 — €3) 3z + c4P3 + C5q5 + cor3] +

+ [—{al(x,x) + bI(x, y) + cI(x,2)} — dI(y,y) — el(z, z) +

+lea—c)x+(es—ec))y+(c6—c3)z—co—cs—co—e +ey+e5 —

~estes+es—Gixy,2)—-G(l—-x1=yl-2z]=
= A,,Aps q3. 73) + BX(x, 3, z), say

where A is the same as given in (2.32) and B*(x, y, z) is the remaining expression
on the right hand side of (2.59).

Applying Lemma 3 to (2.59), we get
(2.60)
Hy(p, q,7) = A(p, 4. 7) + dip + diq + dir + €7,
Fis(pgor) = A(p. g 7) +(di —c) p + (d5 = ¢2) g + (d5 = es) r + s,

Fys(p, g, 1) = A(p, g, 7) + (d] — e) p + (d7 — ¢5) g + (ds — ¢g) 7 + e5,



B¥(x, p,z) =¢; —eg — €9,

where e; = H;(0,0,0), eg = F,5(0,0,0), eg = F,4(0,0,0).
The last equation of {2.60) yields

(2.61) Gy(x,y,2) = =Gyl —x,1 — y,1 —z) = L, (1,1, 1) + (cg — ¢;) x +
+es—c))y+(cs—c3)z—cy—cs —cog— e + e+ ey —e4+
+ es + e — €7 + €5 + €9.

The equation (2.61) expresses G(x, y, z) in terms of G,(1 — x, 1 — y, 1 — z)
which is arbitrary.
Thus (2.58), (2.60) and (2.61) prove the theorem. It is easy to verify that the eleven
functions thus obtained do satisfy (1.1).
(Received May 18, 1978.)
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