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0. INTRODUCTION

The present collection of exercises is intended to assist those who wish to deepen
the knowledge of stochastic analysis by means of solving problems. It is assumed that
the reader is acquainted with the basic facts about stochastic integrals and dif-
ferentials, and has absorbed some information about stochastic differential equations.
For the sake of precision the definitions of certain notions are restated in the intro-
duction to each section or before the exercises. This serves also to determine the
denotation. Exercises are often supplied with hints. Whenever the solution is an
analytical expression or a formula, it is listed in the last section, which is followed
by references to the sources in the literature.

The collection can be used as a manual to university courses on stochastic calculus.
In fact, the authors were encouraged to publish this unlarge textbook by their aware-
ness of the wide difference between the highly developed didactics of the classical
analysis and the neglected pedagogical aspects of its stochastic counterpart.

Thanks are due to our colleagues from the Seminar on the Theory of Random
Processes for their helpfull comments and criticism.

The material explained in the preceding supplement to Kybernetika Elements of
Stochastic Analysis by P. Mandl is sufficient for solving the majority of the exercises,
and the same system of denotation is employed there. But this collection is self-
contained, and can be coupled with other texts on stochastic analysis as well.

The reader is asked to consider the subsequent survey of the denotations. A pro-
bability space (Q, &, P) supplied with c-algebras #,, t 2 0, which perform the
time-structuring of random events, is allways assumed to underlay the exercises, and
to have the demanded properties, e.g. to carry a Wicner process with respect to &.

General denotations:

(@, &, P) basic probability structure

Q set of elementary events (w € )

o7 o-algebra of random events

P probability measure on &

F ={F,120} increasing family of g-algebras &, < &
Ew) &, random variables

E=(8,..., m-dimensional random variable

E& mathematical expectation of &

E{¢ | %} conditional expectation of & given

o-algebra ¢ < o



a.s.
Lim.

p lim

X ={X, 120}

Y ={Y,te[0,T]},...

oa()

A

X
1

W={W,rz0}

= {X, = (Koo XY, e [0,TT)
— (W, = ("W, ... W), 1 2 0}

I ™

almost surely
limit in mean square
limit in probability

random processes (random functions)

o-algebra generated by random events or
random processes in the brackets

= sa(X,, s [0, 1])

Wiener process with respect to & (W, = 0

a s, E(W, — W2 =t—s,

t 2 s = 0, unless stated otherwise)
m-dimensional random process
r-dimensional Wiener process (r mutually

independent Wiener processes)
indicator function of A
m-dimensional Euclidean space
norm of X e R™
finite positive constants
transposition of vectors and matrices
exercise is solved in Elements of

Stochastic Analysis
solution can be found in Section 6
exercise



1. STOCHASTIC INTEGRAL

Random function & = {@,, 1€ [0, T]} is called nonanticipative, if, for te [0, T],
{@, s [0, 1]} is a measurable random process on (@, #,, P).

Random function & = {&,,te [0, T]}, T < oo, is a simple function, if it is non-
anticipative, and if there exists a division t, = 0 < f; < t, < ... < t, = Tofinterval
[0, T] together with random variables @, ..., ¢,_; such that

<pr:({’_,'y Tj§r<tj+1, Jj=0,..,n—1.

For t € [0, T] its stochastic integral is defined as
¢ k-1
J‘ @,dVVs = Z(Pj(”/r,., - Wr,») + (pk(VVt - erk) if I —S— t é Ty o
[ j=0

Let ¢ = {®,, 1[0, T]}, T < oo, be nonanticipative, {§ ¢} df < oo a. s. Let
{"®,n = 1,2,...} be a sequence of simple functions such that

,
p lim.[ ("P, — @) dr=0.

LR Y

Then

plim sup

na 1e[0,7]

13 t !
J‘"QdWS ~j¢deS1 =0.

o 0 ‘

1. Prove that

vey

1 I o[
e Wons —— sin nt dW,, — cosntdW,, n=1,23,.
T Tw Jr o

are mutually independent random variables having normal distribution N(0, 1).

2. Find
T 2 T 2
E(I W;‘dW,) , n=0,1,..., E(j ew’dW,> , T<o. =)
o 0

¢ ={®,1e[0,T]}, T<co, E®! < 0, tef0,T],

3. Let

be nonanticipative and continuous in quadratic mean. Consider divisions 0'=

5



=1ty <t <..<t,=Tof [0,T], and denote 4 = max (t;4, — 1,). Prove
J=0, k1

T k-1
'( &, dW, = 1.i.m. ¥ &, (W;,,, — W,).

0 4-0 j=0

4. Let & = {®,1e[0, T} beasin Ex. 3. Let 0 S 17 <17 < ...1p =T, m =
=1,2,..., be a sequence of divisions of [0, T] such that

E@, ~ &2 <277, TSty j=0,.,k,—1, m=12...

Prove
T km—1
I &, dW, = lim ) <I>tj,,.(I’V,..1jH - W,J...) a.s.
o m-w j=0

5. Compute [§ W, dW,, T < oo, and prove

T T
EJ‘ W,dW,(W% - j W,dW,) =472,
[} ]

Hint. Use Ex. 3 and

k-1
Lim Y (W, — W,

¥
4-0 j=0

P=T.
6. Let0 =t, <t <..<t =T< ooand 4 be asin Ex. 3. Prove

k=1 T
l.i.m.ZW,jﬂ(W,jﬂ — W,l) =J- W,dWw, + T.
0 0

4-0 j=

7. Let0=1t, <t, <..<t,=T< oand 4 be as in Ex. 3. Prove

_W'j)sz'

i+t

k—1
lim EW? Y W, (W,
4-0 j=1
Hint. Write
we =W = W)+ (W, — W) + W]

8. Let ¢ = {&,,te[0, T]}, T < 0, be nonanticipative and let, with probability
1, its trajectory have continuous derivative ¢’ = {®}, t € [0, T]}. Prove

T T
1) J’ B, dW, = Do Wy +J' oWy — W dt.

o )

Hint. Use partial summation in

oo = W)

0 40 j=

T k-1
J @, dW, = plim } &, (W,
Q



9. Consider the right-hand side of (1) as definition of {§ &, dW,, and establish the
properties of the integral,

10. Construct a sequence of real functions

1
{£(r). te[0,1],n = 1,2,...} suchthat lim j f)Pdt =0,
o

LR

and

1 1
liminfj f{H)dW, = —0, lim supJ. £ dW, = +o0, a.s.
o [

Hint. Take divisions
m—1 - m
) — =< <<t = ——
m m+ 1
of intervals [(m — 1)/m, m[(m + 1)] for which

K
lim Y [Wpm

- W,J] = +0 a.s.
m=w j=0

e
For
L+2% 4 2 Sn<l 428 4 28

let f, run through all functions equal 1 or —1 on the intervals of division (2), and
equal 0 outside [(m — 1)/m, m|(m + 1)].

11. Let h(s, t) be a Borel measurable function on [0, T] x [0, T],

T
T < w, J (s, 1)* dsdf < o0 .
0
Prove

@) .[ :{ j :h(s, t)dWs} dr = LT { f :h(s, ) dt} aw,.

Hint. The class of functions satisfying (3) contains the indicators of rectangles,
and is closed with respect to linear combinations and limits in I*([0, T] x [0, TT).

2. THE ITO FORMULA
Random process X = {X,, t € [0, T1} has stochastic differential

dX, = A,dt + ¥ 'B,d'W,, 1e[0, 7],
=1



t

x,:ij

r t
Agds + Y j‘B_‘d’W,., refo0,T],
o i=1Jo

where X, is % -measurable, and 4 = {4,,te[0,T]}, 'B={'B,tel0, T]}
I =1, ..., r, are nonanticipative processes satisfying

T T
J{A,ldt<oo a.s., .[‘det<oo as., I=1,...,r.
0 0

Let random processes ‘X = {iX,,te [0, T']}, i = 1, ..., m, have stochastic dif-
ferentials

diX, = 4,dt + Y "B, d'W,, te[0,T], i=1,..,m.
=1

Let f(z, x', ..., x™) be a function on [0, T] x R™ with continuous derivatives

62

Wf’ ij=1,...,m,

a [}
==f, fi=—f, i=L...,m, f;=
/ P I f e / fu
and let ¥, = f(t,'X,, ...,"X,), te [0, T]. Then Y has stochastic differential
m m
dY, =fdr+ ¥ f;dX, + 4 ¥ fi;dX.d’X,, te[0,T],
i=1 ij=1

where /' = f(t,'X,,...,"X,), ..., and

diX,d'X, =Y "B, "B, dt, 1e[0, T}, i,j=1,...m.
1

=1

#12. Let X = {X,,t 2 0}, X, + 0, ¥ = {¥,, = 0} have stochastic differentials
dX, = —sin @,dW,, dY, =cos ®,dW,, &, =arcig(¥,/X,), t=20.

Prove
X2+ Y=X+Y5+1t, t20.

Hint. Compute d(X7 + Y7).
13. Prove that stochastic differential equation
dX, = -3'X,dt + 2X,dw,,
d2X, = —32X,dt - X, dw,, t=20,
with initial condition X, = 0, 2X, = 1 a. s. has solution

X, =sinW,, *X,=cosW,, tz0.



14. Prove that stochastic differential equation
4) dX, = (—sin> X, + sin® X, cos X,) df — sin®? X, dW,, 120,
with initial condition X, = x, a. s. has solution
X, = Arcctg(t + W, + ctgx,), 120.
Consider the case x, = 0 and examine the behaviour of X for x, close to 0.

15. Let f(x) be a function on (— oo, o), twice continuously differentiable. Set

X = {X,r = (VV,,_f(W,))', t= O}<
Find
1) = (3, R S BE) = () P S TR,
such that
dX, = a(X,)dt + B(X,)dW,, 12 0. O
*16. Let f(x) be a function on (— oo, ) with continuous derivative f'(x). Denote
by F the integral of f, i.e. F'(x) = f(x). Prove
ff(Ws)dws = (W) — F(w) - © j Fwyas, 1z,
0 -~ 0

17. Let f be as in Ex. 16. Introduce divisions 0 = t, <1, < ... < t, = T < o0,

and set 4 = max (1;,, — 1))
J=0,. k=1
Prove
k=1 l T
plim Y (W, ) (Wiyns — W,) = F(Wy) — F(W) + 7J FW) 1
4-0 j=0 2Jo

#18. Let ‘X = {'X,,te [0, T]}, i = 1,2, have stochastic differentials
diX, ='A4,dt + 'B,dW,, 1e[0,T].
Prove
d(*X, 2X,) = 'X,d*X, + X, d X, + 'B,*B,dr, 1€[0,T].
*19. Let @ = {&,, e [0, T]} be nonanticipative, {5 #> df < oo a. s. Prove that
t 1 t
Z, = exp{ &, dW, ~—7J-¢fds}, tef0, 7],
0 2 (]
is the unique solution of the equation

dZ, = #,Z,dW,, 1[0, T],

with initial condition Z, = 1 a. s. "



Hint. To establish the unicity differentiate the ratio of two solutions.

20. The Hermite polynomials H,,(t, x),n =0,1,..., satisfy

s

2" H(t, x) = exp {zx — 421}, ze(—o0, o).

a=0

Define the iterated integrals

¢

°f, =1, t=0, "‘*‘1,=J'"1sdw;, t=0, n=0,1,2,....
0

Prove

y=H(, W), t20, n=0,12,....

Hint. Use ¥ z""I, and Ex. 19.

n=0

*21. Let a(t, x), b(t, x) be functions on [0, T} x (— oo, o), b continuous together
with (8[dx) b. Let function u(t,y), (¢, )€ [0, T] x (—o0, ), have continuous
derivatives (9/dt) u, (8/0y) u, and (8/8y*) u; and let

a 1,0
5 —u(t,y) = a(t,u) — = b— b(t,u),
o) 2 u(n) = o)~ Lo L o
©) bi u(t, y) = b(t,u), (1, y)e[0, T] x (~00, @), u(0,0) = x, .
y
Prove that X, = u(t, W,), t € [0, T], satisfies

dX, = a(t, X,)dt + b(t, X,)dW,, 1[0, T], X,=1x, a.s:

22. Under additional differentiability assumptions about a and b find a necessary
condition for the solvability of (5), (6). O

Hint. (6%/3t dy) u = (3*[dy t) u.
23. Solve
(7) dX, =}dt + J(X)dW,, 120, Xo=1x20. [m}
Hint. Ex. 21.
24. Solve
(8) dX, = (1 + X)L + XD dt + (L + XHdW,, 120, X,=x,
and notice that X reaches co or — o in finite time. O

Hint. Ex. 21.

10



25, Solve

©) dX, = }sin 2X,dt + sin X, dW,, X, = xoe(~m, ). m]
Hint. Ex. 21.
26. Solve
2
dX, = <1—~X, —a(l + t)’)dt +a(l +*dW,, t20, X, =x,,
+t
where a is a positive number. O
Hint. Ex. 21.

27. Generalize the statement of Ex. 21, and prove that X, = u(t, W,, [} g(s) dW,),
1e[0, T], satisfies

dX, = a(t, X,)dt + b(t, X,)dW,, te[0, T],

if
(10) g u(t, v, 2) = alt, u) - %b j; b(t, ),
0 ), z) = u) ~ M u
(11) 5:4(:,}, ) = b1, u) 0 ht, u) ,
(12) f_;u(t, yiz) = ﬁ W, u), (1 y.2)ef0,T] x R?,
where

d b ob da 1,,0%
"=—g, ht,x)=—+a-——b—+-b*—.
=t () ot ox ox 2 ox*
28. Assume a, b, g of Ex. 27 sufficiently smooth, and prove that the following
conditions are necessary for solvability of (10), (11), (12). There exists a function
<(t) such that

1. (i) = 20 <0
g o
b 1.,0% ab da
2. —=-—=b———a—+bl— + ).
at 2 Yox (6x U)

Hint. (9%/dy 0z) u = (6*[0z 8y)u, (82[0t 8z)u = (0%[0z at) u.
29. Let X = {X,, t € [0, T]} have stochastic differential

dX, = a(t, X,)dt + b(t, X,)dW,, te[0,T],

11




where function b is continuously differentiable, b > 0. Find function f(t, x),
(t,x)e[0, T] x (— 0, ), so that ¥, = f(t,X,), te[0, T], has stochastic dif-
ferential
dY, = a*(t, Y,)dt + dW,, te[0,T],
for appropriate a*(t, y), (1, y) € [0, T] x (— o0, o). . . O
30. Let X = {X,, t Z 0} have stochastic differential
dX, = a(X,)dt + b(X,)dW,, 120,

where a, b are sufficiently smooth functions on (—oc, ), b > 0. Find function
f(x), x e (— o0, o0), such that ¥, = f(X,), t = 0, has stochastic differential

dY, = bX(Y)dW,, tz0,
for appropriate b*(y), y € (— o0, ). [}

31. Let X = {X,,t = 0} be as in Ex. 30. Find a necessary and sufficient condition
for the existence of a function f(t, x), (1, x) € [0, ) x (-0, ), such that Y, =
= f(t, X,), t 2 0, has stochastic differential

dY, = a*(1)dt + b*(t)dW,, tz0,
for appropriate a*(1), b*(f), 1 = 0, and determine f(t, x). ]
32. Let & ={®,, 1[0, T]}, T< o0, be nonanticipative and such that

g E®I™dt < oo, where m is a positive integer. Prove

t 2m 1
E(f (pdes) < [m@2m — ]! J‘ E®I"ds, 1e[0,T].
0 0

Hint. Assume first & bounded. Integrate the differential of (f} &, dW,)*", and
apply Holder’s inequality to the mathematical expectation of the integral.

33. Let g(s, t) be a Borel measurable function on [0, T] x [0, T], T < co. Let
for s € [0, T'], g be absolutely continuous in 7, and let

T T
fg(s,t)zds<w, tef0, T}, Jg(z,r)2d1<w,
o

o
T pT Fil 2
j J (—g(s, 1)) dsdr < o0
0 Jo \Ot

(13) X,=J"g(s, ndw,, tefo, 7],

Prove that

12



has stochastic differential
L}
(14) dx, = (J Eg(s, r)dW,) de + g(t,t)dw,, te[0,T].
0 0

(A suitable version of the integral on the right-hand side of (13) is to be considered.)

34, Let

t
X,=X+J‘g(t—5)dws, t20,
o

where g(t) = ¢“(acost + bsint), t 2 0, and x, a, b, ¢ are numbers, a> + b2 > 0.
Construct Y = {Y,, t 2 0} so that (X, Y) = {(X,, ¥}, t = 0} is Markovian. 1

Hint. Use Ex. 33. Choose Y so that the first term on the right in (14) is a linear
combination of X, and Y,.

35. Let X = {X,, t 2 —4}, 4 > 0, have stochastic differential
dX, = A, dt + B,dW,, t= —4.

Let f(u, x, y) be a function on [—4,0] x R?, continuous together with its de-
rivatives

. 0 , 5 B 9%
f=2r =5 =2
ou ay dy
Prove that
t
Z,=j f(s~t,Xs,X,)ds, =20,
t—A4

has stochastic differential

t
dz, = [f(o, Xe X)) = f(—4, X_ 4, Xo) —J- fs —t, X, X) ds] dt +
t—4
t t
+J fi(s — t. X, X,)ds dX, + %ij‘ f'(s—t,X,X,)dsdt, t=20.
t—4 - t—4

Let X = {X, = (!X,,....,"X,), te[0, T]}, T < oo, be nonanticipative, and let
b(t, %) be a Borel measurable function on [0, T] x R™ The Stratonovich integral
of B={B,=b(tX,), te[0,T]} is defined as follows. With divisions 0 =
=1, <1t <..<t,= Tof [0, T] are associated integral sums

i-1
st = Y bt 3Ky, + X)) (W, — W) +
j=0
+ b(ti' %()_(f-n + X‘.))(VV‘ - VVH)’ LSS tivr, E=0,.., k—-1.,

13



B is said to have the Stratonovich integral with respect to W on [0, T, if there
exists a random process I = {I,, € [0, T']} such that

plim sup |Si" — 1] =0,
4-0 tef0,T]
where 4 = max (tj,, — t;).
J=0,m k=1

We set
t
1, =JBxd*Ws, 1eo, 1.
)
Let X and b be as above. Further, let a(t, X) be a Borel measurable function on
{0, T} x R™ Y = {Y¥,, t€[0, T]} has Stratonovich differential
d*Y, = a(t, X,)dt + b(t, X,) d*W,, te[0, T],
t _ t _
Y, =Y, +fa(s,X,)ds +fb(s,Xs)d*M, tef0,T],
0 0
where Y, is & ,-measurable, [J [a(t, X,)] df < o0 a.s.
36. Let f(1, x) be a function on [0, T] x (— o0, o0) having continuous derivatives
(0)or) £, (2]ey) 1, (9*|ay®) f. Prove
a* f(t, W) = g f(t, W) dr + aif(t, w)d*w,, tefo,T].
i ¥y

37. Let a{t, x), b(t, x) be functions on [0, T] x (o0, ), b continuous together
with (5/5x) b. Let ¢ be an & -measurable random variable. Prove that the equation
in Stratonovich differentials

d*X, = a(t, X,)dt + b(t, X,) d*W,, te[0,T], X, =¢,

and the Itd equation
dx, = <a(t, X))+ %bai b(t, X,)) dt + b(t, X,)dW,, te[0,T], X,=¢&,
X

are equivalent.
38. Write equations (4), (7), (8), (9) in Stratonovich differentials. 0

39. Let a, b be as in Ex. 37. Let function u(t, y), (t, y) € [0, T] x (— <0, o) have
continuous derivatives (6/0f) u, (8/8y) u and (3%/0y*) u, and let

14



17 0
—ult,y) =alt,u), —u(t,y)=bt,u),
210 = alo), L) = o)
(t.y)e[0,T] x (—oc, ), u(0,0) = x,.
Prove that X, = u(t, W,), 1 € [0, T], satisfies
d*X, = a(t, X,)dt + b(t, X,)d*W,, 1e[0,T], X, =x, a.s.
3. dX = (a(z) + A(r) X)dr + B(t)dW
Let
a(t) = (a'(t), ..., a™(0)), A(1) = |ai())]7=1
B(t) = [|bifO)i=r,j=1 s

be Borel measurable functions on [0, T such that

T T T
j la’()] dt < 0, f lag (1) df < oo, f by(1) dt < o0,
o Y 0o

Lj=1,...m, k=1,..,r.

Let £ be an &,-measurable m-dimensional random variable. Random process
X = {X,, te[0, T]} is a solution of linear stochastic differential equation

(15) dX, = (a(t) + A() X)) dr + B() dW,, te[0,T],
with initial condition &, if it has stochastic differential (15), and if X, = &.

*40. Prove that equation (15) with initial condition & has unique solution
t t
X, = (i) (z + .[ F(s) a(s) ds +j' Ao B(s)dW,), tef0,T],
0 1]
where matrix F satisfies (d/df) F = A(f) F, F(0) = I. (I is the unit matrix.)
#4l. Let X = {X,, te [0, T]}, &, be as in Ex. 40, and let E|&|* < oo. Introduce
&) = EX,, R(u, 1) = E(X, — eu)) (X, — &), R(t,1)=0Q(:), u,te[0, T].

Prove

ie — A()e +a(i), te[0,T], &0) = EE,
5; Q= A(1) 0 + QA() + B()B(Y . 1[0, T], Q(0) = E( — E&) (€ - E&,
a(—i-R ~ AWR, ue[,T], R i) = 0().

15




42, Solve
dX, = —-IX,dt + lbdW,, t=20, X,=¢&,

where 1, b are positive constants, & is & ,-measurable, E¢ = 0, E€2 = b*[[2. Compute

~r
X,ds, u,t=20,

v o

t t u
EX,, EfXxds, EX,X,, EXMJ‘XAds, EJXxds
0

0 o

and prove

v
(=]
O

(BTN

:
Li m.JXsds = bW,,

43. Let X = {('X,, %X, *X,), t = 0} satisfy

dX, = AX,dt +dW,, 120,
where
-3, 1, =1
A=|-2,0, —1
-1, 1, =2

Define &), Q(1), t = 0, as in Ex. 41. Given &0), compute &(t), ¢ = 0. Find 0(0), for
which Q(t), t 2 0, is constant. ]

44. Let X = {('X,, °X,, *X,), t = 0} satisfy
dX, = AX,dt + dW,, t =0,

where

1, 0,0
A=10,01
0,1, 0

’

Define &(t), Q(1), t Z 0,asin Ex. 41. Given &(0), Q(0), compute &(r) and (1), 2 0. [
45. Let X = {(*X,, 2X,), t = 0} satisfy
dx, =2X,dt,
d2X, = —-'X,dt 4+ bdW,, 120,

where b is a constant. Given E[(*X,)* + (*X,)*], compute E[('X.)* + (*X,)*],
t=0. a

+46. Let X = {(*X,,2X,), t = 0} satisfy
d'X, = —1'X,dt — k2X,dt + bd 'W,,
d?X, = k'X,dt - 12x,dt + bd?W,, 120,

16



where I, k, b are positive constants. Define &(1), Q(t), R(u, t), u,t 2 0, as in Ex. 41.
Given &(0), Q(0), compute (1), O(1), R(u, 1), u, t = 0. O

47. Let X = {('X,,X,, X)), t = 0} satisfy
d1X, = (X, + 3X,)dt,
4?X, =0,
d3X, = —a3X,dt + bdW,, t =0,
where a, b are positive constants. Define &(1), Q(f), R(u, 1), u,t = 0, as in Ex. 41.

Given &0), Q(0) = [q;(0)]} ;=1 with g,3(0) = ¢5,(0) = 0, compute &(t), Q(1),
R(u, t), u,t 2 0. O

48. Let 'X = {'X,, te[0, T]}, I = O, satisfy
dX, = a(t) X, dt + Ib(t)dW,, te[0,T], X, =1,
where
T T
J la(n)| dt < o0, j. b(1)?dt < .
0 [
Prove

Lim. 11X, - °X,) = exp { j ;u(s) ds} J'b(s)dW,, tefo,T].

[5ad)) 0
49. Let X = {X,, te [0, T]}, Y = {Y,, t e [0, T} satisfy
(16) dX, = a(t) X, dt + b(t)d 'W,,
dY, = () X, dt + g(r)d*W,, 1e[0,T], Y,=0.

a(1), b(t), c(2), g(1) are functions on [0, T] such that

0

J:\a(t)| dt < oo, J.:b(t)2 dt < 0, J‘Tc(t)2 dt < 0,

T
Jg(t)zdt<w, 9(t)” 2 90> 0.
0

Let EX, = e, E(Xo — €0)’ = go < .
By solving a) — g) derive the Kalman-Bucy estimate of X, from the observation

of ¥, se [0, 1]
a) Prove that
¢
X*=X,— ¢ exp{J. a(s)ds},
o ,
17



v =Y (e o] [anate. e,

0 1]
also satisfy (16), and EX} = EY} = 0, te [0, T], EX%* = q,.
b) Lette [0, T], and Iet u(s), s € [0, ], be such function that f§ u(s)? g(s)* ds < co.
Prove: If function z(s), s € [0, ], fulfils

2'(s) + a(s) z(s) — u(s) e(s) =0, se[0,t], z(t)=1,

then

p(x7 = [u)avr) =0 o+ [[o7 bP ds ¢ [[utoP o7 as.

0 0
Hint. X7 = z(0) X3 + [§ d(z(s) X¥).
¢) Prove: Let r(s), s € [0, f], be solution of the Riccati equation
r’(s) = 2a(s) r(s) + b(m‘)2 — c(s)z g(s)’z r(s)z , SE€ [0, t] s
70) = qo.-
Then

2(0)* g0 + J:’z(s)z b(s)* ds + J"u(s)2 g(s)* ds =

= J:(u(s) — s} g(s)"2 r(s) 2(s))? g(s)* ds + r(t).

Hint. z(0)? g, = (1) 2(¢)* — [6 d(r(s) z(s))*.

d) Prove: E(X} — [ u(s) dYY)* is minimal for
. u(s) = (s)g(s) 2 r(s) z(s), se[0,f],

) = k) esp {[ (o) ~ k) o)
where
k(s) = c(s) g(s)"2r(s), se[0,r].
Hint. Use c).
e) Set

2% - j;k(s) exp { j :<a(y> — K3 () dy} ax?,

R, =XF+ ey exp {J"a(s)ds}, tef0,7].

0
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Prove
(17)  dR, = a(r) R, dt + k(N (@Y, - () X, d1), te[0,T], Ro=eo,
E(R, - X, = (), te]o,7]. '

(17) is the equation of the Kalman-Bucy filter.
f) Prove

(18)  E(X, - £)? = minE (x, —o- J"u(s)dY,)z, tef0, 7],

v,u(s) o
i.e. X, is the state estimate of process X on the basis of ¥, s [o, €]

g) Prove the following generalization of (18): For0 S t < ¢ < T,

:’1'1:(21) E (X,, —v - J. ;u('s) d};)z =E (X,, — exp {J.:'a(s) ds} X,)z .
Hr,1) = E (x‘, —oxp { J :'a(s) ds} g,)z X

% r=2a(t)r + b)Y, tSCST, (1) =r).
t

Set

Prove

50. Let X, be an & ;-measurable random variable, EX, = e, E(X, — €0)* = g,.
Let Y = {Y,, t 2 0} satisfy

dY, = X,dt + dW,, t20, Y, =0.
For t = 0 determine X,, the estimate of X, on the basis of Y, s € [0, £]. [}
51. Let X = {X,, t 2 0}, Y = {Y,, t 2 0} satisfy

dX, = aX,dt + bd'W,, 120, EX,=¢y, E(X,— &) =4,

dY, = X, dt + gd?W,, 120, Y, =0.
a, b, g are constants, g + 0. Then, using the denotations of Ex. 49e,

dX®, = aX,dt + k() (dY, — X, df), t=0.

Determine k(r). o

The notion of the state estimate of process X on the basis of Y, se [0, t], as
introduced in Ex. 49f, can be extended to multidimensional processes. Let

A() = fayOlf=1, Bl = 15O Ts=1»
() = fesOi=rfers 6 = lgs(Olfs=2» te[0, T,
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be matrix functions. Let the elements of A(r) be integrable, and those of B(r), C(z),
G(#) be quadratically integrable on [0, T']. Further, let the matrlx (G(r) G(ry)™* be
bounded on [0, T]. Consider processes X = {(*X,,...,"X,),1e[0,T]}, Y=
={(*Y,,....,"Y,), te [0, T]}, satisfying )

dX, = A() X, dt + B(t)d'W,, EX,=2,, E(X,— &)(X,— &) =

dY, = C(f) X, dt + G(t)d*W,, Y, =0,

where 'W, 2W are mutually independent Wiener processes of dimension m and r,
respectively.

For t € [0, T] denote by 5}, the estimate of X, from the observation of ¥,, s € [0, #].
In the same way as in Exercises 49a-f it can be proved that

dX, = A() X, dt + K(t) (Y, — C() X, d1), 1e[0,T], X, =5,
(Kalman-Bucy filter), where ' ‘
(19) KO =R ) (G0 6)*
(20) % R = A()R + R A(t) + B(1) B(t) — R C(t) (G(1) G())"* C() R,
te0,T], R(0)= 0.
It holds
E(X, - X)(X, - X.) = [rOl7s-1, telo0,T].

If 4, B, C, G are constant matrices, equating (d/d7) R to 0 in (20), the equation
for the steady value of R is obtained. Inserting that value into (19), one obtains the
matrix K of the steady filter.

52. Let X = {('X,,2X,), t 2 0}, Y = {Y,, t = 0} satisfy
d X, = 2X,dt + d'W,,
d?X, = bd*W,,
dy, X, dt +d3w,, t=0,

where b is a constant. From (19), (20) find the steady value of R and of K. 0
53. Let X = {("X,,°X,), t 2 0}, Y = {Y,, t = 0} satisfy

i

d'X, = —('X, + 2X,)dt + d 'W,,
d2X, = x,dt,
dY, =X,dt+d?*W,, t=0.

From (19), (20) find the steady value of R and of K. (m]
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54. Let X = {(*X,,?X,), t 2 0}, ¥ = {¥,, t = 0} satisfy

d'X, = (X, + a?x,)dt + d'W,,
d2X, = —*X,dt + d?W,,
dy, =1'X,dt+d3w,, 120,

where a is constant. Find a for which the steady value of r,, is 1. O

4. dX = (a(t) + A(t) X)dt + Y *B(f) X d*w

Let

a(t) = (a(),....a"(0)y, A(t) = Ja)|Tj=1,
*B(t) = |*bi(0 =1, k=1,...,7,

be bounded Borel measurable vector and matrix functions on [0, T], T < 0. Let
& be an & -measurable m-dimensional random variable. Then the equation

@) 4%, = (a() + 4() X)) at + ¥ 'B() X, a*W,, 1[0, 7],

with initjal condition X, = & has unique solution X = {(*X,,...,"X,), te[0, T]}.
If E||** < oo, then E|X,|*" is bounded on [0, T], n = 1,2, ...

55. Let X = {X,, te[0, T]} satisfy (21). Assume E[X,|* < oo, denote &(f) =
= EX, te[0, T], and prove

Assume E|Xo|* < oo, denote Q(r) = EX,X, [0, T], and prove
£ 00) = a() ) + %) al) + A 0) + ) AC) +
+k§, “B(1) O(1) *B(iy , 1[0, T].

Hint. XX, = X, X; + [b d(X.X,).
*56. Let a(f), b(f) be Borel measurable functions on [0, T,

T T
I ja(t)] dt < 0, J. b(t)*dt < 0.
0 o
Let & be an & -measurable random variable. Prove that the unique solution of the
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equation

dX, = a(f) X, dt + b(t) X, dW,, te[0,T], X, =¢,
is :
X, = ¢exp { J "(als) — 35(5) ds + f "b(s) dW,}, tefo,1].

57. Let a(t), b(t), £ be asin Ex. 56,and let & = {®,,te[0, T}, ¥ = {¥,, 1[0, T]}
be nonanticipative and such that

T T
Jl<ﬁ,|dr<oo, IY’?dt<ooa.s.
0 0

Prove that

X, = Eexp {J-;(a(s) — 3b(s)*) ds + J: b(s) dWs} +
+ ﬁexp U:(a(s) — $b(s) ds + L’b(s) dW,}.

(@, — b(u) ¥,)du + ¥, dW,], te[0,T],
is the unique solution of the inhomogeneous equation
dX, = a() X, dt + b(t) X, dW, + &, dt + ¥, dW,, te[0,T],
with initial condition X, = &.
58. Let X = {X,, t 2 0} satisfy
dX, = aX,dt + bdW,, t20, X,=1x, >0,

where a, b are constants. Let p be a positive number. Prove that lim EX? = 0 holds
if and only if @ + 3b%*(p — 1) < 0. e

59. Let X = {X,, t = 0} be as in Ex. 58. Prove that log(X,[x,) has normal
distribution with mean (a — $b?) t and variance b*t.

60. Let Z = {Z,, te [0, T]} satisfy )
4z, = —IZ,dt + b dW,, te[0,T],
where I, b are positive constants, EZ, = 0, EZ} = b?I[2. Further let
d
SY=z%, te[0T], %=1,
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Prove that
Lim. Y, =X,, te[0,T],
-
where X = {X,, te [0, T]} is the solution of
dX, = 462X, dt + bX,dW,, te[0,T], X, =0.

61. Let a(t), b(t) be Borel measurable functions on [0, T},
T T

J‘ la(f)] dt < o, J. b1 dt < 0.
0 o

For I 2 0 consider the solution ;X = {,X,, te [0, T]} of
d.X, = a(t) X, dt + Ib(6) X, dW,, te[0,T], X, =1.

Prove that

lim 1"2E(X, — oX,)? = J' "b(s)? ds exp {2 j (:a(s) ds}, tef0,7].

10 o

62. Let A, 'B,...,"B be matrices of type m x m, commuting with each other.
Let € be an m-dimensional & y-measurable random variable. Find a matrix C such
that

X, =exp{Ct+ Y B*"W,}E, t20,
k=1
satisfies
dX, = AX,dt + Y *BX,d*W,, t20. ]
k=1
63. Let 4,'B,....,’B,and X = {X,, t = 0} be as in Ex. 62, E|£|* < 0. Assume

that 4,'B,...,”B, 4','B’,...,"B’, and Q(0) = EE{' commute with each other.
Prove

EX.X. = exp{(A + A’ + Y *B*B') 1} Q(0).
Hint. Use Ex. 55. =
64. Let
AQ) = ayOts=1 B = [bi()]Ti=s, k=107,
be bounded Borel measurable functions on [0, T]. Denote by X = {X,, 1[0, T]}

the m x m-matrix valued process, satisfying

r
(22) dX, = A() X, dt + Y *B() X, d*W,, 1€[0,T], Xo=1.
k=1



(X is the fundamental matrix of (22).) Set : o

D, =det(X,), te[0,T].
Prove

dD, = [tr (4() + 3% 3 (“bult) by (1) — *by(t) “bi(1))] -
k=1ij=1
.D,dt + D,y tr(*B(t))d*W,, te[0,T], Do =1,
k=1 :

and hence,

re r t r t

D, = exp {J tr(A(s))ds — 33 '[ tr (*B(s)*) ds + 3. '[ tr (*B(s)) d "W,} ,
0 k=1 J,o k=1 Jo .
te[0,T].
(A generalization of the Liouville formula.)
65. Let ‘ )
Ay, *B(t), k=1,..,r, and X ={X,te[0, T]}
be as in Ex. 64. Further, let
& ={d,te[0, T}, *F={?,, tel0,T]}, k=1,...,r,
be nonanticipative and such that
T _ T o
I |®] dt < 0, f [Z2dt <o, k=1,..,r, as.
0 o

Prove that for any & ,-measurable m-dimensional random variable &

t r r t
Y, = XZ+ X, Ix;l(a, ~ S B(5)F)ds + 3 X, I X7UF,aMW,, te [0,T]

0 k=1 k=1 )
is the unique solution of the inhomogeneous equation

dY, = A(t) Y, dt + Y *B(t) Y, d*W, + &, dt + Y *P, d*W,, te[0,T],
k=1 k=1

with initial condition ¥, = £ Consider the case when A4,*B,k = 1,...,r, are
constant matrices commuting with each other, and compute X as in Ex. 62.

5. INEQUALITIES

Random process X = {X,, te[0, T]} is a diffusion process, if it has stochastic

differential .

(23) : dX, = a(r, X,)dr + B(t, X,)dW,, te[0,T],
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where ; .
a(t, %) = (a(t, %), ..., a™(t, X)) ,
B(t, %) = |by(t, D)1=t fer» (%) 0, T] x R,

are a vector function and a matrix function, Borel measurable on [0, T] x R™.
Introduce the matrix

lei(t, ®)|75=1 = C(t, %) = B(t, %) B(t, %Y, (t.%)e[0,T] x R™.

The operator

L=

6

5 et )2

m
; é

+ . a(t %) — + —

Lo )(7x‘ 3 1 ox*' ox’

(2
ot i=1

is called the differential generator associated with (23) (with the diffusion process
having stochastic differential (23)). Let function f(t, %), (t, X)e [0, T] x R™, be as
in Section 2, and let (23) hold. Then ’

df(t, X;) = Lf(t, X,) dt + (Vf(t, X,)) B(t, X;)dW,, te[0,T],
where
V@t =) = (0f (1, ®)]oxt, ..., of (1, X)[ox™) .
66. Let X = {("X,, *X,), t = 0} have Stratonovich differential
a* X, = 12X, di o
d*2X, = —1'X,dt — k2X,dt + b2X,d*W,, t=0,
where I, k, b are constants. Find the corresponding differential generator L. ]
67. Let X = {(*X,,2X,), 1 2 0} have stochastic differential
d X, = X, d 'W, + 2X,d *W,,

d2X, = =X, d'W, + X, d*W,, t20.
Define
1y, = e"™(1X, cos W, + X, sin *W)),
2y, = e'¥(— X, sin W, + *X,cos 2W,), t20.

Prove that X and Y have same differential generators and that X, = ¥,,t 2 0, a. 5.,
if and only if X, = 0 a.s.

68. Let X = {X,, te [0, T]} have stochastic differential
dX, = a(X,)dt + b(X))dW,, te[0,T],

where a(x), b(x), x (-, ), are Borel measurable functions. Leét there exist
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a function o(x) = 0, x € (— oo, ), twice continuously differentiable, lim v(x) = oo,
and constants ¢ = 0, k > 0 such that iw
, & d
3b(x)? — o(x) + a(x) — o(x) + ko(x) S ¢, xe(—o, ®).
dx? dx )
Prove

Ev(X,)) £ Ev(X,) + % tef0,T].

Hint. o(X,) — e ™ o(X,) = [§ d(e™**79 v(X,)).
69. Let X = {X,, t 2 0} have stochastic differential .
dX, = —aX,dt + bX,dW,, t20,
where a, b are constants a > 4b?. Use Ex. 68 to prove
EX? < EX}, t20.
70. Let X = {X,, t 2 —4}, 4 2 0, fulfil

E sup X2 < 0,
te[— 4,0}

dX, = (a,X, + a,X,,)dt + bX,dW,, 120,
where a,, a,, b are constants. Set
q = 2a, + a,)(1 — |a;] 4) + b*,
and assume
(24) g<0, |aJa<1.
Prove that [ EX?dt < oo, and that EX?, t 2 0, is bounded.
Hint. Define

T 2 2 t
V,=(X,+azj X,ds) —(a, + ay) |a2|f Ideuds,
t—4 t—-4ds

t
dv, £ 2(X, + aZJ' Xsds) bX,dW, + ¢X?dt,

t—4

prove

and hence,

1 13 2
q.[EdengV,—-EVO, E(X,+u2J Xsds) < EV,.

o t—4
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71. Let X = {X,,+ = — 4]} be as in Ex. 70, and let (24) hold. Prove that
limEX?=0.

>0
Hint. Use the Itd formula and Ex. 70 to prove [EX} ~ EX2| < const. |t — s|.
72. Let X and L be as in Ex. 66. Find matrix ¥ such that
3LEVE = — x>, %eR%.
Prove that Vis positively definite if and only if b?> < k, and that
lim E|X,|> = 0
o
if b2 < k. m]
73. X = {X,, t 2 0}, X, = x, have stochastic differential
dX, = —A4X,dt + bdW,, t20,

where 4 = {A,, t = 0} is nonanticipative, 4, = a, t 2 0, a. 5. a and b are positive
constants. Prove that

bl

2
25 EX?< — + xz——k—- e t>0,
' 7 2a 2a

where equality holds if and only if 4, = a,7 2 0, a.s.

Hint. Denote the right-hand side of (25) o(t, x) and use
T
EX] —o(t,x) = E j do(t — s, X,).
0
74. Let x € (— o0, ), and let a, b be constants. Consider X = {X, ,1, te[0, T}
satisfying
dX, = u(t,x)(adt + bdW,), 1e[0,T], X, =x,
and find u(t, x), t € [0, T, so that EX7 is minimal. ]

75. Let xe(—o0, ), and let a, b be constants b #+ 0. Consider X =
= {X,, te [0, T]} having Stratonovich differential

d*X, = u() X (adt + bd*W,), 1[0, T], X, = x,
and find u(z), 1 € [0, T, so that EX7 is minimal. O

Hint. Use Exs. 37, 56.



76. Let. X = {X,,te [0, T]}, T < oo, have stochastic differential
dX, = a(t) X, dt + k() U, dt + b(1)dW,, te[0,T],
where the Borel measurable functions a(t), k(t), b(t), ¢ € [0, T], fulfil
' T T T
f la(f)| dt < 0, f k() dt < 0, f b(1)*dt < 0,
0 ] o
and U = {U,, t€[0, T} is nonanticipative, {7 U2dt < o0 a. s. Further let EX, =
= ey, E(X, — €o)* = qo < 0. Think of U as of a control signal. Define
T T
Zy = I(T) X2 +J X2 r(t) dt + f U (o) dt,
0 0
where I(T) 2 0, and (t), s(t), ¢ € [0, T], are Borel measurable functions such that
. .
j W)di <o, f)20, szs>0, te[0,T].
']
By solving a), b) determine U for which EZy is minimal.

a) Let p(1), t e [0, T], be the solution of the Riccati equation
- dip = 2a(t) p + (i) — (i) K p*, te[0,T],
t
with terminal condition p(T) = I(T). Set

o(t, x) = p(t) x* + Jin(s)Z p(s)ds, (t,x)e[0,T] x (-, ). »
Prove ‘

2 2
min —qv+@~—a-v+(a(l)x+k(t)u)~a—v+x2r(t)+u2s(l) =0,
ue(—o0,0) |01 2 ox? ox _

(. x)e[0, T] x (—c0, ),
T, x) = (T)x*, xe(—o, ),

The expression in curly brackets is minimal for

. LN
B h 2s(t) ox ’
b) Prove that
(29) 2 2 o0) (6 + a0) + [ WP o),
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and that equality in (26) is attained for
‘ : ‘ Uy = ~s(t)"" k(t) p(6) X,, te[0,T].
Hint.
. T ‘ T
EIT) X2 — p(0) (3 + g0) — f b1 p(1) dt = E '[ do(t, X,).
: 0 )
77. Let the hypotheses of Ex. 76 hold. Moreover, let a(t) = a, k(1) = k * 0,

b(t) = b, () = r, s(f) = 1, te[0, T], (T)=1,Tzo.
Compute p(7), 1 € [0, T], prove that

P = lim p(t) = k™*(a + /(a* + rk?)),
T-w
and that for each U = {U,, t€[0, T]}, EZ; 2 b?p, T + o(T) as T — <. O
78. Under the hypotheses of Ex. 77 let
U= —kpX, = —k Ya + J(&® + rk*) X,, tef0,T].
Compute EZy, and prove

EZy =b’p, T+ O(1) as T— . ‘ O

The result of Ex. 76 can be directly generalized to the multidimensional case. Let

A = |aOf=r, KO = Jky(Olf=rf=1

B(ty = [bi(OT=1.i-1» RO = [roOlFs=1

() = fsu®lis-1> te[0,T], T<w,
be Borel measurable matrix functions, R(f) nonnegatively definite, S(t) uniformly
positively definite, t € [0, T]. The elements of A, R are assumed to be integrable,

those of K, B quadratically integrable on [0, T]. Let L(T) be a nonnegatively definite
matrix function.

Denote by P(t) = |pi(t)]|7;=1, t€[0, T], the solution of the matrix Riccati
equation

- %P — A(i) P + PA(t) + R(t) — PK(t)S(t)"* K@) P, te[0,T],

with terminal condition P(T) = L(T). Then
ut, %) = X'P() X + ~[T’cr (B(s) B(s) P(s))ds, (t,®)e[0,T] x R,
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satisfies

min {5"; v+ 3 tr (B() B(E) (VV'0)) + (A() % + K(f) @) Vo + FR() %+ @'S(i) a} -0,
(t.x)e[0, T] x R™, o(T, %) = X¥L(T)%, XeR".

V = (8/éx", ..., 8/6x™Y, and tr means trace. The expression in curly brackets attains
its minimum for

a=—31S()" " K(ty V.
79. Let X = {(’X,,....,"X.), te [0, T1}, E|X,}* < oo, satisfy
dX, = A(Y) X, dt + K(t) U, dt + B(t)dW,, te [O, T],
where U = {(*U,, ...,"U,), 1€ [0, T]} is nonanticipative.

Denote EX, = &, E(X, — &) (X, — &) = Qo. Introduce

T T
Ze = THL(T) Xy + J XIR() X, dt + f Uis() U, dt .
[ 0
Prove that

@) EZy 2 P(0) 2 + tr (P(0) Qo) + J ix (B(s) B(s) P(s))ds ,
and that equality in (27) holds for
U,=-S(O"*"K(@ty P(t) X,, te[0,T].

80. Let the hypotheses of Ex. 79 hold. Moreover, let matrices 4, K, B, R, S, and L
be constant. Assume that the stationary Riccati equation

0=A'P+ PA+ R~ PKST'K'P

has solution P, and denote g = tr (BB'P,,).
a) Prove that for each control U = {U,, 1€ [0, T]}

EZ; 2 gT + EXy(P,, + L) X1 — ;P8 — tr (P Qo) .

b) If all characteristic roots of 4 — KS ~1K’P_, have negative real parts, then for

(28) U, = -S"K'P.X,, te[0,T],
holds
(29) EZr =gT+ O(1) as T— oo.

(Because of (29), U defined as in (28) is an optimal stationary control.)
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81. Let in Ex. 80
(2 ) -5 )
R=(bo) s-@.
Determine the optimal stationary control (28), and the corresponding mean value g. [
82. Replace A in Ex. 81 by
a=(T6 ) o
6. SOLUTIONS

2. T,TH2,1.3...20 = )T (n + 1), n = 2,3, .5 4e*T — 1).

15. a'(x) =0, a*(x) =3f"(x"),

bi(x) =1, b¥x)=r(x").
. ob(t, u) + at, )6b(t u) + 303t u) 2 2*b(t, u) _ — b(t, v) da(t, u) )

at 0x ox? Oox
23. ‘ X, = (Jxo + 3W).
24. X, = tg(W, + t + arctg xo) .
25. X, = 2arctg [(tg x—;) ew‘] .
26. - X, =1+ 02 [x + a(W, — 1)].
2. 1t %) = j e
30. fx)=¢; + Czj exp{ Jy %‘:—8% du} dy,
where C,, C, are constants.
4+

3L c J 0 o) —3b'(x) = Gy,
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where C,, C, are constants;

- 38.

42.

43.

32

f(t, x) ;CC".[‘:‘_,V_‘

° b()’)

t
Y, = J‘ et (beos (t — s) — asin(t — s))dW,.
o

t

(4) d*x, = —sin® X, dt — sin® X, d*W,,
(7) d*X, = JX,d*W,,
(8) d*X, = (1 + X7)dt + (L + X)) d*w,,
(9) d*x, = sin X, d*W,. :
: b2l
EX,=0; EJ X,ds=0; EXX, = —2—e"'“‘“),
0
t 2 —lu
EXqusds _be -1, u>t,
0
2
L b —@2-e M=) 1 2
] t 2 ~Iu —-u __ —l(r ) _
E-[Xsdstsds=é—(2u e fe —e” - )
0 o 2
(1 =1e*, te” 2, »—tc‘”
F(f)= (1 —f)e™* —e™, e  + te™, —te”
e~ — et et — e T2t
e(t) = F() &0),
333 843 -1l
8.161 ~24.161  12.161
0(0) = 843 697 123
“ | 24161  8.161 12161 |°
—111 123 50
12.161° 12.161° 161
([ 0 e'(0)
e*(0) — €*(0) e_’(O) + (0
&) = 2 e’ + 2 e
*(0) — €*(0) e40) + €3(0)
2 ) 2 )

v



‘111(t) = (‘111(0) +3)e* ~ 4, .
au(t) = H4a12(0) — 4,5(0) + e*(q12(0) + 415(0)) ,
‘113(‘) = %(‘113(0) - ‘hz(o) + 32'(‘112(0) + ‘113(0))) s
‘122(’) = 433(') + ‘122(0) - ‘133(0) s

2sa(f) = 4122(0) — 2435(0) + g35(0) — 16_2,

+

4
+ 422(0) + 2¢25(0) + ¢35(0) + 1 o2t 422(0) — 435(0)
4 2 ’
das(t) = —4:2(0) + 242320) — 433(0) + le‘z' +
+ 422(0) + 29,5(0) + g55(0) + !ezz —1.
4
45. E[(‘X,)Z + (ZX,)Z] = E[(1X0)2 + (2X0)2] + b%t.
N _pfcoskt, —sin kt\ .
46. A =c (sin kt, cos kt) 4

Q(t) - (Qu(t)’ ‘112(’)) , ‘112(‘) - q“(t),

921(0’ ‘122(0

q,4() cos? kt, sin? kt, —sin 2kt\ [q,,(0)
q25(t)) = e7 2" {sin® ki, cos? kt, sin 2kt |{ ¢,,(0) | +

q,,(7) \ sin 2kt, —%sin2kt, cos 2kt/ \g,,(0)

22_(1 e—zn)
21

+ | b* Can
5(1 e”?)
\ 0

L,t, (1 —e™a
47. &) = (0, 1, 0 )é(o);
0,0, ¢

411(0 = ‘11;(0) + 2@12(0) t+ ‘113(0) % (1 - e_m) +‘ ‘122(0) £+

1

b? - 3b% b\ 2 _,
gt (433(0) - E); - (433(0) - :);e C+
PNl .
+@m—ﬁ7“,

a

33



50.

51.

52.

53.

54.

62.

66.

72.

34

q12(t) = 412(0) + g2,(0) ¢ 5

—at b? b —at
a13(f) = 9:3(0) ™ + — + (g23(0) - =) =7 —
2a ala

- (‘1 33(0)

‘Izz(t) = 422(0) s
403() =0,

qdm(wwm_)mw

1
R(u, 1) = (0
0,

2,

k(1) =

LAY
2a) a

, U
, 1,
, 0,

€

0

e-—a(u-

—2at
3

bZ
2a’

)

— 1, (1 - " )[q

)Q(t), uzt.

= (eo + qoY)[(1 + gof).
(2g® + go — ag®) (@ + &) (™ — 1) + 2aqy

R

(eg® + g0 — ag®) (e** — 1) + 20

= J(@ + b*g?).

b,

_ (\/(1 + 2b),

b

K= (\/(1 ;r Zb))‘

(\/2—1 0

(J)

J2

b(l + 2b)) ’

\

1)




—ax

74. ult, x) = ——— 1el0, T]. .
(&%) b* + a®T c[0.7]
75 u(r)——i te [0, T]
262’ T

—a (et alk? — a)(a + o) (exp {26(T — ()} — 1) + 2alk?

77. p(t) =k
) (% + alk?® — a) (exp {26(T — 1)} — 1) + 2ak?

a = /(a* + rk?).

L, _bYa+a) b? b2
78. EZr=————_"T+[]—+ + et — ).
T K2 20 (% ° 2
—2a a+ a P
(16 220 o)

81. U, =(l-J20X%,

g=22-1).

82, U=(1-J2,2J2-3)X%,,
13
g=5J2—-—.
\/ 2
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