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Optimal Control under Discrete Observation
of Continuous Stochastic Systems
with Time Delay

Jozer KOMORNIK

The linear-quadratic problem is considered. The observations are supposed to be indirect and
affected by noise. The solution of filtration and smoothing problems which is needed for the
optimal control is given by a recursive system of deterministic differential equations.

PRELIMINARIES

We counsider a system described by the linear stochastic differential equation with
time delay
o

(1) dx(0) = [Ao) - x(1) + J Ayt 7). x(t + 1) de + Ax(1) . x(t — ) +

+ B(1) . u(t)] d;; G(1). dw(r) for te[ty, T]

with a deterministic bounded and measurable initial condition xo(t); T € [t — h; 1]
where:

x(t) is the n-dimensional state vector of the system,

u(1) is the p-dimensional control function,

w(t) is the n-dimensional Wiener process with covariance I . 1,

Ag, Ay, A5, B, G are matrix coefficients of appropriate types which are continuous
in their domains.

We suppose that we have an increasing sequence {#,}y-; < (1, T) of observation
times and that g-dimensional results of observations are described by the equations

@ 2(t) = Cy. x(t) + e

where {C,}r=y is a sequence of matrices of type g x n and {e,Jy=; is a sequence
of independent normal random variables with zero mean and covariances E; k =




= 1,e.., m. Further we suppose that the random variables w(t) and e, are indepen-
dent forany te[to, T]and k =1, ..., m.
For t € [ 1y, T] we define a o-algebra &, by
¥, - {{Q, 0} for te[ty,t,),

of{z(t)); ..., 2(t)} for 1€ [t tisy).

The set of admissible control functions contains all nonanticipative (with respect
to the system {#,}) functions satisfying the condition

j Eu()|* dt < w

where | . || stands for the Euclidean norm.
Our aim is to minimize the loss function
T

L(xo, u) = Ej‘ (s, x(s), ufs)) ds,

to

where
e(s, x(s), u(s)) = x'(s) . Qs(s) . x(s) + w'(s). Qu(s) . u(s)

Q,(s); Qz(s) arc continuous matrix functions with nonnegative definite and positive
definite values, respectively.

OPTIMAL CONTROL

We can write the equation (1) in the simplified form

(la)  dx() = [ j :A(t, ) x(t + 2) dus) + B). u(t)] dt + G(1) dw(s),
where we put
Aty for =0,
A(t, 1) ={ Ay(t,7) for 7e(—h,0),
A4,(1)  for t=—h,
and

w(M) = A(M) + card (M ~ {—h,0})

for any Lebesgue measurable subset M of [—h.0] (% is the standard Lebesgue
measure).

103



104

Let {# .} 110,11 b @ nondecreasing system of o-algebras generated by observations.
We put

(3) #(7) = E[x(t + 0)jF,] %(7) = x(t) ~ %(7) for te[-h,0]
5(t).= %(0) (1) = 2{0) = x() - (1)
The following solution of the optimal control problem for any admissible observation

rule was developed in [4] by methods similar to those used in [3] and [2].

Lemma. The optimal control is given by the formula
0
@) u(t) = Kold) . 2(1) +j Ky(t,7). %(1) de
—h

where
(4a)  Ko(t) = —QsX0). B(). Wo(t)s Ky(t.7) = —03'(0) . B(t) . i1, 7).

The matrix functions Wy(t); W,(t, 7) can be obtained as a part of the unique solution
of the known system of three Riccati type equations {cf. [1], [3]).

FILTRATION

To obtain the optimal control function we have to determine the function £,(t),
te[ty, T]; e [—h, 0]. We return to the discrete observation case and put

&) = E[x()/ 7. ], mdd) = x(0) — &(1).
w1, 5) = cov [m(1); m(s)]
for k=0,1,...,m; te[t — h;tyy,] (Wheret,,, =T).
Further we put
#(t) = 2(ty) — Ce. &-1(t) s Fo = [Co. m—i(t 1) . Cr + E]*

Remark 1. Notice that for te[f;4,,] k=0,1,...,m and t1e[—h,0] the
following equation hoids

) =&t +1).

Definition. a. Random vectors x; of dimension n;, i = 1, ..., p are called jointly
Gaussian if the joined random variable

(xl,l! cees Ximgs X2,15 + 005 X2 nps « v 05 Xp1s ""XP.np)

is Gaussian.




b. A measurable n-dimensional stochastic process x(r); te [t’, t”] is called Gaussian 105
ifany p=1,2,... and s,, ..., spe [{’, "] the random variables x(s,), ..., x(sp)
are jointly Gaussian.

Proposition 1. a. The functions &(1), fultil on [1,, 1, ,] the differential equation

) d*d*fﬁ _ J‘ ° A ). &t + 1) du(e) + B() . u(r)

with the initial condition

(5a) E(s) = &oi(s) + Auls) for k= 1; seln — hit]
and

(5b) Eo(s) = xo(s) for se[ty — hity],

where

(6) As) = E[n ()[E(t)] = m(s, 1) . i Fiu[z(t) — C- & (1)) -
b) The functions 1,(f) fulfil on [1,; 1, ] the differential equation
0
) an) = [ aw9-nc+ r)du@] dt + (o) dw(s)
~h
with the initial condition
(7a)’ nls) = m_i(s) = ds) for k= L;selt — h;t]
(7b) no(s) =0 for se[to — h;to] .

Proof. The solution x(1) of equation (1) can be expressed in the form (cf. [5])

® 0 =j

: Y(t, t0) - x(ty + 7) duo(®) + '[ “X(t5). BGs) . u(s) ds +

. f " X(t,5). G(s) duls)

where X(t, s) is the matrix solution of the equation

(1b) ?%_;:i) = (—] A1, 7). X(f + 7, 5) d(z)

subject to the initial conditions X(t,t) = I, X(t,5) = 0 for t <s. The function
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Y(t, t,, 7) is defined for te [, T]; te | —h, 0] by
X(t, 1) for T=0,
X(tty + 1+ h) Aty + T+ h) +

Y(t, 4, 1) = {

t+h
+J- X(t, 1 + ). A,(t, + 5,7 — s)ds for te[—h,0].

o

The measure p, is defined on a Lebesgue measurable subsets of [ — 1, 0] by
Ho{M) = M) + card (M n {#}) = p(M) — card (M ~ {—h}).

Taking the conditional expectation with respect to %, we get for t € [1;; 1, 1]

(%) &) = J 0 ¥(ty 100 7) - &4ty + 7) dio(e) + J X(t, ). B(s) . u(s) ds

T
(notice that u(s) is &, measurable for s € [1,; t;+,)), and

¢

Ob) (o) = J ° Y(t ) s + 7) dpoe) + j X(t,5) . G(s) dwls) .

e
Differentiating (9a) and (9b) we obtain equations (5) and (7). We can rewrite (9b)
in the form
V’k(') = yk(') + Uk(’) te [Ik; tk+1] s

where

(%) i = [ Yl e+ 9 )
and

(%) wlt) = j " X(t5). G(s) dns).

Considering the stochastic integral on the right-hand side of (9d) as a limit of the
integral sums in the sense of the mean square (cf. [2], ch. 3) we deduce that the sto-
chastic process u,(t), t € [#, 1, ] is Gaussian (cf. [6]. ch. XIII). From (9b) and (7b)
we get

no(t) = 0 for te[ty — h;to)

no(t) = vo(r) for te[to; 1],

hence the process 77o(t) is Gaussian on [t — h; t;]. Suppose that for k 2 1 the pro-
cess 1, ,()is Gaussian on [, — h; t,]. For k = 1, 1€ [t; — h; t;] we have

() = E[x(0.#.,] = E[x(1)|=(t,)] = E[(Zo(t) + no(D)/2(t1)] =
= 4,(1) + &(1).



For k = 2 the Gaussian random variables n,_(1); t € [t, — h; 1,] and 107

21) = z(t) — E[z(t)z(ty), . 5 2(te=1)] = Ci . m—s(t) +
are independent of z(2,), .. ., z{t,_,). Thus for t € [t, — h; 1,] we have
E[0)7 ] = E[(&-a() + mees()F 0] =
=& (1) + E[me—(0fz(t,), - . s 2(t1)s 2(1)] =
= ék—l(t) + E[r’k~1(t)/'g;!kﬂ] + E[r’k—-l(t)/z(tk)] = fk—1(7) + Ak(l) -
Hence for k 2 1 equations (5a) and (7a)
’7k(t) = ’7k—1(l) - E['?k—l([)fyf(tk)] ;
&lt) = &o(0) + Elme—s(/2(t)] s telte — hit];
result from the assumption that the process #, _,(t) is Gaussian. Equation (6)
4t) = E[m-()/2(1)] =
= cov [1e— (1), £(r)] {cov [2(1), 2()]} ™" . (1) =
=me_o(t, 1) - Cio- Fi - [2(t) — C - &ma(8)]

results from the normal correlation theorem (cf. [6], ch. XIII). The stochastic process
ni(); te[t, — h, ] is Gaussian according to equations (7a) and (6). Considering
the integral on the right-hand side of (90) as a limit of integral sums we conclude
that the stochastic process y,(t); t € [#, f,.;] is Gaussian and independent of v,(s);
5 € [#, ty+1]- Therefore the stochastic process 7(f) = y(1) + vi(t); te [t — h, treq]
is Gaussian.

Proposition 2. Functions my(t, s) fulfil for s, 1€ [#; ] the following system
of differential equations

(10a) % - J:A(x, 0wt + 7, 1) dufe) + jo

nlt, t + 7). A'(t, 7) duft) +
+G(1).G'(1),

(100) A‘j’,‘%[%ﬁ) - J : A7) 7t + 7, 5) du)

with the initial conditions

(10c) m(t,s) = m_y(t, s) = m_y(t, 1) . Ci . Fy. Gy m—y(ty, 5);
t,se[t, — b 4]



108 Proof. Formula (10b) follows immediately from (7). To obtain (10a) we make
use of (7) and the modification of Ito formula for differentiating a composed function
(ef. [3])- Let k = 0,1, .... The random variables

1) = me—1(t) — Efne-1(0/2(t)] et — hsa)

are independent of Z(f,) and of Ay(s) = m(s, t). Cy. Fi. 2(t); se [t — b t].
Hence

it 5) = E[m(t) - ni(s)] = E[(ne—1(1) = 4(0)) - mi(s)] =
= E[’?k-x(‘) . 71;(5)] = E[nk—l(t) . ’71;—1(3)] -
- E[(’h(’) + 4(1) . 4ls)] = Te-a(1, 5) — E[A1). 4s)] =
= m—i(ty ) = meealt, 8) . Ci - . Cp o mi_y(s5 1)

and formula (10c) holds.

Remark 2. Formula (4) for optimal control can be rewritten in the form
0
(11) u(t) = J K(t,7) . &(t + ©)dpo(r), for te[n, tsq]
—h

where
Ko(t) for t =0,
K,(t,7) for te[—h, 0)

K(t,7) = {

and K, and K are given by (4a).
Equation (5) can then be transformed into the form

w2 -d_fd"—gtl _ johAc(t’ 7). &t + ) du(t) for e[t tesy]

where
Aft,7) = A(1, 1) + B(1). K(1,7)
Remark 3. The system of equations (10) does not depend on results of observations

and can be solved in advance. The linear form of these equations enables us to use
contraction mapping arguments for proving uniqueness of the solution ,(z, ).

Remark 4. From equations (12) and (8) we obtain

(13) & = J: Yt 1, 1) . &t + 7) dpo(t) = E—y(1) + 4,(F)



where &_, is the unique prolongation on [#,_, #; 4] of the solution &,_, of equation
(12) with the initial condition
fk-1(3); se [’k—1 — h; tk—l]
and
0
44(1) = ,[ Yoty 0 9) - At + 1) dpold)
~h
is the solution on [#; #;,,] of (12) with the initial condition 4,(s); s € [t — k; ,]
given by equation (6).
Substituting (13) into (11) we get
0 0
(1) u()) = J K1) &yt + ) duole) + J K(t 1) 4t + 1) doe) =
~r —h
= uy (1) + 8,(1)

where u,_(f) would be the optimal control without the new information from
observation z(1,) and §,(1) is the correction caused by this information.

(Received March 29, 1977.)
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