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On some Properties of Estimators
of a Probability Density

M. A. MIRZACHMEDOV, SH. A. CHASHIMOV

Let Xy, X, ..., X, be mutually independent and identically distributed s-dimensional random
vectors with a probability density p(x) € L,.
Consider the class of estimators p,(x) of the form

Bx) = = 3 pfx - X,)

n k=1

for estimating of the density p(x), where p,(x) € L,. In this paper some consistency properties
of estimators in the sense of mean integral square error are studied.

1. INTRODUCTION
Let ¢
X = (Xkls “-’st): k=1,2..n,

be a random sample with a sample size n from a distribution F(x), x € R®, with the
probability density p(x) € L, i.e. X, ..., X,, are mutually independent and identically
distributed s-dimensional random vectors with the density p(x) e L,(R%).

Consider the class of estimators p,(x) of the form
N 1 &
Bx) = = ¥ px — X))
n K=1

for estimating of the density p(x), where p,(x) € L,. The quality of the estimators
is defined by the mean integral square error (MISE)

I,=E -Ls[p,,(x) — p(x)]? dx.



Let
£ = f S px)dx, fo(t) = f ¢ p ) dx
Rs RS

£4(0) :f ¢ p(x) dx,
"

s
where (t, x) = ) t, . x, is the inner product of two elements t and x of R®.
k=1

It is proved in [1] and [2] that

- ! _1_ 2 — 2 2 _ 2
R R R e YO R
and if

S(f) = 3* 1 = nlfl(mz —,
0 =50 L+ (n— I)U‘(t)[z
510 = [ €2 ax,
where
*(x) = L_ —i(t,x) p¥
Pi(x) o Lse fE(f)de,
then the minimum of I, is reached and
(2) I¥ =minl, = (0.0, .., 0) _ 0(1) i
n n

2. ASYMPTOTIC BEHAVIOUR OF I}

For the sake of simplicity only the bivariate case is considered and asymptotic
behaviour (if n — co) of I} is studied.

We say (see [3]), that the characteristic function f(f) decreases exponentially with
respect to coefficients p; > 0 and with respect to t; (i = 1, 2) if the following condi-
tions are satisfied:

(2) [f:(t)] £ Ae™ ™D, for some constant A > 0 and for all ¢,

1 1
(®) fim j [L+ e [fy(orts, 0Pl de = 0,
i 0Yo
where

(0 1) = ps - |62 + P2 fta]» (Pr0) = Pavs + Pava-
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The case when the characteristic function f,(¢) decreases algebraically of degree
p; > 0 with respect to arguments t, (i = 1, 2) was considered in [1], [2].

Definition. Let ¢(n) be some function of n and let lim @(n) = oo. The estimator

n— oo

Pu(x) is said to be integrally consistent of order ¢(n) if

lim ¢(n) .1, =a where 0<a< o

(see [4]).

Theorem 1. Let the characteristic function fy(t) decrease exponentially with
respect to coefficients p; > 0 and arguments t; (i = 1,2). Then the estimator
Pi(x) is integrally consistent of order nfln* n, namely:

n % _ 1

lim = .
e In2n 8n2p,p,

Proof.
f LOP g j exp [~2(p, 1]
w1+ (= DIAEP w1 (- e (2o ]

12O = exp [=2(p. [t])]
w[U+ (= D AOPT [T+ (r — Dexp [-2(p, !fl)]

II

Denote

_In(n—1) v _In(n-1)
= , 0= .

2p; 2p,
Using the condition (a), we have

exp [—2(p, )] dt, dt,

Mz 0 [ e D s = S T
, vy poz de, dt,
SHA+D U f (=1 + (= 1) [AOF]

o0 00 vy 0 00 02
+J je”””dhmz+j Je*@”dqmz+J Je”””dhm%=
vy J V2 Ay v2 v1J0

Then, denoting

IIA

ty = U381, 1 = UsS;,



1 et )
L, = 4(4* + 1){ : J‘ j 2t ds1 ds; o+
) n—1JoJo1 + exp [(Pa U)] . lf1(vjsla V2, Sz)l

Ean 1 o
+ J‘ J‘ U0y e 2P ds ds, + J J' vyv, e 2P ds, ds, +
1 1 0J1

=442 + 1) { n*

o0 1
+ j j vy0, €720 ds, dsz} =

Therefore, L — 0 if n —

Let us consider the foll

n

2
pan — 1

il

(n—1) J‘ J ds, ds,
4p,py(n— 1) Jo Jo 1 + exp [ P, v)] . [fivssy, UzSz)I

2P1P2(” = 1) 4P1Pz(" - 1)2}.
.

owing integral

_ exp [~ 2p, )] -
K, = j o di =

n — 1)exp[—2(p. }1|)]

—).[ dtl_[ dinfl + (n — 1)e 2t g72m0] =
o

In[1+(n—1)e?"]dt, = -

Pz(n — 1) Qs -

Let x = (n — 1) e~ 27", then

n—1 R 1 n—1
Qn=LJ lA—-——-n(l-'-'\)dx=LJ‘ Iin(l+x)dx+ij‘ 1——n(l-’-x)dx.
0

2p,

0 X

2p, x 2p1Jt x

Calculations of the two last integral give (see [5])

Q, = +

where

W) =%,

n? In?(

-1 1
In?(n — 1) +— . y(n),
24p, 4p, 2p,

< 1

It is easy to verify that

1(2k)%. (n 1) _k; @k — 1)* . (n — 1?1 :

W] <

n—2"
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2(y _ 2
K-we=h = +o(L).
) n?

h 2P1Pz(" - 1) 12P1P2(" -1

Therefore if n — o0, then

n J |f1(t)I2 dt — 1

Inn et + (0 — 1) |fi())? 2pip;

Thus, from expression (2) with s = 2 the statement of the Theorem 1 follows.

Hence, Theorem 1 is proved.

3. ASYMPTOTIC BEHAVIOUR OF I,
The estimator p,(x) is said to be of an exponential type if

(3) F5(t) = h(4, . e, 4, . 1o,
where

limd4,=0, |h(t)| < B, h)eL,, teR*.

n- o

Let us consider the following condition:
4 L = h()| £ B/jt,t;| forall |r|s1, i=1,2.

Theorem 2. Let f,(1) satisfy the condition (a), let the estimator p,(x) be of an
exponential type, let the function h(t) satisfy (4) and let

A, =D.n7%, b>1%, «<p; (i:l,Z).

Then the estimator p,(x) is integrally consistent of order nfln® n, namely:

First we formulate two lemmas.

Lemma 1. Under the conditions of Theorem 2 we have

0 0 2
lim 1 W1y, 1) dt, dt, = b*.
pn-vJpn-v 1.1z

nvo In? n
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£l 00 2
) 1 LG dr, =
021 Jpp-s Jpu-v 1.1y
dtydr, J 1-h (t,, 15 12) dr, dt, +
ln 0 pu-vJpu-s ity In%n)p 6 )pe-s .
2 2
S e T PR “h (‘1’ 2) dty de, +
In?n L o tt Db

3 J‘ J h (t"tz dt, dt,
In pn-v .1y

The first term of (5) tends to b* if n — oo. It follows from conditions (4) and
h(ty, t,) € L,, that the other terms of (5) tend to zero if n — 0.

Lemma 1 is proved.

Lemma 2. Under the conditions of Theorem 2 we have

-[ [FOF 1 = £:(0) 1Zdt~o(]n n)

Proof.

ﬁ [CREORE

(11 tz)lz Il - fs ty, t |2dt1 dt, = Q.

]11 n

Denote
x; = Dn7%, x, = Dn"be*2.

1, /n® 1. (n®
e “lnf{—x¢), -Inf—x, .
Inn Du-b D,,.b o D o D
2pr1 1
. “;h(fl_xm dx; dx, S n 2 A2,
a?x X, nn/ Jpu-vJpu-v
Py Xy P2 X2 2 X3X3
cexp{—2|=In{——)+Z=In B dx dx, +
{ [a (Dn"’) o \Dn"® e
+n (1+B)2A2exp 2| B (E ) 4 P2y (X2 N
ln n o Dn~— o Dn-?b

Then we have
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st e R ) (t+ B2 A2exp d—2| Pt ) ¢
02X, X, Inn Du-b o Dn~*
+ El]n X2 ng +n i (1 +B)Z A2
o Dn—*® a?x,x, Inn/ Jp-0);
Py Xy )2 Xy dx, dx,
cexp{—2| ~—In{—— )+ = In{ —— = + + + .
p{ [0‘ <D"_b) & <D"gb):|} otlexz ¢ Qat Gat Q

Since p; = o, 2b > 1 we have

2 2 42p2 1
sn <1—-) 4 f‘j exp[—Zln (DX1 h)] xqdx; .
nn o Db n-

1 2p2 4
X3 2 A*By D*
. exp| —2In{—=]x,dx, = n binn —InD ———»0
J,,-b P[ (Dn‘b) 2dx; - ( ) e ( n )?

B Inn o
2 2 BZ PN
Qzé”(*) £1_+2Léf exp[—ZIn( X1 b-)]dx‘.
Inn o \ Dn~
’ @ 2 2 42 pa
oo —2m ()] awy = (2} LEBIATDE
' Dn Inn o nt e

2 2 42 1
0, <n 2V (+B’4 exp| —21n (2 dx;
Inn o? o Dn=*/) | x,

2(1 +B)2A2 DY\
Inn 242 D? e
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Also

Lemma 2 is proved.

Proof of Theorem 2. It follows from (1) that

n( 2V =~ [ 0P - @R @ [ nOR - o a =
In* 1 J g2 In*n )z

Inn

- 1 J' hZ(Dn"’c"'"' ,Dn'bea(lﬂ) dt —
R2

- J h3(Dn~? esltl, prherinly |
n“n R? .

In®n

)

1RO 1 = 707 ar.

The first term of the last expression tends to (2b/x)* if n — oo according to
Lemma 1.



The second term tends to zero since |h(t)] < B for all (1, 1,).
The third term tends also to zero according to Lemma 2.

Thus
2
tim "1, — (L2
new In? n ot

Hence Theorem 2 is proved.

4. EXAMPLES

The following examples show that the order of consistency of an estimator can

be reached.

Example 1. Let us consider the probability density of the form

P ) = g
(1 + X2 (1 + y?)
Obviously,
f(th fz) = e*lnl*lrzl .
Then
p0.0) = 2 (7 e[z =2l g g, o
" (@) Jo Jo 1+ (n— Dexp[—2t, — 21,]

=nlnz(n~1)+ n +O<L).

8n’(n — 1)  48(n — 1) n

2
I,’f=~Lln "+i—£+0 LAY
8n2 n 48 n n?

Example 2. Now, we also consider the density of Cauchy distribution

Thus if n - ©

pey) =t
(@m)? (1 + x* + y?)*2
In this case
1 .
St 1) = @J‘ exp [i{t,x + 1,9)] p(x, y) dx dy = exp [- /(] + 83)] .
2

and

0.0y < (77 exp [-2 /(1] + 13)]
7(0,0) = (2n)? L L 1+ (n— exp[—2(£ + tg)ld" dta.
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Using the polar coordinates t; = g cos 0, t, = ¢ sin 0 we have

P3(0,0) = (n"_l)E*M'Z”)“’(%)]

Hence

Example 3. At last we consider an example where the characteristic function
decreases more rapidly then a characteristic function with properties (a), (b). Denote
the density of the bivariate normal distribution by p(x, y), i.e.

1

1 2 2 2
p(x,y):mi;)exp{- 5(1—_r«2)[)c —2rxy+y]}, r*E1.

Obviously .
St ;) = exp {—3[e] + 2rty1, + 5]} .

_ o lf(th 5))? _
e W e e
=;:L2J‘"/2d9J'°° o exp [ —(o? + ro®sin 20)]

1 + (n — 1) exp [—(e* + ro® sin 26)]

Then

Thus (see [5])

| RN e P O

The example 3 shows that the order of consistency of the estimator is the best pos-

sible in this case.
(Received February 21, 1972))
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