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A Note on Generation of Sequences
of Pseudorandom Numbers with
Prescribed Autocorrelation Coefficients

JarosLav KRAL

In many applications (for example if the effect of an filtering of a random process is tested)
a sequence of pseudorandom numbers with a prescribed autocorrelation function must be gene-
rated. In the paper a method is discussed allowing to generate sequences of pseudorandom
numbers with a autocorrelation function near the autocorrelation function of the white noise
after the filtering by an filter with the transfer function F(p). The white noise is approximated
on a digital computer by a telegraph signal S. On S some integral transformation is applied. The
experimental results show, that the generated autocorrelation coefficients have the values near
to the expected ones. The discussed method allows to generate pseudorandom sequences having
a great number of nonzero autocorrelation coefficients.

Let P, = {X(f)]| t 2 0} be an ergodic (Gaussian) process with the (tridiagonal)
correlation function R,(7), R,{(t) = |1 — |t|/u| for |t] £ p. R,(t) = 0 elsewhere.
Let x(f) be a realization of the process P,. Let F(p) be the transfer function of a filter F
and P, the process P, after the filtration by F and %(r) the filtered realization x(1)
of P,. If we put x(f) = 0 for t < 0 then

6] ‘ 1) = J‘tx(r) q(t — 1) dr,
where

u+ico
q(u) = CJ F(z)er™ dz,

¢=1[2ni,i=,/—1 Letfort 2 0 |g(f}} £ e~ a > 0, (this assumption is not too
limitting) and with the probability one |x(f)] £ M, M is an appropriate constant.
Then to every ¢ > O there is a t, > 0 such that for 7 > 1,

@) (1) — j " x@) gl - ) de] <e.

t—to
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It obviously suffices to choose ¢, such that it holds
3 €= {Mf e di.
to

For sufficiently small 4 P, can be assumed to be a good approximation of the white
noise. For the autocorrelation function R, of the proces P, then it holds approxima-

tely (see [2] or [3])
4 R () = Z-LTE JL m[F(icu)[2 e do

where as above i = \x‘"—l.

We shall use the identity {4) in designing of a pseudorandom generator.

The main problem is how to represent a continuous phenomena on a discrete
device.

Let us consider a random process P, = {Z(t), t = 0} of the following properties.
Every realization z({) of P, is a stepwise function with discontinuity points 0, by, b,
by, .... Letfori = 1,2,3, ... a; be the value of z(t) on (b;_y, b;). Letfor i =1, 2, ...
(b; — b;;) be independent random variables uniformly distributed on (0, x) and
ay, ay, ..., A, ... independent random variables with the distribution function F(x),

F(x)=0 for x< -1, F(x)=1 for x>1,

F(x) = Gf exp (=93 dt for —1 < x < +1,

-1

G- (ﬁlexp (o) d,>"

It is easily seen, that P, is an ergodic process with the autocorrelation function R,.
P, is not a Gaussian process because, for example, for IAt] <u

P(Z(t) < A, Z(t + A1) < B) =

) — P(z(1) < A) ['%’l P(z(i) < B) + <1 - Jﬁ’;—l) VHA(B)]

where H,(B) = 1 for B > A and H,(B) = 0 for B £ A, The process P, can be,
however, easily generated on a computer (sce bellow). Using (1) we obtained for the
process Py

(6) 1) =imil ~r”“a,-q(t —r)dt + f‘ ayy gt — 1) dre

=0 Jp, bicey

where i(t) is the greatest integer for which by, < t can be expressed in the following
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() ) = al60) - 6t ~ b)) + 20, [6( — b)) = 6~ b)]

where G is a primitive function for g.

The process P, can be easily generated (in a pseudorandom manner) on a digital

computer. It suffices to produce the sequence ay, a,, a3, ... by one pseudorandom

number (normal) generator and the sequence by — 0, by — by, by ~ by,

. by
a uniform pseudorandom number generator. Using (7) we can easily generate the
sequence Z(to), £(to + h), Z(to + 2h), ..., where h is a positive number greather
than u.

Numerical experiments show, that the sequences of pseudorandom numbers pro-

duced in such a way have autocorrelation coefficients near the expected values (see
the figures 1—6).

Numerical results

Example 1.
k
F(p) = ——, Rf)=¢"7, p,=—-02
p— B
(Fig. 1, Fig. 2).
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Fig. 1. Graph of RM(T)‘ Fig. 2. Autocorrelation coefficients (z = 2000).
Example 2.
k
F(p) =
(pr = B){p ~ B2)
Rx) = Py Br pata
B2 — B B — B,

B =—-04, f,= -044
(Fig. 3, Fig. 4).
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Fig. 3. Graph of R,,(r). Fig. 4. Autocorrelation coefficients (n = 2000).
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Fig. 5. Graph of R‘,. Fig. 6. Autocorrelation coefficients (n = 2500).
Example 3.
F(p) = ke R, = ¢ cos fit
E THE ’
(I’ - .31) (P - Bl) !

Pr=atif, Bi=a—if, i=y-1,

o= —04, f=2n
(Fig. 5, Fig. 6).
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VYTAH

Poznamka o generovani posloupnosti pseudondhodnych Cisel
s pfedepsanymi autokorelaCnimi koeficienty

JArosLAV KRAL

V fadg aplikaci (napf. pro posouzeni Uginku filtrace nahodného procesu) je po-
tfebné generovat posloupnosti pscudonahodnych &isel se zadanou autokoreladni
funkci. V &lanku je diskutovan jeden zplsob, jeZ umoZiiuje pomérng efektivni gene-
rovani pseudonahodnych Cisel s autokorelaéni funkei blizkou autokorelaéni funkci
bilého Sumu po flltraci analogovym filtrem s funkcf pfenosu F(p). Bily Sum je apro-
ximovan jistou formou telegrafniho signalu, na n&z je pak uplatnéna jista integralni
transformace. PfiloZené experimentalni vysledky ukazuji, Ze generované autckore-
laéni koeficienty maji hodnoty blizké oéekavanym. Vyhoda diskutované metody je
v tom, Ze umoziiuje generovat pseudondhodné posloupnosti, pro néz je velky poéet
autokorelagnich koeficienti nenulovy.
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