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DISLOCATION DYNAMICS – ANALYTICAL
DESCRIPTION OF THE INTERACTION FORCE
BETWEEN DIPOLAR LOOPS

Vojtěch Minárik and Jan Kratochv́ıl

The interaction between dislocation dipolar loops plays an important role in the com-
putation of the dislocation dynamics. The analytical form of the interaction force between
two loops derived in the present paper from Kroupa’s formula of the stress field generated
by a single dipolar loop allows for faster computation.
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1. INTRODUCTION

A high density of edge dislocation dipolar loops is formed during plastic deformation
of ductile materials [7, 8]. During deformation the loops are clustered becoming
one of the main building blocks of the deformation microstructure which controls
plastic, creep, fatigue, and fracture properties of these materials. The loops can be
drifted by stress gradients and/or swept by glide dislocations and trapped by already
existing clusters [1] to form dislocation patterns characteristic for various stages of
the microstructure evolution.

The dislocation dynamics is a promising tool in modeling of microscopic mecha-
nism of plasticity; however, the attempts to simulate the deformation substructure
evolution involving dipolar loops have not yet been successful. The main reason is
a large number of dipolar loops entering such simulation. As a consequence, one
has to evaluate many particular interactions in each time step of the evolution. The
more dipolar loops are incorporated in the computation, the more interactions one
has to evaluate. For a particular dipolar loop in the model, there has to be evaluated
its interaction with the glide dislocations as well as its interactions with all other
dipolar loops. In such generality a simulation of the microstructure evolution is still
a prohibitively complex problem.

Our particular model presented in [4, 5] has been focused on the detailed de-
scription of the motion of a number of dipolar loops interacting with a single glide
dislocation. As has been documented in dislocation dynamics model [2] the mu-
tual interactions among loops are vital in the process of their clustering; the loop
interactions cannot be neglected in any simulations of dipolar loop pattering.
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In this article, we present details of the analytical evaluation of the loop-to-loop
interaction which is explored by the numerical algorithm DISDYN for simulation
of dislocation dynamics described in [4, 5]. The formulae for the interaction forces
between two loops of particular types and configurations (see [5]) are deduced from
Kroupa’s formula of the stress field generated by a single dipolar loop (see [3]).

2. GOVERNING EQUATIONS

The governing equations of the system of a single dislocation curve X and a number
of dipolar loops of arbitrary types and configurations can be written as

BẊ = εXss + FX⊥s , (1)

dx(i)(t)
dt

=
1
BP

F
(i)
x,total(X,x

(i)(t)), i ∈ I (2)

coupled with initial and boundary conditions.
Details of (1) describing the motion of the dislocation curve in 2D plane can be

found in [4, 5], the model is being developed in correspondence with models of other
phenomena in material structures, e. g. elastic behaviour (see [6]). We will focus on
(2) describing the motion of the x-axis coordinate of the center of the ith dipolar
loop – x(i). As B and P are constants (described elsewhere), the last remaining
term in (2) is the total force F

(i)
x,total acting on the ith dipolar loop. This force

includes interactions with all other dipolar loops as well as the interaction with the
dislocation curve:

F
(i)
x,total =





F
c(i)
x + F

L(i)
x − F0 if F

c(i)
x + F

L(i)
x > F0 ,

0 if |F c(i)x + F
L(i)
x | < F0 ,

F
c(i)
x + F

L(i)
x + F0 if F

c(i)
x + F

L(i)
x < −F0 .

The term F
c(i)
x represents the interaction force between ith dipolar loop and the

whole dislocation curve:

F c(i)x =
∫

X

σ(i)
xy bcurvenx dX , (3)

where σ(i)
xy denotes the stress field generated by ith dipolar loop (therefore depending

on the relative position of the dislocation curve’s segment to the center of the ith
dipolar loop). The term F

L(i)
x covers all the interactions of ith dipolar loop with

other dipolar loops:
FL(i)
x =

∑

j 6=i,j∈I
F (i, j) , (4)

where F (i, j) represents the interaction between the dipolar loops i and j and will
be discussed later. Here we note F (i, j) depends on types and configurations of both
dipolar loops. Finally, F0 is the lattice friction depending on material.
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3. THE INTERACTION FORCE BETWEEN DIPOLAR LOOPS

For each time step in the numerical algorithm solving the system of a glide dislocation
and the loops, we need to evaluate the interaction of each pair of dipolar loops
present in the system. To allow faster computation, we derived analytical formulae
for the interaction forces between two dipolar loops which can be summarized by
the following theorem.

Theorem 3.1. Consider two dipolar loops in a stable configuration. Recalling the
notation of previous papers1, denote their types and configurations by V1, V2, I1, or
I2, respectively2. Then, the interaction force between the two dipolar loops is given
by one of the following formulae, depending on the combination of the types and
configurations of both dipolar loops.

The first formula holds for the combinations V1 − V2, V1 − I2, I1 − V2, I1 − I2,
V2 − V1, V2 − I1, I2 − V1, and I2 − I1:

F (1)
x = − µh2

π(1− ν)
b′b′′

{
ξ1
−8x5

0 + 64x3
0y

2
0 − 24x0y

4
0

(x2
0 + y2

0)4
(5)

+ξ−1
−4x5

0 + 32x3
0y

2
0 − 12x0y

4
0

(x2
0 + y2

0)3

+ξ−3

(
(1− ν)x0 +

−x5
0 + 8x3

0y
2
0 − 3x0y

4
0

(x2
0 + y2

0)2

)

+ξ−5

(
3x3

0

−x2
0 + y2

0

x2
0 + y2

0

) }
.

The second formula (using the upper signs) holds for the combinations V1 − V1,
V1 − I1, I1 − V1, I1 − I1, and the third (with the lower signs) for V2 − V2, V2 − I2,
I2 − V2, and I2 − I2:

F (2,3)
x = − µh2

π(1− ν)
b′b′′

{
− 4ξ1

x5
0 ± 9x4

0y0 − 2x3
0y

2
0 ∓ 14x2

0y
3
0 − 3x0y

4
0 ± y5

0

(x2
0 + y2

0)4
(6)

+ξ−1
−2x5

0 ∓ 18x4
0y0 + 4x3

0y
2
0 ± 28x2

0y
3
0 + 6x0y

4
0 ∓ 2y5

0

(x2
0 + y2

0)3

+ξ−3

(
(1 + ν)x0 +

−x5
0 ∓ 4x4

0y0 ± 8x2
0y

3
0 + x0y

4
0

(x2
0 + y2

0)2

)

+ξ−5

(
−3x3

0

(x0 ± y0)2

x2
0 + y2

0

) }
.

1Each dipolar loop is one of the two types (vacancy or interstitial) and can exist in one of the
two stable configurations, as described in details in [4, 5].

2Letters V and I stand for vacancy and interstitial dipolar loops, subindices 1 and 2 denote
stable configurations
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In the above formulae we use the following shorthand notation:

ξ1 := ρ0(−2l)− 2ρ0(0) + ρ0(2l) ,

ξ−1 := − 1
ρ0(−2l)

+ 2
1

ρ0(0)
− 1
ρ0(2l)

,

ξ−3 := − 1
ρ3

0(−2l)
+ 2

1
ρ3

0(0)
− 1
ρ3

0(2l)
,

ξ−5 := − 1
ρ5

0(−2l)
+ 2

1
ρ5

0(0)
− 1
ρ5

0(2l)
,

ρ0(ω) := ρ0(x0, y0, z0, ω) :=
√
x2

0 + y2
0 + (z0 + ω)2 .

Remarks 3.1.
3.1.1. We denote [x0, y0, z0] the mutual relative position of the centers of the
dipolar loops, b′ the x-axis component of the Burgers vector of the first dipolar loop,
and b′′ the x-axis component of the Burgers vector of the second dipolar loop. To
close up the notation we have to add physical parameters, i. e. shear modulus µ,
Poisson’s ratio ν, the average half-width and half-length of a dipolar loop h and l.

3.1.2. It is enough to evaluate only the x-axis component of the interaction force
(Fx) as the dipolar loops being of prismatic can move only along the Burgers vector
which has in the present case the direction of the x-axis.

3.1.3. Although there is only one Burgers vector in the dislocation dynamics
system, we explicitly use b′ and b′′ in the formulae because the sign can differ
according to the type of the dipolar loop. This means, having Burgers vector of the
modulus b, values of b′ and b′′ can be either +b for a vacancy dipolar loop or −b
for an interstitial dipolar loop.

3.1.4. The second and the third formulae are very similar. This results from the
fact the dipolar loops in the second and the third case are simply rotated by the
angle of π

2 . Therefore, one can easily prove that
F (2)
x (x0, y0, z0) = F (3)

x (x0,−y0, z0) (7)

To prove the theorem we have to prepare following lemma.

Lemma 3.2. The total x-axis component of the force generated by a single dipolar
loop positioned at the origin of the coordinate system and acting on a second dipolar
loop positioned at [x0, y0, z0] is given by

F xT = 2hb (σxz(x0, y0, z0 + l)− σxz(x0, y0, z0 − l)) (8)

+2hb
∫ z0+l

z0−l

(
∂σxy(x0, y0, z)

∂y
∓ ∂σxy(x0, y0, z)

∂x
dz

)
,

where σxy and σxz denote the components of the stress field tensor of the stress
generated by the dipolar loop in the origin of the coordinate system. The upper sign
in (8) holds for the dipolar loop of the type V1, while the lower sign holds for the
dipolar loop of the type V2.



Dislocation Dynamics – Analytical Description of the Interaction Force 845

Remarks 3.2.

3.2.1. The only difference between V1 and V2 type of the dipolar loop in the formula
(8) is in the sign before the term ∂σxy

∂x .

3.2.2. If we need to evaluate the formula (8) for the I1 or I2 type of the dipolar
loop, we only change the sign of b in the formula for the type V1 or V2, respectively.

P r o o f . To prove Lemma 3.2 let us first denote the vertices of the dipolar loop
positioned at [x0, y0, z0]. We will simultaneously prove the formula (8) for both
configurations of the dipolar loop, i. e. V1 and V2.

V1 V2

z

x

y

A

B

C

D

~ν

h h

l

l

z

x

y

A

B

C

D

h h

l

l

~ν

Fig. 1. Stable configurations V1 and V2 of dipolar loops positioned at [x0, y0, z0].

The way of assigning letters A, B, C, and D to the vertices.

The following table summarizes the coordinates of the vertices:

configuration V1 configuration V2

A [x0 − h, y0 + h, z0 + l] A [x0 + h, y0 + h, z0 + l]
B [x0 + h, y0 − h, z0 + l] B [x0 − h, y0 − h, z0 + l]
C [x0 + h, y0 − h, z0 − l] C [x0 − h, y0 − h, z0 − l]
D [x0 − h, y0 + h, z0 − l] D [x0 + h, y0 + h, z0 − l]

The interaction force per unit length of dislocation line is given by the Peach–
Koehler equation, which written for the ith component reads

fi = εijkσjmbmsk , (9)

where we denote:

fi ith component of the interaction force per unit length of the dislocation
line

εijk Levi–Cività symbol
σjm components of the stress field tensor at the dislocation position
bm components of the Burgers vector
sk components of unit tangential vector of the dislocation line
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To obtain F xT , we must integrate the Peach–Koehler equation along the dislo-
cation lines of the dipolar loop positioned at [x0, y0, z0], i. e. along its shorter and
longer sides.

Let us begin with the longer sides. Denote ~s the directional vector of the line
DA, and ~s′ the directional vector of the line BC:

~s = [0, 0, 1] , ~s′ = [0, 0,−1] .

Denote the x-axis component of the interaction force per unit length of the dis-
location line fx and f ′x for the lines DA and BC, respectively:

fx = f1 = ε1j3σj1b1s3 = ε123σ21b1s3 = bσyx = bσxy ,

f ′x = f ′1 = ε1j3σj1b1s
′
3 = ε123σ21b1s

′
3 = −bσyx = −bσxy .

V1 V2

z

x

y

A

B

C

D

~ν

h h

l

l

z

x

y

A

B

C

D

h h

l

l

~ν

~s

~f

~f ′

~s′

~s
~f

~f ′

~s′

Fig. 2. Orientation of the tangential vectors ~s and ~s′, and the x-axis components

of the forces f and f ′ for the longer sides of dipolar loops.

The total force acting on the lines DA and BC is given by the integration of fx

and f ′x along the lines:

F x =
∫ z0+l

z0−l
fx dz = b

∫ z0+l

z0−l
σxy(x0 − h, y0 + h, z) dz ,

F ′x =
∫ z0+l

z0−l
f ′x dz = −b

∫ z0+l

z0−l
σxy(x0 + h, y0 − h, z) dz .

As we are interested in a total force acting on the whole dipolar loop, we sum F x

and F ′x together and obtain

F x + F ′x = −2bh
∫ z0+l

z0−l

(
∂σxy(x0, y0, z)

∂x
− ∂σxy(x0, y0, z)

∂y

)
dz . (10)

The result in (10) was obtained using the Taylor expansion for σxy about the point
[x0, y0, z] and neglecting the terms containing h in the power of 2 or more. This can
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be done under the assumption h is very small; it means that the derived expression
is valid for distances between loops sufficiently larger than h:

σxy(x0 − h, y0 + h, z) ≈ σxy(x0, y0, z)− h∂σxy(x0, y0, z)
∂x

+ h
∂σxy(x0, y0, z)

∂y
,

σxy(x0 + h, y0 − h, z) ≈ σxy(x0, y0, z) + h
∂σxy(x0, y0, z)

∂x
− h∂σxy(x0, y0, z)

∂y
.

For the configuration V2 we get the formula very similar to (10) which differs only
in signs:

F x + F ′x = 2bh
∫ z0+l

z0−l

(
∂σxy(x0, y0, z)

∂x
+
∂σxy(x0, y0, z)

∂y

)
dz. (11)

For the shorter sides AB and CD the directional vectors ~s and ~s′ depend on the
configuration of the dipolar loop. For the configuration V1 we have

~s =
[

1√
2
,− 1√

2
, 0

]
, ~s′ =

[
− 1√

2
,

1√
2
, 0

]
,

while for the configuration V2 it differs in signs:

~s =
[
− 1√

2
,− 1√

2
, 0

]
, ~s′ =

[
1√
2
,

1√
2
, 0

]
.

However, the x-axis components of the interaction forces per unit length of the
dislocation line gx and g′x for the lines AB and CD, respectively, will be the same
formulae for both configurations of the dipolar loop (due to the same y-axis compo-
nent of the directional vector in both cases):

gx = g1 = ε1j2σj1b1s2 = ε132σ31b1s2 =
b√
2
σzx =

b√
2
σxz ,

g′x = g′1 = ε1j2σj1b1s
′
2 = ε132σ31b1s

′
2 = − b√

2
σzx = − b√

2
σxz .

The total force acting on the lines AB and CD is given by the integration of gx

and g′x along the lines. For the configuration V1 it reads3:

Gx =
√

2
∫ h

−h
gx dη = b

∫ h

−h
σxz(x0 + η, y0 − η, z0 + l) dη ,

G′x =
√

2
∫ h

−h
g′x dη = −b

∫ h

−h
σxz(x0 + η, y0 − η, z0 − l) dη .

Similarly for the configuration V2:

Gx =
√

2
∫ h

−h
gx dη = b

∫ h

−h
σxz(x0 + η, y0 + η, z0 + l) dη ,

G′x =
√

2
∫ h

−h
g′x dη = −b

∫ h

−h
σxz(x0 + η, y0 + η, z0 − l) dη .

3The constant
√

2 in front of the integral comes from the substitution η =
√

2ξ to make the
integral bounds simpler to write
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Fig. 3. Orientation of the tangential vectors ~s and ~s′, and the x-axis components

of the forces g and g′ for the shorter sides of dipolar loops.

We assume h to be very small and use the Taylor expansions of σxz about the
points [x0, y0, z0 + l] and [x0, y0, z0 − l] along the shorter sides of the dipolar loop.
For the configuration V1, arbitrary ζ, and η in the interval [0, h] we get

σxy(x0 − η, y0 + η, ζ) ≈ σxy(x0, y0, ζ)− η ∂σxy(x0, y0, ζ)
∂x

+ η
∂σxy(x0, y0, ζ)

∂y
,

σxy(x0 + η, y0 − η, ζ) ≈ σxy(x0, y0, ζ) + η
∂σxy(x0, y0, ζ)

∂x
− η ∂σxy(x0, y0, ζ)

∂y
.

If we split the integral for Gx into two parts, it is obvious that all the par-
tial derivatives vanish as the stress field is symmetric around the middle point
[x0, y0, z0 + l] of the side AB:

Gx = b

∫ h

−h
σxz(x0 + η, y0 + η, z0 + l) dη

= b

∫ 0

−h
σxz(x0 + η, y0 + η, z0 + l) dη + b

∫ h

0

σxz(x0 + η, y0 + η, z0 + l) dη

= b

∫ h

−h
σxz(x0, y0, z0 + l) dη = 2hbσxz(x0, y0, z0 + l) .

Similarly, the partial derivatives in the formula for G′x vanish too. As above for
F x and F ′x, we sum Gx and G′x together and obtain

Gx +G′x = 2bh (σxz(x0, y0, z0 + l)− σxz(x0, y0, z0 − l)) (12)

for both configurations of the dipolar loop.
As the x-axis component of the total force acting on the dipolar loop positioned

at [x0, y0, z0] is the sum along all the sides of the dipolar loop, the proof of the lemma
is complete.

F xT = F x + F ′x +Gx +G′x (13)
¤
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Before we begin the proof of Theorem 3.1, let us recall the stress field tensor
formula presented by Kroupa et al [3] which uses Einstein’s symbolic rule for sums
over the indices i, j, k, n ∈ {1, 2, 3}:

σij = − µ

4π(1− ν)

∫∫

A

1
%3

{[
3(1− 2ν)

%2
bk%kνn%n + (4ν − 1)bkνk

]
δij

+(1− 2ν) (biνj + bjνi) +
3ν
%2

[bk%k(νi%j + νj%i) + νk%k(bi%j + bj%i)]

+
3(1− 2ν)

%2
bkνk%i%j −

15
%4
bk%kνn%n%i%j

}
dA .

The symbols which were not yet introduced in this article follow:

A area of the dipolar loop, with dA = 2h
√

2 dζ
%i, %j , %k, %n components of the relative position vector, %1 = x, %2 = y, %3 = z

% relative distance from the dipolar loop, % =
√
%2

1 + %2
2 + %2

3

νi, νj , νk, νn components of the dipolar loop normal vector
δij Kronecker symbol

P r o o f . The basic idea of the proof of Theorem 3.1 is to put Kroupa’s formula
of the stress field tensor into (8) and do as much analytical work as possible.

For h very small it is valid for the differential of dipolar loop’s area that

dA = 2h
√

2 dζ . (14)

We rewrite the components of the stress field tensor that we need using (14).
First, we consider σxy:

σxy(%1, %2, %3) = σ12(%1, %2, %3) = − µ2hb
√

2
4π(1− ν)

∫ l

−l

{
1
%3

(1− 2ν) ν2 (15)

+
3ν
%5

[%1 (ν1%2 + ν2%1) + %2 (ν1%1 + ν2%2)]

+
3(1− 2ν)

%5
ν1%1%2 −

15
%7
%2

1%2 (ν1%1 + ν2%2)

}
dζ .

Now we replace ν1 and ν2 for the dipolar loop configuration4 V1 (the upper signs)
or V2 (the lower signs):

σxy(x, y, z) = − µhb

2π(1− ν)

∫ l

−l

{
± (1− 2ν)

1
%3

(16)

+
[
±3ν

(
x2 + y2

)
+ 3xy

] 1
%5
− 15 (x± y)x2y

1
%7

}
dζ .

4Note we act here with the configuration of the loop positioned at the origin of the coordinate
system
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The only terms containing ζ in the integrand are the fractions of %. These can
be easily integrated. We skip this a little bit technical work and present the result:

σxy(x, y, z) = − µhb

2π(1− ν)

{[
l − z
%−

+
l + z

%+

] [
x± y

(x2 + y2)2

(
±(x± y)− 8

x2y

x2 + y2

)]

+
[
l − z
%−3

+
l + z

%+
3

] [
±ν +

xy

(x2 + y2)2

(
y2 − 3x2 ∓ 4xy

)
]

+
[
l − z
%−5

+
l + z

%+
5

] [
−3x2y(x± y)

x2 + y2

] }
. (17)

The component σxz will be processed similarly to σxy.

σxz(%1, %2, %3) = σ13(%1, %2, %3)

= − µhb
√

2
2π(1− ν)

∫ l

−l

{
3ν
%5

[%1ν1%3 + (ν1%1 + ν2%2) %3]

+
3(1− 2ν)

%5
ν1%1%3 −

15
%7
%2

1%3 (ν1%1 + ν2%2)
}

dζ

As before, we replace ν1 and ν2 for the dipolar loop configurations V1 (upper
signs) and V2 (lower signs):

σxz(x, y, z) = − µhb

2π(1− ν)

∫ l

−l

{
3ν
%5

[x(z − ζ) + (x± y)(z − ζ)] (18)

+
3(1− 2ν)

%5
x(z − ζ)− 15

%7
x2(z − ζ)(x± y)

}
dζ

= − µhb

2π(1− ν)

∫ l

−l

{
3(x± νy)

z − ζ
%5
− 15x2(x± y)

z − ζ
%7

}
dζ .

Recalling the definition of % and its differential

%(x, y, z − ζ) =
√
x2 + y2 + (z − ζ)2

d% =
z − ζ
%

(− dζ)

it is easy to follow that the right-hand side of (18) is simple to integrate:
∫
z − ζ
%5

dζ = −
∫

1
%4

z − ζ
%

(− dζ) = −
∫

d%
%4

=
1
3

1
%3

,

∫
z − ζ
%7

dζ = −
∫

1
%6

z − ζ
%

(− dζ) = −
∫

d%
%6

=
1
5

1
%5

.

Skipping the technical work we get to

σxz(x, y, z) = − µhb

2π(1− ν)

{[
1
%−3
− 1
%+

3

]
(x± νy) (19)

−
[

1
%−5
− 1
%+

5

] (
3x2(x± y)

)}
.
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Next, we need to get partial derivatives of (17) with respect to x and y and then
integrate them in the formula (8). This is again only a highly technical process.
Hence, it is possible to get exact analytical formulae for the partial derivatives of
(17) as well as the resulting (8).

We must be careful here to avoid mixing Burgers vectors b between the dipolar
loops (we should preserve the type of the stress generating dipolar loop — positioned
at the origin of the coordinate system, and the type of the dipolar loop exposed to
the generated stress).

Finally, we get to the 3 formulae of Theorem 3.1. ¤
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Fig. 4. Dependency of the force between two dipolar loops on the relative position of the
centers of dipolar loops. For clearness, values in the central discs of growing radiuses
around one of the dipolar loops are set to zero. This allows seeing the minimum and
maximum values of the force beyond a circular threshold. Radiuses of the discs are

6, 10, 20, and 50 nm.
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Fig. 5. Force between two dipolar loops of different types and/or configurations placed in
the same glide plane (z = 0): e) Vacancy dipolar loops of different configurations,

f) Vacancy dipolar loops of the same configuration.

4. GRAPHS OF THE INTERACTION FORCE

In a dislocation dynamics simulation with a small density of dislocations, i. e. if the
distances among dipolar loops are comparable with or greater than approximately
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3h, we can use the above derived formulae to speed up the computation. However, if
the density of dipolar loops is high and the distances among dipolar loops are smaller
than 3h, we get to the situation where the formulae are not accurate (because of
the assumption of h small when comparing to the distance of the centers of the two
dipolar loops in the proof of Theorem 3.1.

The real error of the interaction force formulae for very small distances of the
two dipolar loops is still a matter of investigations. Therefore, the graphs of the
interaction force between two dipolar loops presented here do not show the values
for small distances (ρ < 3h).

Figure 5 shows the graphs of the force between two dipolar loops depending on
the x and y relative position between the loops. The coordinate z is chosen to be 0.
Two different combinations of types and configurations of the two dipolar loops are
presented.

The force is very strong in the short range around the origin, i. e. around the po-
sition of one of the dipolar loops. It very rapidly looses its power with the increasing
distance of the two dipolar loops.

To get the notion how fast the force interaction between two dipolar loops looses
its power depending on the distance of the two dipolar loops, Figure 4 shows several
graphs of the force F

(1)
x (x, y, 0) with zero value discs of growing radiuses around

the center of one of the dipolar loops. The minimal and maximal values of the
interaction force outside the central discs can be easily read from the graphs.
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[4] V. Minárik, J. Kratochv́ıl, K. Mikula, and M. Beneš: Numerical simulation of disloca-
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