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Does there exist an atomic lattice effect algebra with non-atomic subalgebra of sharp
elements? An affirmative answer to this question (and slightly more) is given: An example
of an atomic MV-effect algebra with a non-atomic Boolean subalgebra of sharp or central
elements is presented.
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1. INTRODUCTION

A set E equipped with a partial, commutative and associative operation ⊕, contain-
ing elements 0 and 1, in which the existence of a unique inverse element x′ to any
x ∈ E is guaranteed, and a⊕ 1 is admitted only if a = 0 is well known as effect al-
gebra. Effect algebras were introduced by Foulis and Bennet [3] and simultaneously
by Kôpka and Chovanec [7] as D-posets. An effect algebra equipped with partial
order 6 can form a lattice called a lattice effect algebra. This structure generalizes
both orthomodular lattices, i. e. the effect algebras in which x⊕ x is not defined for
any non-zero x ∈ E, and MV-effect algebras, i. e. effect algebras with all pairs of
elements being compatible [6], and it is applied as a carrier of probability of unsharp
or fuzzy events.

In connection with existence of states on lattice effect algebras properties of the
subalgebra of sharp elements and the subalgebra of central elements are studied.
The following definitions are consistent with the ones in [2].

Definition 1. An element x ∈ E is called a sharp element, if x ∧ x′ = 0. An
element x ∈ E is called a central element if for every y ∈ E, y = (x ∧ y) ∨ (x′ ∧ y).

Let us denote S(E) and C(E) the sets of all sharp and central elements, respec-
tively. It is known that S(E) is an orthomodular lattice [5] and C(E), called the
center of E, is a Boolean algebra [4].
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Definition 2. An effect algebra is called Archimedian effect algebra if for every
x ∈ E there is a positive integer nx such that

nxx =
nx-times︷ ︸︸ ︷

x⊕ x⊕ x⊕ . . .⊕ x

is defined and (nx + 1)x is not defined. The integer nx is called the isotropic index
of x.

Definition 3. An element x ∈ E is called an atom if for every y ∈ E such that
y ≤ x we have either y = 0 or y = x. An effect algebra E is called atomic if for
every non-zero element x ∈ E there is an atom a ∈ E such that a ≤ x. An effect
algebra E is called non-atomic if there is no atom in E.

Z. Riečanová studied atomicity of lattice effect algebras regarding the atomicity
of S(E) and C(E). For example in [9] she proved that if E is an atomic Archimedean
lattice effect algebra such that S(E) = C(E) then S(E) is atomic and every block of
S(E) is atomic. Another family of Archimedean atomic lattice effect algebras with
atomic S(E) are modular atomic effect algebras [8].

In [10] Z. Riečanová formulated the following open problem: Does there exist an
atomic lattice effect algebra with non-atomic subalgebra S(E) or with non-atomic
C(E)? We have found an affirmative answer to this question. In particular, we have
found an example of atomic (non-Archimedean) MV-effect algebra with non-atomic
subalgebra of S(E) = C(E) of central (or sharp) elements.

2. THE MAIN RESULT

Example. Denote

T = {0, a, 2a, . . . , . . . , 1− 2a, 1− a, 1}

the MV-effect algebra introduced in [1], and N = {1, 2, . . . }, the set of strictly
positive integers. Let B be the Boolean algebra of finite unions of disjoint half-open
intervals in the real interval S = [0, 1), i. e. an element of B is of the form

D =
n⋃

i=1

[ai, bi)

for some positive integer n and some finite subset of elements ai, bi in S, satisfying
the condition 0 ≤ a1 < b1 < a2 < b2 < · · · < an < bn ≤ 1 or D = ∅. The set

M = {(x1, y1), (x2, y2), . . . , (xk, yk)}

is defined as any finite (including the empty) subset of S ×N with xi 6= xj for i 6= j
and D ∈ B. Denote M1 the set of first coordinates of M . Consider E to be the set
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of all functions f ∈ TS defined by the pair of sets D and M , i. e. f = fD,M such
that

fD,M (x) =





χD(x) if x /∈M1,
yia if x = xi ∈M1 ∩Dc,
1− yia if x = xi ∈M1 ∩D.

The operations ⊕,∨,∧ are defined as the restricted ones from “component-wise”
operations on TS . For any f ∈ E let D(f), M(f) be the pair of sets defining f , i. e.
f = fD(f),M(f).

To verify the closeness of E with respect to the effect algebra operation ⊕ and
with respect to the lattice operation ∧ it is enough to determine the sets D(f ⊕ g),
M(f ⊕ g)1, and D(f ∧ g), M(f ∧ g)1, respectively. The analogous properties of
D(f ∨ g) and M(f ∨ g)1 will follow from the duality principle:

f ∨ g = 1− (1− f) ∧ (1− g)

Directly from the definition of fD,M (x) we have

M(f ⊕ g)1 = {x ∈M(f)1 ∪M(g)1 : f(x)⊕ g(x) < 1}
and D(f ⊕ g) = D(f) ∪D(g) (if D(f) ∩D(g) = ∅, otherwise f ⊕ g is not defined).
For the lattice intersection ∧ we have

M(f ∧ g)1 = {x ∈M(f)1 ∪M(g)1 : f(x) ∧ g(x) > 0}

and D(f ∧ g) = D(f) ∩D(g).
It is easy to see that 0 = f∅,∅ ∈ E, 1 = fS,∅ ∈ E. If f = fD,M ∈ E then

f ′ = 1− f = fDc,M ∈ E.
Consequently, E is a sub-effect algebra and a sub-lattice of TS .
It also follows that E is closed with respect to the operation ª, defined by

f ª g = h iff g ⊕ h = f

and since
f ∨ g = f ⊕ (g ª (f ∧ g))

on TS , it remains to be true also on E. Thus E is an MV-effect algebra.
Finally,

f ∧ f ′ = fD,M ∧ fDc,M = 0 if and only if M = ∅
whence S(E) is non-atomic. On the other hand fD,M ∈ E is an atom if and only if
D = ∅ and M = {(x, 1)} for some x ∈ S. Therefore E is atomic.

Note 1. The cardinality of S(E) is 2ℵ0 . It can be reduced, for instance, by re-
striction of endpoints of intervals determining sets D ⊆ S to the rational numbers
with dyadic denominator. The cardinality of S(E) of the modified E is then ℵ0.
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Note 2. The lattice effect algebra E in the Example is evidently non-Archimedian.
Therefore the problem formulated by Z. Riečanová remains open for Archimedian
lattice effect algebra: Is there an atomic Archimedean lattice effect algebra with
non-atomic set S(E) of sharp elements?
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