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ON THE EQUIVALENCE OF TWO METHODS
FOR INTERPOLATION

PETR BUDINSKY

Two methods for interpolation in stationary discrete processes are presented in the paper.
First, the method proposed by Brubacher and Wilson, second Jaglom’s method. There is given
a proof in the paper that both methods give the same results.

1. INTRODUCTION AND PRELIMINARIES

Let {Y,} be a white noise with EY, = 0, EY? = ¢, ¢t = ..., —1,0,1, .., EY,Y, = 0,
o]

s # t. Let m; be real numbers satisfying the condition Y, |7r j| < o and assume that
=

there exists a linear stationary discrete process {X,} given by

@®
(1.1) Y, = .Zonjx,_j :
=

Assume throughout the paper that the variables X,.,, i =0,1,....,n (t, = 0)
are missing. Very important problem is to find the best linear interpolation of X,
i=0,1,...,n Brubacher and Wilson proposed in [2] to minimize the sum of
squares of Y, with respect to the unknown variables X;,,,. The method given by
Jaglom (see [3] and [4]) is based on the projection in the Hilbert space. It will be
proved in the paper that both methods give the same results.

It is well known that the spectral density f(1) of {X,} given by (1.1) has the form
(1.2) S = (e?[2m) | L = e™VH 72
j=o
Introduce numbers p, by

Yok, k=0,1,2,..,
i=o
Pk k=—1, '—‘2,....

(1‘3) Py =
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Introduce an (n + 1) x (n + 1) symmetric matrix

P = ”pti—’j”i,j=0,l,..,.n'
Let P be regular.

2. BRUBACHER-WILSON’S METHOD

Brubacher and Wilson propose in [2] to minimize

m <o}

Zy=2Y =Y ( O”th—j)z

t=-—m t=~mj=

with respect to the unknown variables X;,,,,i = 0, 1, ..., n. Using

aZ m 0
m_—2 s q. n.X,_:)=20
0X 41, t=§z,~ e (jgo Xi-)
we have for m — «©
(2.1) Y niXesrse =0, i=0,1,...,n.
k=—-w

Let X,,,, be a solution of the linear equations (2.1).

of
Denote V; = — ) p;_, X,y Then (2.1) can be written in the form
Ve tortte it
ZP:,—:.XHU =V, i=0,1,...,n.
Jj=0
Remark 1. Fort; = i,i = 0,1, ..., n we obtain
(2.3) 2 Pi-iXsrj = = X Pi-iXoe;
Jj=0 J¢lo,n]

which for n = 0 can be simplified to
"?s = - (1/170) > PiXss-
Ao

3. JAGLOM’'S METHOD

Let H be the Hilbert space generated by the variables {X,}f‘;_w. Let K =
={s+to,s + ty,....,5 + t,, 0 =1, <t <...<t,and let Hg be the subspace
of H generated by the variables X,, k ¢ K. The best linear interpolation X, of
- X4y, based on X, k¢ K, is defined as the projection of X, onto Hg. Let the
projection be given by

e]

Koy, = Z asz+tj+k'

k=—ow
k¥to—tj,..,th—1;
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Define -
‘pj(’l) = > a e, —n<isn

and
(3.1) ¥ = (1 - () f(), —rsisr.

The function @,(4) is called the spectral characteristic for interpolation. Since f(4)
has the form (1.2) we can introduce the functions

) = £2), 95() = @,2),
Pi(e?) = ¥)(4) .

Llet U = {z; zZ| £ 13

<1}, U=1{z

Theorem 1. Let @7(z) = QFo(2) + Q7 4(2) + ... + QFpes(2), j=0,1,...,n, be
functions of the complex variable satisfying the following conditions:
a) QF(z) and QF,,(z) are analytic functions on U and U, respectively, and
ti—tj—1 ’
Qz)= Y af i=12..,n;
k=ti-1—tj+1
b) lim z QF o(z) = Iinol 29T (z) = 0;

¢) function ¥}(z) can be expressed in the form
(3.2) | Piz) =Y ¢z 7Y, c¢eR.
k=0

Then the function @A) = &7(e'*) is the spectral characteristic for interpolation

of X¢yy, (j=0,1,....n) based on {X,i( 44}, K+ 19 — tj,..00 1, — 1. ;
Proof. We use a method similar to that given in [1] for the case of extrapolation.

From a) and b) we have that Q} o(z) and Q7. (z) can be expressed in the form

to—tj—1 o0
Qo) = Y az* (zeUS, Qf,.(2)= Y azf (zeD).
k=—o k=tp—tj+1
Then there exist d € (0, 1) and d’ € (1, o) that both sums converge for d < |z| < d'.
to—t;—1 . © .
Thus ) a,e**and ) a,e™** converge in the quadratic mean with respect to f(4).
k=—o k=tp—tj+1 .
Denote o to—tj—1
XD, = [F e % g e dz(a),

k=—cx

XD = fr eftrn i a, e** dZ(4)
ST B K=ta—t;+1 ’ .
where Z(Z) is the random measure corresponding to {X,} (see [1]). Then we obtain

to—tj—1

GO
Xs+tj = lLim. Z asz+tj+k >
N-w k=—-N
N

(n+1) __ 1
Xs+tj =Lim. ) DXt i -
N—-ow k=tp—tj+1
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Denote '
ti—tj—1
0, = [, T4 Q. (1) dZ(2) = Y @ Xk

s+i;
k=ti-1—tj+1

i=1,2,...,n.

Then
X9, eHg, ngzjl)EHK and Xi?szHKz i=12..n
Thus n+1
Xs-l»tj ='ZOX§2tj€HK ’
i=

(Kore, = Rowrp Xown) = E[LeCT94 (1 — &,(2)) dZ(2) [, e T dzZ(2) =

= [t TR Y () dl = 2 Y ¢V
1=0
Hence
(Xgrt; — Xorip Xosr) =0 for k% to, 1.0ty

This implies (X;+, — X s+,j) L Hy. Thus we have proved that }A(H,j is the projection
O

of X4, onto H.
Remark 2. In the special case when K = {s} we have
P¥(z) = (1 — @%(z))f*(z) = ¢, Wwhere c, is a real constant .

Remark 3. For finding the best linear interpolation X, ,, it is sufficient to determine

numbers ¢y, ¢y, ..., ¢, (depending on j) in (3.2) and then to express @7(z) from (3.1)

in the form
(33) T el =1 - () e
Especially if K = {s} then

®3(2) = 1 = (colf*(2)) -

Theorem 2. Define a vector e; = (J; ;, ..., ,;)’, Where J, ; is Kronecker’s 4.

Then
[e o]
(3.4) Xovy=— Y Xodeopi+ cfproy, + ...+ cipimy) s

l=—ow
1F0,t1,00,tn

where ¢* = (cg, ¢}, ..., ¢y) is a solution of the equations

(3.5) Pc* =e;, j=0,1,...,n

/

Proof. We can write f(z) = (¢?/2n)/ Z
1=—
Using (3.3) we get further

(36) *(Z) - 1 _ Z Dz Z * tk tJ _

==
[ee] n
*_l+t—t
Z Zplc J>
Il=—w k=0

where ¢} = (2n/0?) ¢,.
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To fulfil the conditions from Theorem 1 the coefficient by z'*~% must be equal

to 8; ;. For k=m (m=0,1,...,n) and I =1, — t, we have z'*™ % = z""¥

m

and the coefficient standing by z'*~" is equal to z ¢t Pr,— 1, Hence we have the linear

i—ti*
n

equations Y. ¢y p,,—, = 6, ; which are equlvalent to (3.5). But the formula (3.6)
k=0
can be written in the form

[ee] n
* 1
i(z) = - ¥ 2 Pioo+162
I=—-w k=0
l+to—1tj,..., th—1t;
and thus o "
*
Xs+tj = Z Z pl—zk+x,csz+t,-+t .
l=—w k=0
IFto—1j,...,tn=t;
Substituting I’ = t; + [ we obtain (3.4). [}

Remark 4. If K = {s} we have v
Ry = =(1]p0) ¥ uXKors + Xomi).
Denote P* the algebraic complement of p;; in the matrix P. Then
(3.7) X, = —(1/det P) ,—Z XH,k_ZOP;‘kp,_,k.
10,2105t

Remark 5. Especially for t; = i,i = 0,1,....n we get

Xs+tj = —(I/det P) [Z Xs+n+lkZOP7kpl+n—k +121Xs—l Z P_Tkpl+k] .
I=1 = = k=0

4. COMPARISON OF BOTH METHODS

In this section we use the notation from the previous sections. The following
theorem is the main result of our paper.

Theorem 4. Let K = {s + toyeeey S+ t,,}. Then X’ﬂ,j = XH,]., j=0,1,...,n

Proof. Denote X = (X’H,o, ...,)~(s+,n)' and V = (V,, ..., V,)'. Using the notation
from Section 2 we can write (2.2) in the form PX = V. Thus X = P~'V. From here

we obtain
Xo1r, = (1 /detP)Z
Hence
Xowyy = —(1fdet P) Z_w XWZ Pipi_es
120,11 50eertn
which corresponds to (3.7). Thus Xoery = X 1 O

(Received February 13, 1989.)
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