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OPTIMAL AND ANALYTICAL RESULTS OF M/E,f1:(FC FS)
QUEUEING MODEL

RAKESH KUMAR VERMA

An M/E,/1: o (FCFS) queueing model has been considered for its analysis. The optimal
value of the arrival rate of the customers has been found. Some interesting theorems have been
proved.

1. INTRODUCTION

The object is to analyse and optimize the well known M/E,/1 : o(FC FS) queueing
model. It is assumed that the user of the facility receives the reward from the service
of his customers. On the other hand, it is also assumed that the user of the facility
will incur a waiting loss when the arrival rate is non-zero. For the user this loss equals
to C > 0 per customer per unit time. The corresponding lofig-run average loss per
unit time is CAW/(4, u, k), where W(4, p, k) is the expected waiting time (in the system)
of a customer with A, u, and k as the arrival rate, the service rate, and the number
of phases of service of a customer respectively. The objective of the facility owner
is to maximize per unit time net profit defined as the reward minus the waiting loss.

Hadidi [7] derived the results showing the system’s operational improvements
by making the provisions for changes in the arrival rate and the service rate upon
a change in the rate of demand. Tilt [4] introduced the concept of duopsony and
duopoly in the optimization of an M/M/1 : co(FCFS) queueing system. Gupta,
Srinivasan and Yu [1], Lippman [2], Man [3], Rolfe [5], and Young [6] and among
others adjusted the mean arrival rate for simple queueing models. My aim is to
present the analytical and optimal results for the system under consideration. Follow-
ing section deals with the optimal and analytical results.
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2. OPTIMAL AND ANALYTICAL RESULTS

The service facility owner (the user) receives a reward from the service of a custo-
mer. Let R(Z) be the reward to the facility owner obtained per uait arrival such
that R(A) > R(0) for the A > 0. It is assumed that R(1) is continuous and twice
differentiable on [0, o) with continuous derivatives, and that there exists an upper
bound on the first derivatives. Thus for 1€ [0, cv), M’ = sup R'(A), where primes
denote the differentiation with respect to A.

The facility owner will incur a waiting loss only when A > 0. Let C be the loss
per customer per unit time. Standard queueing theory reveals that the expected
number of customers in an M/E,/1 : co(FC FS) system is given by the following
expression:

k+1 2% A
) )= K21 A2
2%k pp—2) n
Hence, the objective of the facility owner is to- maximize the function [R(1) —
— CE(L,)]. Thus the objective function is given below:

R(0) (for A =0)
(2) F(2, 1, k, C) = {R(2) — CE(L;) (for A < p)
- (for A2 p)

Tt is seen that the facility owner must only consider the values of A on the interval
[0, ). Since we have assumed that R(%)is continuous and twice differentiable on [0, o),
therefore, R(4) is also continuous and twice differentiable on [0, x). Since R'(1) < M’,
therefore, lim F(A, u, k, C) = —oo. Thus there exists a 1, 0 < I < p < kp such

i

“p
that F(4, g, k, C) > F(J, p, k, C). The optimal value of the arrival rate is defined
by 4 and the corresponding value of the objective function will be F(/{, w k, C).

2(1). Necessary and sufficient conditions

Differentiating F(2, u, k; C) with respect to 2, one gets
B k+1 (20 — 22 1
3) F(pkC)=R@)-C [L {L,,iz} + —].
2k pulp —
k+1

@ Pk =k - e[S ]

Obviously, F'(4, u, k, C) = 0 is the necessary condition, and F'(, i, k, C) = 0
and F'(),pu, k,C) = 0 are the sufficient conditions for F(2, u, k, C) to possess
a Jocal maximum at A€ [0, u). Later on I shall impose some conditions on R"(%)
for which F"(4, , k, C) = Ois sufficient condition for a unique global maximum at 1.
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2(1I). Representation of upper bound on 7

From F'(2, p, k, C) = 0 and R'(%) < M’, one gets

; a2
) Flhou k€)= m —c|EXL A=A 1]
2k u(p — 2)? u"
Now solving F'(4, g, k, C) = 0 for 7 results in %, and 4,, where
(6) Ay F 2y =2

- 2k (uM’ — C)

2kp*(uM’ — C) + Clk + 1)

Since F'(4, i1, k, C) < 0 precludes the optimality, except A = 0, we conclude that
Ismax(0,4,),i=12

At this stage, I have placed few constraints on R and not much of value can be
said on determination  and F(A, u, k, C). Now I am particularly interested in what
way F(4, u, k, C) and 1 respond to change in the values of u and C.

M Ails

Theorem 1. For given R(4), C and k, there exists p° 0 < u° < oo such that 1 = 0
if and only if # < p°. The function &(2, g, k, C) = F(2, i, k, C) — A(u)is a function
of bounded variation on [°, p*] < [4°, ), where u® < p* < co.

Proof. Let S, ={1:0 <1< p < oo, R(A)> R(0)}. Obviously the set S,
is non-empty set. By virtue of the first mean value theorem there exists a unique g,
say u(4) > A, such that F(4, u(4), k, C) = R(0). Let 4° = inf y(2). In what follows,
it is shown that x° > 0. S

Since R'() £ M’ (for all Ae S, and 0 < M’ < w), therefore, for 0 < 2 < p
one can get

(8) F( g, k, C) = R(2) — CE(L,)
c
< R(0) + 2 I:M’ -5 E(LS)]
Clk
<R(0) + 4 - kD €
2kp* g
So F(4, p, k, C) < R(0)for 0 < i < p < p' (i = 1, 2), where
ut = {2kC + J[4k*C? + 8kM’ C(k + 1)]}/4kM’
1 = {2kC — J[4k>C* + 8kM' C(k + 1)} /4kM’
In particular F(4, u, k, C) < R(0)for all 1S, and all g < u' and p < pb.

Therefore, for all 1 € S, (%) > p', where i, i = 1, 2, are positive. Clearly by defini-
tion of p°,

® -]

0 (for p<u%
a positive quantity greater than u° (for y > 1°)

271



Now the question is: what is A(u°)? If there does not exist A° € S,, such that
u(2°) = p° it becomes clear that F(4, u°, k, C) < F(0, u°, k, C) = R(0). Now if
there exists 1€ S, such that p(2°) = p° it becomes clear that F(A°, 4% k, C) =
= F(0, 4% k, C) = R(0). But by the assumption, I have to choose the smallest .
satisfying F(A, p, k, C) = F(2, i, k, C), so again F(2, p°, k, C) = R(0) and A(x°) = 0.
Thus I have shown that A(i) = 0if and only if u < u° for given R, k and C.

The above analysis of F(, gk, C) and A(u) shows that F(A,u, k, C)>
> F(4, 4% k, €) = R(0) and M) > A(u°) = O for all p > p°.

Now to prove that $(4, 1, k, C) is a function of bounded variation on [, u*],
1 have to prove that F(J, i, k, C) and J(u) are strictly increasing on [u°, u*].

Keeping in view the above analysis, I have to prove only that F(/l, u, k, C) and
X(y) are increasing functions on (4°, ), ie., F(4, uy, k, C) < F(2, uz, k, C) and
) < Auy) for p° < py < p,.

The steady-state condition on an M/E,/1 queue shows that

(10) 0 < Mpy) < py < pik
(11) 0 < Aps) < pa < i3k
By the definition of F(2, , k, C), and (10) and (11) it becomes clear that
(12) F(i mas k, ©) = F((), s ks €) < F(Kus)e iz b, €) <
< F(A(z). 120 b ©) = F(3 s K, C).

Now it remains to prove that A(u;) < A1), for u® < py < p,.
Clearly
(13) F(X(uy), pys b, ©) > F(i, py, k, C) (for A < A(uy)).

Since the rate of change of waiting loss function with respect to the service rate u
is a negative quantity, therefore, this function is decreasing function of z on (2, oo).

Again since d(d(C E(L,)/du)/d2 increases as the value of the arrival rate increases.
Hence, the rate of increase in F (,1, wk, C) depends upon A.

Consequently, for 2 < A, ), the following strict inequality is obtained:
(14) [FG0), 02, €) = F(I(). s o O] >
> [F(A, pa, k, C) = F(A 1, k, C)]

On adding (13) and (14), the following strict inequality is obtained:

(15) F((p), pas k, ©) > F( 112, &, C) .
But
(16) F(Au2), p2s k, C) 2 F(A(pe)s 25 k, C).
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From (15) and (16) the following strict inequality is obtained:
(17) F(X(u), p2, k, €) > F(4, s, k, C) .

From the above strict inequality it is deduced that (s,) £ A(i,). The possibility
X(t1) = A(p,) can be omitted as follows:

F'(2, iz, K, O =gy = R(A 1)) — C[E(L,)]
{X = '1(111)

H= R
> R(I) - [CE(L, )]

ﬂx

(since I(ul) < < Mz)
= 0 (since X(u;) = 0= F'(A(ty), ptg, k, C) = 0)..
Thus it is concluded that 1 s strictly increasing on (u°, c0), and hence on [u°, u*] <
< [u°, ).
Let P={u®=po <py <..<p,=p*} be the partition of [n° p*]. Let
V(®, u°, u*) be the total variation of ®(4, , k, C) on [p°, p*]. Then

n—1
V(®, 1, p*) = Zo[i(,l, His1s Kk C) ~ &4 piy k, C)

Also
\®(2, s 1y k, C) — (4, i k, C)| =
= |LF(. tias, K, ©) = Hptes)] = [F( 1 K, ©) = 2|
= |[F(A> Hive ks C) - F(’L o k, C)] - [Z(”i-u) - Z(ﬂi)]l
= l[F(L tiss, k, C) = F(4, g K, C)]l + I[Z(l“su) - I(“i)]l
= [F(h s, ©) = Tl 1 T O] + [Atin:) — 2]
(for F and 7 are increasing).
Thus

':Z:Jq)('{’ His1s Kk, C) = o0, p,, ki C)l <
<:g;[F(A’”"”’ k, €) = F(4, uo k, €)] +:§)U(u.-+1) - )] =

= F(, u* k, C) = F(4, % k, C) + (u*) — X(1°) = a finite number.

Therefore V(&, u°, u*) is less than or equal to a finite Quantity. Hence @(ﬂ u, k, C)
is a function of bounded variation on [¢°, u*] < [°, ). 0
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Theorem 2. For given R(A), 1 and k, there exists C*, 0 £ C* < 0, such that
1 =0 if and only if C = C* The function P(4, u, k, C) = F(4, p, k, C) — A(n)
is a function of bounded variation on [e, C*] < (0, C*¥], where ¢ is a sufficiently
small positive number.

Proof. The proof is somewhat identical to that of Theorem 1. Let S, = {1:0 <
< % < p < pk, R(A) > R(0)}. It is clear that A(u)|c = O for all C 2 C* = 0 when
S, is a null set.

Now consider the case when S, is a non-empty set. By the definition of F| (A u, K, C),
it is clear that F(4, u, k, C) is a decreasing function of C.

It can easily be scen that there exists an upper bound to C(4). Let C* = sup C(2)
for e S, denote the least upper bound (Lu.b.). It is also clear that C* > 0 as long
as C(%) > O for all A€ S,. The definition of C* implies that A(u)|c = 0 if C > C*
and JL(,u)‘C =0 if C < C* From these arguments and those employed in the
proof of A(u°) = 0 in Theorem 1, it can be shown that A(u)|c > A(1)|c. = 0 and
F(h m k, O)|c > F(%, , k, C)|ce = R(0) for all C < C*.

Thus T need to show that F(4, g, k, C) and A(y) are strictly decreasing in C on
(0, C*).

Following the procedure of Theorem 1 and using the definition of 1, given and used
above, one can get

F(h 1, k, O, = F(l, t k, O)le, 2
z F(ha, K, C)le, >
> F(Xo, 1, ke, O)le, = F(A, 1, &, O, -

Thus F(4, g, k, C,) > F(4, , k, C;) proves that F(4, u, k, C) is strictly decreasing
in C on (0, C*).

Now proceeding along the lines of the proof of Theorem 1, one sees that J(C) is
strictly decreasing on (0, C*), and hence on (0, C*].

Now I am in position to show that P(4, u, k, C) is a function of bounded variation
on [, C¥]. For convenience, I shall use ¥(C) for ¥(4, p, k, C), and F(C) for
F(A, u, k, C).

Let P={e=Cy < C, <...<C, = C*} be the partition of [¢, C*] and let
V(¥, ¢, C*) be the total variation of ¥F(C) on (g, C*]. Now

|W(Ci+1) - q’(ci)l = I[F(Ci+l) - /’[(,u, Ci+1)] -
= [F(C) = A, )]} < [F(C:) = F(Cirn)] + [A(C)) = X(Cis1)]
(for F(C) and (g, C) are decreasing).
n—1
Thus ¥ |P(Ci+1) — P(C))] is a finite number. ]

i=0

274



2(I1X). Some conditions en R(Z)

Here I shall impose certain conditions on R(%), which will ensure that F(4, p, k, C)
has a unique global maximum for ready reference.

Condition1:  R'() < | X1 [ Cr (forall & < i < k)

k (o =27
k+1( Cu
— forall A < p < uk

e 1K )

Condition IH: R”(1) s 0 (for all 1 = 0).

Condition I implies that F(4, u, k, C) has a unique global maximum for some
7e[0, p). If F'(0, 1, k,C) £ 0,2 = 0. Andif F/(0, 11, k, C) > 0, 7 = 0.and it satisfies
F(L k. C) = 0.

Condition II:  R"(1) < [

2(IV). The optimal arrival rate

It is assumed that Condition I holds. Hence, as previously stated, F(4, 4, k, C)
will possess a unique global maximum at 1€ [0, u). Now there arise two cases:

Case I: F'(0,p,k C)<0

Case II:  F'(0, u, k, C) > 0.

In Case I, R'(0) £ C[u and it is clear that F(0, u, k, C) > F(A, , k, C), for all
A > 0, since F(4, u, k, C) is strictly concave for all A > 0. We have 1 = 0 for u < p°,
where 11 is defined by 4° = C/R'(0).

In Case II, F(4, u, k, C) has an interior maximum at 1(0 < 1 < g < pk) which
is the solution of F'(4, , k, C) = 0. Then by (3), one can get

0T . 72
@ R() = [t Pe=21 1
2k u(p ~2)* u
The optimal value of the objective function is given by
2
(19) Fh i k, C) = R(T) - C [E—*—l {~ ; } + 5]‘
2k Au(w-2) n

In what follows, I am particularly interested in what way 1 respond to the change
in g and C.

Theorem 3. For given R and C, 1 is a continuous in g on (0, u).

Proof. To prove this theorem, I shall find out how 1 is affected by a small change
dy for a u satisfying ConditionLie., p < p*’. For p < p° dJ/dy = 0. If p > p°,
dZ/du can be found out by implicit differentiation, i.e.,

o) 9 - Q1) il = 5) + i = )0+ ) = Clu = 7]
an " LR k(s — 7 — Ck + 1) {(n - AF + @ — 22)}]
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It is concluded that 1 is continuous and differentiable in u at least on the close
interval [, p].

Similar arguments can be given for 1 in terms of C on the close interval [C{V), C*],
where C* = uR'(0).

Now I shall prove the continuity of 1 on (0, u*). It is clear that if xV < u°
then J(u) = 0 for all u < ™. So 1 is continuous in u on the open interval (0, u).

Now assume that u¥ > p° Since A(1) = 0 for u < p°, therefore, 1 is continuous
in p on (0, u°). Hence, it remains to prove that 1 is continuous on [u°, u™). First
of all it will be proved that 1 is continuous on the open interval (u° p¥’). Let 4 €
€ (u°, ™) such that A(y’) is optimal value.

Let us choose arbitrary small number ¢ > 0 so that I(u') — ¢ > 0 and /T(u') +
+ & < p’. Now it is to be shown that

w = w| < o= i) - Hw) <.
Clearly, Condition I is met for p' < u™. Thus F(4, o', k, C) is strictly concave
in 1 on [0, ). Therefore,
(21) F(u), w', k, C) > F(X(u') — 2, i, k, C)
(22) F((u), 0, k, C) > F(I(w') + ¢, u', k, C).

Further, F(4, u, k, C) is continuous function in z for some fixed A < p < pk.
Hence, there exists a positive § such that

(23) F(A(u), 1, k, C) > F(X(') — &, p, k, C)
(24) FO(u), n, k, C) > F(A(y') + & 1, k, C)
forallpe (' — 6, 4" + 8) = (u° nV).

Again assume that Condition I'is met for all ,ue(u’ — &, + 6). Therefore,
F(A, 1, k, C) is strictly concave in A on [0, u). With the help of (23) and (24)
F(2, p, k, C) will have maximum at (A(x') — & A(4') + ). Thus it is concluded that

pe( — 6,4 +8) = MHue() - i) +e.

Equivalently, |u — /| < & = |(n) — X(w)| < & which means that 1 is continuous
in u on (u° p™). In a similar fashion the continuity can be proved at pu°. Thus 1 is
continuous in u on [1°, u™). Hence, 1 is continuous in g on (0, u*). O
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